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Abstract. In the present work, within the framework of 3D scenes analy-
sis from digital camera images, we use the 8 point algorithm for 3D recon-
struction of a landmarks configuration from their noncalibrated camera
images, that leads to a 3D projective shape analysis. Our focus is on a
two sample hypothesis testing method, for mean 3D projective shapes.
The statistical analysis is performed for samples of pictures of 3D faces,
without knowing a priori the distribution of such random 3D projective
shapes, leading to a two sample test on the product of 3D projective
spaces, that is simplified due to the Lie group structure of these object
spaces.
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1 Introduction

The statistical analysis of projective shapes has been slowed down due to an over-
emphasized importance of similarity shape in image analysis, which was ignoring the
basic principles of pinhole camera image acquisition, as well as due to insufficient
dialogue between researchers in geometry, computer vision and statistical shape ana-
lysis. Projective shapes have been studied rather recently, and firstly, literature was
bound to linear or 2D projective shape analysis, notable progress being provided in
numerous works (e.g., [7, 5, 9, 4, 6, 3, 8]).

In this paper, within the framework of 3D projective shape analysis, we use the
two sample hypothesis testing method for extrinsic means, as developed in [1, 10, 12],
to differentiate between two faces, based on small samples of their digital camera
images.

The mathematics background is basically developed on the space of 3D projective
shapes of k-ads in general position PΣk3 , which is homeomorphic to (RP 3)k−5, and has
a Lie group structure with the multiplication operation inherited from the quaternion
multiplication on S3 ⊂ R4. Therefore a 3D face analysis based on landmarks can
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make use of the recently developed nonparametric techniques for two sample tests
on Lie groups (see [12, 10]). We emphasize that the reconstructed configuration of
3D landmarks obtained from pairs of noncalibrated camera images, is unique up to
a projective transformation in 3D, as noticed in [11]; this allows to analyze without
ambiguity the projective shapes of such configurations (see [11]). The developed
statistical analysis is performed for samples of pictures of faces, without making any
distributional assumption for the corresponding 3D projective shapes of human facial
surfaces. We provide, as well, a brief description of the methodology used, which can
be found in detail in [10].

2 Projective shape space of 3D configurations

Our statistical analysis will be done on the 3D projective shape space PΣk3 ' (RP 3)k−5.
The manifold structure of this space will allow us to use the asymptotic theory for
means on manifolds.

Furthermore this space has an additional structure of a Lie group, which is of
great use when dealing with unmatched pairs of data.

For each 3D objects in our data sample, we focus on the configuration of the 3D
coordinates of our landmarks. We say that two such configurations of labeled points
in R3 have the same projective shape if they differ by a projective transformation of
R3.

Generally, a projective transformation ν of Rm is defined in terms of a matrix
A = (aji ) ∈ GL(m+ 1,R), via ν(x1, . . . , xm) = (y1, . . . , ym),

(2.1) yj =

∑m
i=1 a

j
ix
i + ajm+1∑m

i=1 a
m+1
i xi + am+1

m+1

, ∀j = 1, . . . ,m.

However, in applications, such projective transformations act only on subsets of Rm
and consequently they do not have a group structure under composition. Recall that
RPm is the set of equivalence classes of points in Rm+1\{0}, where two points x, y
are equivalent if there is a λ ∈ R\0, with y = λx. We will use the notation [x] with
x ∈ Rm+1\{0} to represent the equivalence class of x = (x1, . . . , xm+1), which is also
written as [x1 : x2 : · · · : xm+1], featuring the homogeneous coordinates (x1, . . . , xm+1)
of [x], which are unique up to a nonzero multiplicative constant. Note that since
Rm can be identified with an open affine subset of RPm, any configuration in Rm
can be regarded as a configuration in RPm and the pseudo-action by the projective
transformations on open dense subsets of Rm can be extended to a group action of
the projective group PGL(m), which has the form α : PGL(m)× RPm → RPm,

α([A], [x]) = [Ax], ∀ A ∈ GL(m+ 1,R) , ∀ x ∈ Rm+1.

