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Abstract. In the present paper, we have investigated some geometric
properties of special weakly symmetric Riemannian manifold. Besides
these, we have obtained some interesting and fruitful results on it. Finally,
the existence of special weakly symmetric Riemannian manifolds have been
shown by a non-trivial example.

M.S.C. 2010: 53C15, 53C21, 53C25.
Key words: symmetric Riemannian manifold; Einstein manifold; conharmonic cur-
vature tensor, W2-curvature tensor; Ricci tensor; Codazzi type Ricci tensor.

1 Introduction

The notion of a weakly symmetric Riemannian manifold have been introduced and
studied by L. Tamassy and T. Q. Binh ([1], [2]). Recently, Singh and Khan [3] in-
troduced the notion of special weakly symmetric Riemannian manifolds. Let (Mn, g)
be an n-dimensional Riemannian manifold and χ(M) denotes the set of differentiable
vector fields on (Mn, g). Let K(X,Y,Z) be the Riemannian curvature tensor of type
(1,3) for X,Y,Z ∈ χ(M). A non-flat Riemannian manifold (Mn, g), (n≥2) is called a
special weakly symmetric Riemannian manifold [3] if the curvature tensor K of type
(1,3) satisfies the condition:

(∇UK)(X,Y, Z) =2A(U)K(X,Y, Z) +A(X)K(U, Y, Z) +A(Y )K(X,U,Z)

+A(Z)K(X,Y, U),(1.1)

where A is non-zero 1-form, P is associated vector vector field such that

(1.2) A(X) = g(X,P ),

for every vector field X and ∇ denotes the operator of covariant differentiation with
respect to the metric g.
The conharmonic curvature tensor N is given by [4]

N(X,Y, Z) =K(X,Y, Z)− 1

n− 2
[Ric(Y,Z)X −Ric(X,Z)Y

+ g(Y,Z)R(X)− g(X,Z)R(Y )],
(1.3)
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here R is the Ricci tensor of type (1,1), defined by

(1.4) Ric(X,Y ) = g(R(X), Y ).

In 1970, Pokhariyal and Mishra [11] introduced and studied a new curvature tensor
of type (1,3) in an n-dimensional Riemannian manifold (Mn, g), (n > 2) denoted by
W2 and defined by

(1.5) W2(X,Y, Z) = K(X,Y, Z) +
1

n− 1
[g(X,Z)R(Y )− g(Y,Z)R(X)].

Such a tensor is known as W2- curvature tensor. The W2- curvature tensor have
also been studied by various authors such as De and Sarkar [5], Ianus and Mihai
[6], Pokhariyal ([7], [8]), Shaikh, Jana and Eyasmin [10], yildiz and De [9] and many
others.
From (1.5), we can define a (0,4) type W2- curvature tensor as follows:

W̃2(X,Y, Z, V ) =K̃(X,Y, Z, V ) +
1

n− 1
[g(X,Z)Ric(Y, V )

− g(Y, Z)Ric(X,V )],(1.6)

where K̃ denotes the Riemannian curvature tensor of type (0,4) defined by

K̃(X,Y, Z, V ) = g(K(X,Y, Z), V )

and
W̃2(X,Y, Z, V ) = g(W2(X,Y, Z), V ).

Let

(1.7) P (Y, Z) =

n∑
i=1

W̃2(ei, Y, Z, ei),

then from (1.6), we get

(1.8) P (Y,Z) =
n

n− 1
Ric(Y, Z)− r

n− 1
g(Y, Z),

where r is the scalar curvature.
If the conharmonic curvature tensor N and W2-curvature tensor W2 satisfy the con-
ditions:

(∇UN)(X,Y, Z) =2A(U)N(X,Y, Z) +A(X)N(U, Y, Z)

+A(Y )N(X,U,Z) +A(Z)N(X,Y, U)(1.9)

and

(∇UW2)(X,Y, Z) =2A(U)W2(X,Y, Z) +A(X)W2(U, Y, Z)

+A(Y )W2(X,U,Z) +A(Z)W2(X,Y, U),(1.10)

respectively. Such types of manifolds are known as special weakly conharmonically
symmetric Riemannian manifold and special weakly W2- symmetric Riemannian man-
ifold, respectively.



