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Abstract. In this paper we study the local adapted components of the
h-normal N-linear connections in the dual jet time-dependent Hamilton
geometry. The corresponding local d-torsions and d-curvatures are also
analyzed.
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1 Introduction

The 1-jet spaces and their duals are the fundamental ambient spaces used in the study
of classical and quantum field theories in the Lagrangian and Hamiltonian approaches
(see Olver (8] and Atanasiu, Neagu and Oand [3]). Moreover, following the Cartan
covariant Hamiltonian approach of classical Mechanics, the studies of Miron [4] and
Atanasiu ([1], [2]) led to the development of the Hamilton geometry of cotangent
bundles exposed by Miron, Hrimiuc, Shimada and Sab#u in the monograph [5]. We
underline that, via the Legendre duality of the Hamilton spaces with the Lagrange
spaces, the preceding authors showed in [5] that the theory of Hamilton spaces has
the same symmetry as the Lagrange geometry, giving thus a geometrical framework
for the Hamiltonian theory of Analytical Mechanics.

In this physical and geometrical context, suggested by the cotangent bundle Miron’s
approach, the papers [6] and [7] are devoted to developing the time-dependent covari-
ant Hamilton geometry on dual 1-jet spaces which is a natural dual jet extension of
the Hamilton geometry on the cotangent bundle from [5]. The geometrical study from
[6] and [7] of the usual objects as d-tensors, time-dependent semisprays of momenta,
nonlinear connections, N-linear connections, d-torsions and d-curvatures is realized
on the dual 1-jet vector bundle JY*(R, M) = R x T*M — R x M, whose local coor-
dinates are denoted by (¢, 2%, p}). Here M™ is a smooth real manifold of dimension

BSG Proceedings 29. The International Conference ” Differential Geometry - Dynamical Systems”
DGDS-2022, 26-29 August 2021, Mangalia-Romania, pp. 68-73.
(© Balkan Society of Geometers, Geometry Balkan Press 2022.



Dual jet h-normal N-linear connections in time-dependent Hamilton geometry 69

n, whose local coordinates are (xi)izl,n. Further, the coordinates p} are called mo-

menta, and the dual 1-jet space J'*(R, M) is called the time-dependent phase space
of momenta.

The transformations of coordinates (¢, z°,p}) «— (£, 7%, p}), induced from R x M
on the dual 1-jet space J1*(R, M), have the expressions

t=1(t)
(1.1) # =3 (a7)
oz dt
~1 a1
Pi= gz arP

where dt/dt # 0 and det(9%'/0x7) # 0. Consequently, in the present dual jet geo-
metrical approach, we use a kind of ” relativistic’ time t.

For instance, in the Hamiltonian Miron’s approach from [5], the authors use the
trivial bundle R x T*M — T*M, whose local coordinates induced by T*M are
(t, xt, pl-). Thus, the changes of coordinates are given by relations

t=t
=7 (a7)
. ozl

pi = @Pj’

pointing out the absolute character of the time variable t.

A geometrization of Hamiltonians H : R x T*M — R on the dual 1-jet vector
bundle J**(R,M) =R x T*M — R x M was initiated in the papers [6] and [7] and
it is in progress in this paper and other future articles.

2 h-Normal N-linear connections

Generally speaking, a linear connection on the dual 1-jet space J'*(R, M) is char-
acterized by 27 adapted local components. To work with these components is very
complicated through of the big numbers of coefficients. For this reason, in the paper
[7], were introduced and studied the N-linear connections. Because the number of
components which characterize an N-linear connection on E* = J*(R, M) is still a
big one (9 local components), we are constrained to study only a particular class of
N-linear connections on E*, which must be characterized by a reduced number of
components. In this direction, let us consider a semi-Riemannian metric hi1(t) on
the time manifold R, together with its Christoffel symbol

W
X11 9 dt

Let J be the h-normalization d-tensor field on E*, locally expressed by J = J ((31]. Spr®

dt®dz?, where J((liglj = h11(5§. In this context, we introduce the following geometrical
concept:
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Definition 2.1. An N-linear connection DI'(N) on E*, whose local components

_ i (1)) i M)
DI'(N) = (AthJla*A( )(f)lelkan H(z)(lj)lw

LR) ilR) ()G (R)
Ci) Citty —Ciin 1))

satisfy the relations A}, = x1,, H{; =0, Cll((i)) = 0and DJ = 0, is called an h-normal
N-linear connection on the dual 1-jet space E*.