Therefore, rather than considering projective shapes of configurations in Rm, we con-
sider projective shapes of configurations in the projective space RPm. If one multi-
plies the matrix A by a nonzero constant, then the equation (2.1) does not change;
therefore the group PGL(m) of projective transformations of Rm has dimension
(m + 1)2 − 1 = m(m + 2). Thus, a projective transformation is determined by its
values on m+ 2 points in general position.
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Definition 2.1. A projective frame in RPm is an ordered set of m + 2 projective
points in general position.

An example of projective frame in RPm is the standard projective frame

([e1], . . . , [em+1], [e1 + ...+ em+1]).

In projective shape analysis it is preferable to employ coordinates invariant with
respect to the group PGL(m). A projective transformation takes a projective frame
to a projective frame, and its action on RPm is determined by its action on a projective
frame; therefore, if we define the projective coordinate(s) of a point p ∈ RPm w.r.t. a
projective frame π = (p1, . . . , pm+2) as being given by

pπ = β−1(p),

where β ∈ PGL(m) is a projective transformation taking the standard projective
frame to π, these coordinates have automatically the invariance property.

Definition 2.2. A projective shape of a k-ad (configuration of k labeled points) is
the orbit of that k-ad under projective transformations. If the k-ad is regarded as a
point on (RPm)k, then such a transformation acts at the same time on each point
of the k-ad; therefore the action of PLG(m) is the diagonal action of this group on
(RPm)k,

αk(p1, ..., pk) = (α(p1), ..., α(pk))

The m-dimensional projective shape space of a generic k-ad is determined by the
projective coordinates (pπm+3, ..., p

π
k ) of k−m−2 of its points, relative to other (m+2)

of its points that form a projective frame. The set PΣkm of projective shapes of
generic k-ads including a projective frame at given labels, is therefore isomorphic to
(RPm)k−m−2 [11]; keeping this identification in mind, from this point on, we will use
the symbol PΣkm, when referring to the projective shape space PΣkm.

2.1 Homogeneous spaces and the Lie group structure of (RP 3)q

Let α̃ : G×M→M be a left action of the group (G,�) onM, and let α̃k :M→M,
be given by α̃k(x) := α̃(k, x). Recall that the left action α̃ is called transitive if for
all x, x′ ∈M, there exists k ∈ G such that α̃k(x) = x′. Also recall that the orbit G(x)
of a point x ∈ M is the set {α̃(k, x), k ∈ G}. The space M is called G-homogeneous
space if there exists a point x such that G(x) = M. In the case M is a manifold,
we assume in addition that (G,�) is a Lie group and the action α̃ is smooth. A Lie
group (G,�) is automatically a G-homogeneous space, for the action α̃ = �.

In Statistics it makes sense to consider the equality of means on a smooth object
space M, with an action of a Lie group G, only for means that lie on the same orbit,
and for this reason, all the smooth object spaces considered so far are homogeneous
spaces ( see [10], Chapter 3). A notable example of such an object space is the space
RPm, space of axes in Rm+1, with the group action is given by α : PGL(m)×RPm →
RPm

α([A], [x]) = [Ax], ∀ A ∈ GL(m+ 1,R), ∀ x ∈ Rm+1.
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In particular the 3D real projective space RP 3 is a homogeneous space. However, in
addition, RP 3 can be identified with the quotient space S3/{x,−x}, and with this
representation, it follows that the operation

[x]� [y] = [x · y] for [x], [y] ∈ RP 3,

where · is the quaternion multiplication on S3, is a well defined Lie group mul-
tiplication on RP 3 [1]. Also for [p] = [x : y : z : t] ∈ RP 3, its conjugate is
[p̄] = [−x : −y : −z : t] ∈ RP 3, the inverse map on RP 3 is given by

[p]−1 = ‖(x, y, z, t)‖−2[p̄],

and the identity of this Lie group is 1RP 3 = [0 : 0 : 0 : 1]. Using the same represen-
tation of elements of RP 3, the projective shape space (RP 3)q, (q = k − 5) inherits a
Lie group structure from the group structure of RP 3.