On special weakly symmetric Riemannian manifolds 3

A Riemannian manifold (Mn, g) is called special weakly Ricci symmetric Riemannian
manifold if its Ricci tensor Ric of type (0,2) is not identically zero and satisfies the
condition [3]

(1.11) (∇URic)(X,Y ) = 2A(U)Ric(X,Y ) +A(X)Ric(U, Y ) +A(Y )Ric(X,U),

where A is non-zero 1-form which is stated earlier.
A Riemannian manifold is said to be an Einstein manifold [8] if

(1.12) Ric(Y, Z) =
r

n
g(Y, Z).

From (1.12), we have

(1.13) dr(X) = 0 and (∇XRic)(Y,Z) = 0,

also

(1.14) R(X) =
r

n
X.

In section 2 and 3, we have obtained some interesting and fruitful results on special
weakly symmetric Riemannian manifold and special weakly Ricci symmetric Rieman-
nian manifold, respectively. In the last section, we have proved the existence of special
weakly symmetric Riemannian manifold by a non-trivial example.

2 Special weakly symmetric Riemannian manifolds

Taking covariant derivative of (1.3) with respect to U and then using (1.9), we get

(∇UK)(X,Y, Z)− 1

n− 2
[(∇URic)(Y,Z)X − (∇URic)(X,Z)Y

+ g(Y,Z)(∇UR)(X)− g(X,Z)(∇UR)(Y )]

= 2A(U)N(X,Y, Z) +A(X)N(U, Y, Z)

+A(Y )N(X,U,Z) +A(Z)N(X,Y, U).

(2.1)

By virtue of (1.3), the relation (2.1) reduces to

(∇UK)(X,Y, Z)− 2A(U)K(X,Y, Z)−A(X)K(U, Y, Z)

−A(Y )K(X,U,Z)−A(Z)K(X,Y, U)

=
1

n− 2
[(∇URic)(Y, Z)X − (∇URic)(X,Z)Y

+ g(Y, Z)(∇UR)(X)− g(X,Z)(∇UR)(Y )

− 2A(U){Ric(Y,Z)X −Ric(X,Z)Y + g(Y, Z)R(X)− g(X,Z)R(Y )}
−A(X){Ric(Y,Z)U −Ric(U,Z)Y + g(Y, Z)R(X)− g(U,Z)R(Y )}
−A(Y ){Ric(U,Z)X −Ric(X,Z)U + g(U,Z)R(X)− g(X,Z)R(U)}
−A(Z){Ric(Y,U)X −Ric(X,U)Y + g(Y,U)R(X)− g(X,U)R(Y )}].

(2.2)
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Permuting (2.2) twice with respect to X,Y,U; adding the three obtained equations
and using Bianchi’s first and second identities, we have

2A(U)K(X,Y, Z) + 2A(X)K(Y, U, Z) + 2A(Y )K(U,X,Z)

+A(X)K(U, Y, Z) +A(U)K(Y,X,Z) +A(Y )K(X,U,Z)

+A(Y )K(X,U,Z) +A(X)K(U, Y, Z) +A(U)K(Y,X,Z)

+
1

n− 2
[(∇URic)(Y, Z)X + (∇YRic)(X,Z)U + (∇XRic)(U,Z)Y

− (∇URic)(X,Z)Y − (∇XRic)(Y, Z)U − (∇YRic)(U,Z)X

+ g(Y, Z)(∇UR)(X) + g(U,Z)(∇XR)(Y ) + g(X,Z)(∇YR)(U)

− g(X,Z)(∇UR)(Y )− g(U,Z)(∇YR)(X)− g(Y, Z)(∇XR)(U)