Theorem 2.1. The local adapted components of an h-normal N-linear connection
DT(N) verify the following identities:

1
Al =xt, H{; =0, Cl((i)) =0,

1 j 1 ]
(2.1) AEl))(J —Afl &7 x11s H((i))((lj))k:ka,

MGk _ il

Cinm = Ol

Proof. 1t is obvious that the first three relations immediately come from the definition
of an hA-normal N-linear connection. To prove the other three relations, we emphasize
that, taking into account the definition of the local R-horizontal (” /;”), M-horizontal

(8)»

("s”) and vertical (7| ) ) covariant derivatives produced by DI'(N), the condition
DJ = 0 is equivalent to

— 0’ J(Z) (s) _ 0.

(@)
=0, Jy il =

(2)
J )1jls =

(1)15/1 —
Consequently, the condition DJ = 0 provides the local identities

dhyy
dt

1dhiy

(5 (1)1 J hllx%l) = hllAi =055,

(1)(7) S Y
hin AL = hiy Al 5( i

(1)(2) (1)(2)(k) i(k)
hnH gy = huHje, - aCiiaa) = ).

Contracting now the above relations by h'!, we obtain the last required identities
from (2.1). O

Remark 2.2. The above Theorem shows that an h-normal N-linear connection on
E* is an N-linear connection determined only by four effective components (instead
of nine in the general case):

3 i i(k
DT(N) = (Xha AJ17 Gk ngls) :

The other five components either vanish or are provided by the relations (2.1).

Example 2.3. The Berwald Ng-linear connection associated with the pair of met-
rics (h11(t), @ij(x)) is an h-normal Np-linear connection on E*, whose four effective
components are BT (Ng) = (xh(t), 0, (), O), where 7/, (z) are the Christoffel

symbols of the metric ¢;;(z). For more details, see the papers [6] and [7].
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3 Torsion and curvature d-tensors

The study of the adapted components of the torsion and curvature tensors of an
arbitrary N-linear connection DI'(N) on E* was done in [7]. In that context, it
turned out that the torsion tensor T is determined by ten effective local adapted d-
tensors, while the curvature tensor R is determined by fifteen local adapted d-tensors.
In what follows, we study the adapted components of the torsion and curvature tensors
for an h-normal N-linear connection DT'(V).

Theorem 3.1. The torsion tensor T of an h-normal N-linear connection DI'(N)
is determined by eight effective local adapted d-tensors (instead of ten in the general
case):

hg | hp |0
hghg |0 [0 0
- [€D)
TR EEIE
J
(3.1) vhg |0 |0 P((q))l(l)
faahae | O Tig(') axe)
(9 J
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)7
v 0 |0 S
where
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Proof. Particularizing the general local expressions of the torsion tensor of an N-
linear connection from [7] (which generally have ten d-components) for an h-normal
N-linear connection DI'(N) on E*, we deduce that the adapted components Tllj and

P11 ((f)) are zero, while the other eight are given by the formulas from Theorem. O

Remark 3.1. All torsion d-tensors of the Berwald h-normal Ny-linear connection
BT (Ny) (associated with the semi-Riemannian metrics hq1(t) and ¢;;(x)) are zero,
except RV — —D%iijpi, where R’

()] 2:;(w) are the local curvature tensors of the metric
i ().
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Theorem 3.2. The curvature tensor R of an h-normal N -linear connection DI'(N)
is characterized by five effective local d-tensors (instead of fifteen in the general case):

h]R hM v
hehe 10 10 0
1 7
AL
I (k 1 k 1 (k
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Proof. The general formulas which express the local curvature d-tensors of an ar-
bitrary N-linear connection from [7], applied to the particular case of an h-normal
N-linear connection DI'(N), imply the above formulas and the relations from the
Table (3.2). O

Remark 3.2. For the Berwald h-normal Np-linear connection BT'(Ng) (associated
with the pair of metrics (hi1(¢), ¢;5(z))), all curvature d-tensors are zero, except

M@ _ i l
Ry = Bijr = Rije

4 A physical application

As an example, we shall investigate in a forecoming paper, the dual jet time-dependent
Hamiltonian of electrodynamics,

(4.1) H= rmchn( )" (x )P%pj - - P(t, ),
where AE?) (7) is a d-tensor on J'*(R, M) having the physical meaning of a potential
d-tensor of an electromagnetic field, P(t,x) is a potential function, and m, ¢ and e
are well-known physical constants: mass of the test body, speed of light and electric
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charge. Here, we have F(t,z) = hll(t)goij(x)AEZl)) (:C)Agjlg(x) The geometrization as-
sociated with this time-dependent Hamiltonian will consist of a canonical nonlinear
connection N, a Cartan canonical N-linear connection CT'(NN) (which is an h-normal
linear connection) together with its adapted d-torsions and d-curvatures. All these
geometrical objects are provided only by the time-dependent Hamiltonian (4.1).
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