3 Two sample means tests for unmatched pairs on
a Lie group

Given that (RP 3)q has a Lie group structure, and a Lie group is a homogeneous
manifold with a simply transitive Lie group action, in this section we derive the large
sample distribution of the tangential component of the mean change between the
extrinsic sample means of two random objects on an embedded Lie group M, which
is needed in the two sample problem for means of unmatched pairs on such a Lie
group.

LetM be a G-homogeneous space, whereM is an embedded manifold and (G,�) a
Lie group that acts simply transitively onM via a smooth left action α : G×M→M.
For a = 1, 2, let Xa,1, · · · , Xa,na

be independent random samples defined onM, from
a distribution Qa, with the extrinsic means µ1,j , µ2,j and with the corresponding
extrinsic covariance matrices Σ1,j ,Σ2,j , where j :M→ RN is the embedding. Then,
a two-sample hypothesis testing problem can be formulated as follows

H0 : µ1,j = α(δ, µ2,j) vs. H1 : µ1,j 6= α(δ, µ2,j),

for δ ∈ G. Now for a fixed object µ2,j the mapping αµ2j : G → M, αµ2j (g) =
α(g, µ2j), ∀ g ∈ G is one-to-one, and we can now rewrite the hypothesis problem from
above as follows

(3.1) H0 : (αµ2,j )−1(µ1,j) = δ vs. H1 : (αµ2,j )−1(µ1,j) 6= δ.

If in addition G acts simply transitively on M, we further define the smooth map
H : M2 → G by H(x1, x2) = (αx2)−1(x1), whose asymptotic behavior involving
H(X̄n1,j , X̄n2,j) has been addressed in [12]. In the case of a Lie group (G,�) consider
the particular case of (3.1) null hypothesis

(3.2) H0 : µ1,j = µ2,j � δ vs. H1 : µ1,j 6= µ2,j � δ.

Since for a = 1, 2, Xa,1, . . . , Xa,na independent and identically distributed (i.i.d.) ran-
dom objects on G, we can rewrite the hypothesis in (3.2) as follows

H0 : µ−1
2,j � µ1,j = δ vs. H1 : µ−1

2,j � µ1,j 6= δ.



3D face analysis from digital camera images 47

3.1 Asymptotic behavior and nonparametric bootstrap

We are led into characterizing the asymptotic behavior of X̄−1
2,j�X̄1,j , where X̄1,j , X̄2,j

are the sample extrinsic mean estimators corresponding to the two random samples.

For a = 1, 2, let Xa,1, · · · , Xa,na
be independent random samples defined on the m

dimensional Lie group G, from a distribution Qa, with the extrinsic means µ1,j , µ2,j

and the corresponding extrinsic covariance matrices Σ1,j ,Σ2,j . Let j : G → RN be an
embedding. We are interested in the asymptotic behavior of

tanj(µ−1
2,j�µ1,j)

(
j(X̄−1

2,j � X̄1,j)− j(µ−1
2,j � µ1,j)

)
.

Recall that the map (g1, g2)→ g1�g2, for g1, g2 ∈ G is a smooth map from G×G → G.
Therefore, the asymptotic distribution, follows from a more general case, involving
manifolds M and N , along with their corresponding embeddings j1 :M→ RN1 and
j2 : N → RN2 .

Theorem 3.1. For a = 1, 2 let Xa,1, · · · , Xa,na be independent random samples
defined on G, from the j-nonfocal distributions Qa, with the extrinsic means µa,j and
the extrinsic covariance matrices Σa,j. Also, let n = n1 + n2 such that n1/n → π ∈
(0, 1), as na →∞. Then we have the following

(3.3) n1/2 tanj(µ−1
2,j�µ1,j)

(
j(X̄−1

2,j � X̄1,j)− j(µ−1
2,j � µ1,j)

)
→d Nm(0m,Σ

ιG
j ),

where ΣιGj is linear as a function of the extrinsic covariance matrices Σ1,j ,Σ2,j .
In particular, under the null hypothesis of (3.1), we have the following

n1/2 tanj(µ−1
2,j�µ1,j)

(
j(X̄−1

2,j � X̄1,j)− j(δ)
)
→d Nm(0m,Σ

ιG
j )

and in case ΣιGj is positive definite, we get

n(tanj(µ−1
2,j�µ1,j)(j(X̄

−1
2,j � X̄1,j)− j(δ)))T )(ΣιGj )−1

(tanj(µ−1
2,j�µ1,j)(j(X̄

−1
2,j � X̄1,j)− j(δ)))→d χ

2
m.