− 2A(U){Ric(Y,Z)X −Ric(X,Z)Y + g(Y,Z)R(X)− g(X,Z)R(Y )}
− 2A(X){Ric(U,Z)Y −Ric(Y,Z)U + g(U,Z)R(Y )− g(Y,Z)R(U)}
− 2A(Y ){Ric(X,Z)U −Ric(U,Z)X + g(X,Z)R(U)− g(U,Z)R(X)}
−A(X){Ric(Y,Z)U −Ric(U,Z)Y + g(Y,Z)R(U)− g(U,Z)R(Y )}
−A(Y ){Ric(U,Z)X −Ric(X,Z)U + g(U,Z)R(X)− g(X,Z)R(U)}
−A(U){Ric(X,Z)Y −Ric(Y,Z)X + g(X,Z)R(Y )− g(Y,Z)R(X)}
−A(Y ){Ric(U,Z)X −Ric(X,Z)U + g(U,Z)R(X)− g(X,Z)R(U)}
−A(U){Ric(X,Z)Y −Ric(Y,Z)X + g(X,Z)R(Y )− g(Y,Z)R(X)}
−A(X){Ric(Y,Z)U −Ric(U,Z)Y + g(Y, Z)R(U)− g(U,Z)R(Y )}
−A(Z){Ric(Y,U)X −Ric(X,U)Y + g(Y,U)R(X)− g(X,U)R(Y )

+Ric(U,X)Y −Ric(U, Y )X + g(U,X)R(Y )− g(U, Y )R(X)

+Ric(X,Y )U −Ric(Y,X)U + g(X,Y )R(U)− g(Y,X)R(U)}] = 0.

(2.3)

Using symmetric properties of Ricci tensor and the skew- symmetric properties of
curvature tensor in (2.3), we get

(∇URic)(Y, Z)X + (∇YRic)(X,Z)U + (∇XRic)(U,Z)Y

− (∇URic)(X,Z)Y − (∇XRic)(Y,Z)U − (∇YRic)(U,Z)X

+ g(Y,Z)(∇UR)(X) + g(U,Z)(∇XR)(Y ) + g(X,Z)(∇YR)(U)

− g(X,Z)(∇UR)(Y )− g(U,Z)(∇YR)(X)− g(Y,Z)(∇XR)(U) = 0.

(2.4)

Contracting (2.4) with respect to U, we get

(∇XRic)(Y, Z) + n(∇YRic)(X,Z) + (∇XRic)(Y,Z)

− (∇YRic)(X,Z)− n(∇XRic)(Y,Z)− (∇YRic)(X,Z)

+
1

2
dr(X)g(Y,Z) + g((∇XR)(Y ), Z) + dr(Y )g(X,Z)

− 1

2
dr(Y )g(X,Z)− g((∇YR)(X), Z)− dr(X)g(Y,Z) = 0.

(2.5)

By virtue of (1.4), the relation (2.5), becomes

(n− 3)[(∇YRic)(X,Z)− (∇XRic)(Y,Z)]

+
1

2
{dr(Y )g(X,Z)− dr(X)g(Y, z)} = 0.

(2.6)
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If the scalar curvature r is constant, then

(2.7) dr(X) = 0.

By virtue of (2.7), (2.6) yields

(∇YRic)(X,Z)− (∇XRic)(Y,Z) = 0.

This shows that the Ricci tensor of this manifold is of Codazzi type [13]. Conversely, if
the Ricci tensor of this manifold is Codazzi type then from (2.6), the scalar curvature
of this manifold is constant. Thus, we are in the position to state the following
theorem:

Theorem 2.1. The scalar curvature of a special weakly conharmonically symmetric
Riemannian manifold is non-zero constant if and only if the Ricci tensor of this
manifold is of Codazzi type.