In applications, we often have unknown distributions Qa, a = 1, 2, and the samples
are small; in such case we may use a nonpivotal bootstrap methodology for the two
sample problem H0.

Theorem 3.2. Under the hypotheses of Theorem 3.1, assume in addition that for
a = 1, 2 the support of the distribution of Xa,1 has an absolutely continuous component
and finite moments of sufficiently high order. Then the distribution of

n1/2 tanj(µ−1
2,j�µ1,j)

(
j(X̄−1

2,j � X̄1,j)− j(µ−1
2,j � µ1,j)

)
can be approximated by the bootstrap distribution of

n1/2 tanj(X̄−1
2,j�X̄1,j)

(
j(X∗

−1

2,j �X∗1,j)− j(X̄−1
2,j � X̄1,j)

)
,

with an error Op(n
−1/2), where, for a = 1, 2, X∗a,j is the extrinsic mean of the boot-

strap resamples X∗a,ja , ja = 1, ..., na, given Xa,ja , ja = 1, ..., na.



48 V. Patrangenaru, K. D. Yao, V. Balan

3.2 Two sample tests for VW-means of unmatched pairs of 3D
projective shapes

The real projective space RPm is embedded in the space of (m+1)× (m+1) positive
semi-definite symmetric matrices, via the Veronese-Whitney (VW) map j1 : RPm →
S+(m+ 1,R) given by

j1([x]) = xxT , ‖x‖ = 1.

Let q = k−m−2. One defines as the VW embedding jq of the projective shape space
(RPm)q, jq : (RPm)q → (S(m+ 1))q via

jq(([x1], . . . , [xq])) = (j1([x1]), . . . , j1([xq]),

with xs ∈ Rm+1, xTs xs = 1, s = 1, . . . , q.

Human and machine vision are 3D projective shape based [11]. In the case of
the 3D projective shape space of k-ads q = k − 5, therefore, for a statistical analysis
of 3D projective shapes, we are lead into considering random objects (r.o.’s) Y on
(RP 3)q that have a VW-mean ( have an extrinsic mean w.r.t. the VW-embedding
jq). The probability measure PY on (RP 3)q, associated with such a r.o. is said to be
VW-nonfocal probability measure on (RP 3)q. The VW-mean of a VW-nonfocal the
probability measure PY , Y = ([X1], ..., [Xq]), (Xs)TXs = 1, ∀ s = 1, . . . , q, is given
by

µjq = (γ1(4), . . . , γq(4)),

where (λs(a), γs(a)), a = 1, 2, 3, 4 are the eigenvalues in increasing order, and the
corresponding unit eigenvectors of the matrix E[Xs(Xs)T ], respectively (see [11],
[6]). In particular, given a random sample of 3D projective shapes y1, . . . , yn, with
yi = [xi], x

T
i xi = 1,∀i = 1, . . . , n, their sample VW-mean is

ȳjq = (g1(4), . . . , gq(4)),

where (λ̂s(a), gs(a)), a = 1, 2, 3, 4 are the eigenvalues in increasing order, and the
corresponding unit eigenvectors of the matrix

1

n

n∑
i=1

xix
T
i .

For a = 1, 2, let {Ya,r}na
r=1 be i.i.d. r.o’s defined on (RP 3)q from independent VW-

nonfocal distributions Qa.
Assume n = n1 + n2 and lim

n→∞

n1

n
→ π ∈ (0, 1). Let ϕ be the affine chart defined on

an affine open neighborhood of 1RP 3 , given by ϕ([(x0, x1, x2, x3)T ]) = (x
1

x0 ,
x1

x0 ,
x1

x0 ),
and define the chart ϕq on an open neighborhood of 1(RP 3)q , given by

ϕq([x1], . . . , [xq]) = (ϕ([x1]), . . . , ϕ([xq])).

Then from Theorem 3.2, for δ = 1(RP 3)q , under H0, the distribution of

D = ϕq(Ȳ
−1
n2,jq

⊗ Ȳn1,jq )
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can be approximated by the bootstrap joint distribution of

D? = ϕq(Ȳ ?
−1
n2,jq ⊗ Ȳ ?n1,jq ),

with an error of order OP (n−1/2).

We can construct a nonparametric bootstrap confidence region of size 1 − α for
µ−1

2,jq
⊗ µ1,jq , for simplicity by using simultaneous confidence intervals. We will then

expect to fail to reject the null hypothesis, if we have 0 in all of our simultaneous
confidence intervals for all the affine coordinates.

4 Data set and hypothesis testing results

The analyzed data set consists of images of faces:

Figure 1: Faces used for analysis

For analysis, ten landmarks were placed, resulting 3D projective shapes of k-ads
(k = 10).

The collections and reconstructions of all of our landmark configurations were
done in Matlab. The landmarks are shown below:

Figure 2: Landmark placements for all faces

The first five landmarks were used as projective frame, which are, in increasing order:
Pronasale, right and left Endocathion, Labiale Superius, left Crista Philtri.

Comparing male faces. For our result we used the simultaneous confidence inter-
vals mentioned above. We failed to reject the null hypothesis

H0 : µ−1
2,j5
� µ1,5 = 1(RP 3)5

if all of our confidence intervals contain the value 0. For this two sample test, we use
the following two data sets:



50 V. Patrangenaru, K. D. Yao, V. Balan

Figure 3: Images of two male faces

Bootstrap marginals and simultaneous confidence intervals (male faces).

Simultaneous confidence intervals for changes between the
2 mean projective shapes of the two faces landmarks 6 to 8

LM6 LM7 LM8

x (−1.111498, 0.805386) (−1.117512, 1.099536) (−1.296547, 0.966296)

y (−1.215218, 0.710931) (−1.355167, 1.336021) (−0.635282, 1.372627)

z (−1.161234, 1.150762) (−1.432217, 1.349541) (−1.394141, 1.349442)

Simultaneous confidence intervals for changes between the
2 mean projective shapes of the two faces landmarks 9 and 10

LM9 LM10

x (0.952164, 0.996354) (−0.962541, 1.005917)

y (−0.760124, 1.129782) (−1.070631, 0.982195)

z (−0.817503, 1.319117) (−1.319374, 1.089272)

We notice that one of the simultaneous confidence intervals for landmark 9, cor-
responding to the right Exocanthion, does not contain 0. We then reject the null
hypothesis, showing that there is significant projective shape change between the two
male faces.

Comparing male and female faces. To get the simultaneous confidence intervals
for our null hypothesis H0 : µ−1

1,j5
� µ2,j5 = 1(RP 3)5 , we use the image from below

as input data:
Bootstrap marginals and simultaneous confidence intervals for
cross gender analysis.

Simultaneous confidence intervals for cross gender landmarks 6 to 8

LM6 LM7 LM8

x (−1.251984, 1.202986) (−1.228628, 1.234229) (−1.273092, 1.332798)

y (−0.633834, 0.902621) (−0.928523, 0.995304) (−0.226587, 0.865510)

z (−0.231190, 0.432009) (−0.684483, 1.045302) (−0.590623, 1.132418)

Simultaneous confidence intervals for cross gender landmarks 9 and 10

LM9 LM10

x (0.998446, 1.028374) (−0.988191,−0.931250)

y (−0.702335, 0.540613) (−1.162803, 1.008259)

z (−1.057821, 0.849069) (−0.118635, 0.969739)
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Figure 4: Female Sample

Figure 5: Male 2 Sample

The landmarks 9 and 10 corresponding to the right and left Exocanthion have intervals
not containing 0. We reject the null hypothesis, and conclude that there is a significant
projective shape change between the two faces.