Let m be an arbitrary point on an n-dimensional Riemannian manifold (Mn, g)
and ei ∈ χ(M) (i=1,2,...,n) an orthonormal and parallel vector system around m. We
consider at m the following relation

n∑
i=1

(∇UK̃)(ei, Y, Z, ei) =

n∑
i=1

∇UK̃(ei, Y, Z, ei)−
n∑

i=1

K̃(∇Xei, Y, Z, ei)

−
n∑

i=1

K̃(ei,∇UY,Z, ei)−
n∑

i=1

K̃(ei, Y,∇UZ, ei).

(2.8)

Since we have

(2.9)

n∑
i=1

K̃(ei, Y, Z, ei) = Ric(Y,Z) = Ric(Z, Y )

and ∇Uei|m = 0, then from (2.8), we obtain

n∑
i=1

(∇UK̃)(ei, Y, Z, ei) =∇URic(Y,Z)−Ric(∇UY, Z)−Ric(Y,∇UZ)

= (∇URic)(Y,Z).

(2.10)

On the other hand we have from (1.1)

n∑
i=1

(∇UK̃)(ei, Y, Z, ei) =

n∑
i=1

[2A(U)K̃(ei, Y, Z, ei) +A(ei)K̃(U, Y, Z, ei)

+A(Y )K̃(ei, U, Z, ei) +A(Z)K̃(ei, Y, U, ei)].

(2.11)

From (2.9), (2.10) and (2.11), we obtain

(∇URic)(Y, Z) =2A(U)Ric(Y, Z) +A(K(U, Y, Z))

+A(Y )Ric(U,Z) +A(Z)Ric(Y,U).
(2.12)
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Contracting (2.12) over Y and Z, we get

(2.13) dr(U) = 2A(U)r +Ric(U, ρ) + 2A(R(U)),

where R is the Ricci tensor of type (1,1) stated in (1.4) and ρ is a vector field defined
by

(2.14) A(X) = g(X, ρ).

Now we suppose that the scalar curvature r of a special weakly symmetric Riemannian
manifold to be non-zero constant. Then (2.13) reduces to

(2.15) 2A(U)r +Ric(U, ρ) + 2A(R(U)) = 0.

Using (1.4) and (2.14) in (2.15), we get

(2.16) Ric(U, ρ) =
2r

3
g(U, ρ).

This leads to the following:

Theorem 2.2. In a special weakly symmetric Riemannian manifold, if the scalar
curvature is non-zero constant then 2r

3 , is an eigenvalue of the Ricci tensor Ric cor-
responding to the eigenvector ρ defind in (2.14).

By virtue of (1.14), the equation (1.5) reduces to

(2.17) W2(X,Y, Z) = K(X,Y, Z) +
r

n(n− 1)
[g(X,Z)Y − g(Y,Z)X].

Taking covariant derivative of (2.17) with respect to U and using (1.13), we get

(2.18) (∇UW2)(X,Y, Z) = (∇UK)(X,Y, Z).

By virtue of (2.17) and (2.18), the equation (1.10) reduces to the form

(∇UK)(X,Y, Z) = 2A(U)[K(X,Y, Z) +
r

n(n− 1)
{g(X,Z)Y − g(Y,Z)X}]

+A(X)[K(U, Y, Z) +
r

n(n− 1)
{g(U,Z)Y − g(Y,Z)U}]

+A(Y )[K(X,U,Z) +
r

n(n− 1)
{g(X,Z)U − g(U,Z)X}]

+A(Z)[K(X,Y, U) +
r

n(n− 1)
{g(X,U)Y − g(Y, U)X}].

Thus, we can state the following:

Theorem 2.3. The necessary and sufficient condition for an Einstein special weakly
W2-symmetric manifold to be a special weakly symmetric manifold is that

{2A(U)Y +A(Y )U}g(X,Z)− {2A(U)X +A(X)U}g(Y,Z)

+ {A(X)Y −A(Y )X}g(U,Z) +A(Z)g(X,U)Y −A(Z)g(Y,U)X = 0.
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Now let the special weakly W2− symmetric manifold admit a unit parallel vector
field Q, that is

(2.19) ∇UQ = 0.

Applying Ricci identity to (2.19), we get

(2.20) K(X,Y,Q) = 0

or,

(2.21) K̃(X,Y, Z,Q) = 0,

and therefore

(2.22) Ric(X,Q) = 0.

Using (2.21) and (2.22) in (1.6), we get

(2.23) W̃2(X,Y, Z,Q) = 0.

Using (1.7) in (2.23), we get

(2.24) P (X,Q) = 0.

Taking an account of (2.24) and the fact that Q is a unit parallel vector field it follows
from (1.8) that

(2.25) r = 0.

Now from (1.7) and (1.10), we have

(∇V P )(X,Q) =

n∑
i=1

(∇V W̃2)(ei, X,Q, ei)

=

n∑
i=1

[2A(V )W̃2(ei, X,Q, ei) +A(ei)W̃2(V,X,Q, ei)

+A(X)W̃2(ei, V,Q, ei) +A(Q)W̃2(ei, X, V, ei)

+A(ei)W̃2(ei, X,Q, V )].

(2.26)

Using (1.6), (2.19), (2.22), (2.24) and (2.25) the relation (2.26) takes the form

(2.27) A(Q)Ric(X,V ) = 0.

Since A(Q) 6= 0, it follows from (2.27) that

(2.28) Ric(X,V ) = 0

By virtue of equation (2.28), the relation (1.6) gives

W2(X,Y, Z, V ) = K(X,Y, Z, V ).

This leads to the following:

Theorem 2.4. If a special weakly W2- symmetric manifold admits a unit parallel
vector field, then it is a special weakly symmetric manifold.
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3 Special weakly Ricci symmetric Riemannian
manifolds

Let a Riemannian manifold be W2-flat, then

(3.1) W̃2(X,Y, Z, V ) = 0.

By virtue of (3.1) the relation (1.6) reduces to

(3.2) K̃(X,Y, Z, V ) =
1

n− 1
[g(Y,Z)Ric(X,U)− g(X,Z)Ric(Y, U)].

Taking covariant derivative of (3.2) with respect to U, we get

(3.3) (∇UK̃)(X,Y, Z, V ) =
1

n− 1
[g(Y,Z)(∇URic)(X,V )− g(X,Z)(∇URic)(Y, V )].

Permuting twice the vectors X,Y,U; in equation (3.3), then adding the three obtained
equations and using Bianchi’s second identity, we have

[(∇URic)(X,V )− (∇XRic)(U, V )]g(Y,Z) + [(∇XRic)(Y, V )

− (∇YRic)(X,V )]g(U,Z) + [(∇YRic)(U, V )− (∇URic)(Y, V )]g(X,Z) = 0.
(3.4)

Using (1.11), in (3.4), we have

[A(U)Ric(X,V )−A(X)Ric(U, V )]g(Y,Z) + [A(X)Ric(Y, V )

−A(Y )Ric(X,V )]g(U,Z) + [A(Y )Ric(U, V )−A(U)Ric(Y, V )]g(X,Z) = 0.
(3.5)

Factoring off Z in (3.5), we get

[A(U)Ric(X,V )−A(X)Ric(U, V )]Y + [A(X)Ric(Y, V )−A(Y )Ric(X,V )]U

+ [A(Y )Ric(U, V )−A(U)Ric(Y, V )]X = 0.
(3.6)

Putting U=V=ei in (3.6), where {ei, 1 ≤ i ≤ n} is an orthonormal basis of the tangent
space at each point of the manifold and taking sum over i, we get

(3.7) [A(R(X))−rA(X)]Y +[nA(X)R(Y )−nA(Y )R(X)]+[rA(Y )−A(R(Y ))]X = 0

where R is Ricci tensor of type (1,1) defined in (1.4).
Contracting (3.7) with respect to Y, we have

(3.8) rA(X) = A(R(X)).

By virtue of (1.2), the relation (3.8) reduces to

(3.9) g(X,P )r = g(R(X), P ).

Consequently, the above relation gives

(3.10) Xr = R(X).