Cross validation. We separate the original sample in figure 5 into two smaller
data sets of pairs of pictures of sizes n1 = 5 and n2 = 6. They are displayed below:

Bootstrap axial marginals and simultaneous confidence regions for
cross validation.

Simultaneous confidence interval for cross validation face 2 for landmarks 6 to 8

LM6 LM7 LM8

x (−17.496785, 3.552070) (−4.027879, 4.860970) (−1.990796, 7.497709)

y (−10.967285, 4.340129) (−3.776026, 9.830274) (−7.558584, 0.865119)

z (−2.724184, 13.093615) (−3.006049, 5.891478) (−0.698745, 4.293201)

Simultaneous confidence intervals for cross validation face 2 for landmarks 9 and 10

LM9 LM10

x (−2.459882, 1.230096) (−3.264292, 1.036499)

y (−1.631839, 0.983147) (−1.387133, 2.942318)

z (−1.451487, 1.196335) (−0.916768, 1.658124)

All the simultaneous intervals (affine coordinates) contain 0. We fail to reject the
null hypothesis; there no statistically significant mean projective shape change, as
expected.

5 Landmark coordinates from ideal noncalibrated
camera images

Our data sets are formed of digital camera images of faces. The 3D face analysis
we are conducting is a landmark based analysis. Our landmarks are composed of
reconstructed 3D points in a particular configuration.
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Figure 6: Landmark placements in Matlab

Figure 7: Landmark placements for three data samples

5.1 Matlab data set

The collection of our landmarks in Matlab is done in a few stages. For any one
reconstruction of a particular 3D object (faces, flowers, leaves, etc...), two pictures
from two different angles are needed. Once the pair of pictures is stored and saved in
the an appropriate window within the Matlab platform, the digital images are loaded
using the imread command in Matlab. The landmarks are manually selected using
the function cpselect(). We illustrate a set of landmarks in figure 6.

Generally, a finite configuration of eight or more points in general position in
3D can be reconstructed, by using the fundamental matrix of the coordinates of the
images of these points provided by two ideal noncalibrated digital camera views (see
[2]). We assign the same landmarks throughout our whole data sample; the images
in figure 7 show the placement of our matching points.

By this method we usually get reliable 3D coordinates for our landmarks. How-
ever, one drawback associated with this technique is that it is hard to visualize the
reconstructed 3D configurations. In fact, getting a decent visualization of our recon-
struction may require the collection of a large amount of landmarks, which can be
time consuming.

To illustrate this particular situation we have the following 3D reconstruction involv-
ing 80 landmarks placed on a pair of pictures of an oak leaf and resulting in the
following 3D images without color and/or texture.
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Figure 8: Oak leaf reconstruction with midriff

Figure 9: Pictures used for 3D reconstruction

5.2 New directions in 3D data collection methods from digital
camera outputs

Recently for our data analysis we started using a professional version of Agisoft, which
extracts the 3D image of a surface from two or more non-calibrated digital camera
views, based on RGB texture matching followed by a 3D reconstruction algorithm.
This software gives us a much better visualization of our reconstructed data set with-
out relying on landmark collection and the use of an eight point algorithm to estimate
the fundamental matrix.

Although the reconstruction of the midface could be done with just two uncalibrated
camera images, we get a better resolution and complete reconstruction of the surface
of a head or face, by increasing the number of images of the same individual. We
illustrate this fact we use set of pictures in Fig. 9. After the reconstruction is done,
we may visualize our result and also indicate the relative camera placement in Fig.
10. The Agisoft output then gives us the 3D coordinates of our ten landmarks in
Figs. 11-12.

Acknowledgement. The authors are indebted to Vlad P. Patrangenaru for in-
troducing them to Agisoft. The first two authors are also grateful to the National
Security Agency for award NSA-MSP-H98230-15-1-0227 and to the National Science
Foundation for award NSF-DMS-1106935.
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Figure 10: 3D Face reconstruction with camera placement

Figure 11: Landmark placement and coordinates

Figure 12: Pictures for 3D reconstructions
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