Thus, we can state the following:

Theorem 3.1. If the scalar curvature r is constant in a W2-flat special weakly Ricci
symmetric Riemannian manifold, then the Ricci tensor of type (1,1) must be vanish.
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4 Example of a special weakly symmetric manifold

In this section we prove the existence of a special weakly symmetric Riemannian
manifold by constructing a non-trivial example.

We define a Lorentzian manifold IR4 by the relation

(4.1) ds2 = gijdx
idxj = (dx1)2 + (x1)2(dx2)2 + (x2)2(dx3)2 − (dx4)2,

where i,j=1,2,3,4.
In the metric considered the only non-vanishing components of the Christoffel symbols
are (see [13])

{
1
22

}
= −x1,

{
2
33

}
= − x2

(x1)2
,

{
2
12

}
=

1

x1
,

{
3
23

}
=

1

x2
.(4.2)

The non-zero derivatives of (4.2) as follows:

∂

∂x1

{
1
22

}
= −1,

∂

∂x1

{
2
33

}
=

2x2

(x1)3
,

∂

∂x1

{
2
12

}
= − 1

(x1)2
.(4.3)

The Riemannian curvature tensor as follows:

Rl
ijk =

∣∣∣∣∣∣∣∣
∂

∂xj
∂

∂xk{
l
ij

} {
l
ik

}
∣∣∣∣∣∣∣∣︸ ︷︷ ︸

=I

+

∣∣∣∣∣∣∣∣
{
m
ik

} {
m
ij

}
{

l
mk

} {
l
mj

}
∣∣∣∣∣∣∣∣︸ ︷︷ ︸

=II

The non-zero components of (I) are as follows:

K1
212 =

∂

∂x1

{
1
22

}
= −1, K2

313 =
∂

∂x1

{
2
33

}
=

2x2

(x1)3
,

K2
122 =

∂

∂x1

{
2
12

}
= − 1

(x1)2

(4.4)

and the non-zero components of (II) are:

K2
313 =

{
m
33

}{
2
m1

}
−
{
m
31

}{
2
m3

}
=

{
2
33

}{
2
21

}
−
{

2
31

}{
2
23

}
= − x2

(x1)3
,

K2
112 =

{
m
12

}{
2
m1

}
−
{
m
11

}{
2
m2

}
=

{
2
12

}{
2
21

}
−
{

2
11

}{
2
22

}
=

1

(x1)2
,

Adding components corresponding (I) and (II), we get

K1
212 = −1, K2

313 =
x2

(x1)3
and K1

212 = 0.

Thus the non-vanishing components of the Riemannian curvature tensor of type (0,4)
up to symmetry are,

K̃1332 = −x
2

x1
.
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The derivative of K̃ with respect to first and second variable,

(4.5) K̃1331,1 =
x2

(x1)2
, K̃1332,2 = − 1

x1

Let us consider the one forms as follows:

(4.6) Ai(x) =


− 1

3x1 , if i = 1

− 1
3x2 , if i = 2

0, otherwise

at any point x ∈ IR4. In our (IR4,g), (1.2) reduces with these one-forms to the
following equations:

(4.7) K̃1332,1 = 2A1K̃1332 +A1K̃1332 +A3K̃1132 +A3K̃1312

and

(4.8) K̃1332,2 = 2A2K̃1332 +A1K̃2332 +A3K̃1232 +A3K̃1322.

It can be easily proved that the equations (4.7) and (4.8) are true.
So, the manifold under consideration is a special weakly symmetric Riemannian man-
ifold.
Thus the following theorem holds:

Theorem 4.1. Let (IR4, g) be a 4-dimensional Lorentzian manifold with the Lorentzian
metric g given by

(4.9) ds2 = gijdx
idxj = (dx1)2 + (x1)2(dx2)2 + (x2)2(dx3)2 − (dx4)2,

where i,j=1,2,3,4. Then (IR4, g) is a special weakly symmetric Riemannian manifold.
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