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Abstract. In this paper we continue the study of drift less control affine
systems (distributional systems) considering a system with no constant
rank of distribution and with positive homogeneous cost of Randers type.
We will use the Pontryagin Maximum Principle in order to find the general
solution. We have to remark that the optimal solutions of the control
system are the geodesics in the framework of sub-Riemannian geometry.
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1 Introduction

The paper continues the study of drift less control affine systems (distributional sys-
tems) started by the author in [3], [5], [6], considering a system with no constant rank
of distribution. It is well known that the optimal solution of a control system (see [1])
is provided by Pontryagin’s Maximum Principle: that is the curve ¢(t) = (x(¢), u(t))
is an optimal trajectory if there exists a lifting of x(¢) to the dual space (z(t),p(t))
satisfying the Hamilton’s equations. We have to remark that the optimal solutions of
our distributional system are the geodesics in the so-called sub-Riemannian geometry
(see [2]). We are in the case of strong bracket generating distribution (i.e. the vector
fields of the distribution and the first iterated Lie brackets generate the entire tangent
space) with no constant rank. The well-known Chow’s theorem guarantees that the
system is controllable, that is the system can be brought from any state x; to other
state xo.

2 Control systems

Let M be a smooth n-dimensional manifold. We consider the control system
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where & € M and the control u takes values in an open subset Q of R™. Let zg and zy
be two points of M. An optimal control problem consists of finding the trajectories
of our control system which connects g and x; and minimizing the cost

T
rnin/O L(z(t),u(t))dt, x(0)=xo, x(T) = =1,

where L is the Lagrangian or running cost.
Necessary conditions for a trajectory to be an extreme are given by Pontryagin’s
maximum principle. The Hamiltonian reads as

H(z,p,u) = (p, f(z,u)) — L(z,u), peT*M,
while the maximization condition with respect to the control variables u, namely

H{(x(t), p(t), u(t)) = max H(z(t), p(t), v),

v
leads to

0H

— =0.
Ju

The extreme trajectories satisfy the Hamilton equations

dat _OH  dp; _(‘3H
dt — Op;’ dt  Oxt’

(2.1)

2.1 Control affine systems

In the following we consider the drift less control-affine systems (distributional sys-
tems) given by

(2.2) &= uXi(x(t)),
i=1

where x € M, X1, Xo, ..., X,, are smooth vector fields on M and the control v =
(u1,usg, ..., Uy, ) takes values in an open subset 2 of R™.

The vector fields X;,i = 1, m, generate a distribution D C T'M such that the rank
of D is not necessary constant. Let zg and x; be two points of M. An optimal
control problem consists of finding those trajectories of the distributional system
which connect x¢ and 1, while minimizing the cost

mm/FW@ML

u(-) Jr

where F' is a Minkowski norm (positive homogeneous) on D. The Lagrangian has the
form L = 1 F?2.
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2.1.1 Application

Let us consider in the three dimensional space R? the drift less control affine system

(2.3) i(t) = u' Xy +u? Xo + u* X3,
with
1 0 0
=10, xo=[1], xs=[ 0],
0 0 x

and minimizing the cost

win [ F(u(t)d,

where F' = \/(u1)2 + (u2)® + (u3)® +eul, 0 < & < 1 is the positive homogeneous cost
(Randers metric). We are looking for the solution of the above distributional system.
The distribution D is generated by the vectors X; , X5, X3 and

|3 dif x#0
rcmkD{2 if z=0

In the canonical base (-Z,-2.-2) of R? we have
Oz’ Oy’ 0z

Xlzﬁa X2:£7 X3::E23
0z

and the Lie brackets are given by

0
— =X, ¢D Xo, X3] = 0.

82 4 ¢ 5 [ 25 3]

It results that the distribution is nonholonomic, but is strong bracket generating,
because the vector fields { X1, Xo, X3, X4 = [X1, X3]} generate the entire space R>.

From (2.3) we obtain

(X1, X2] =0, [X1,X3]=

dzx not dy not dz not
=ul 2 st L =222 D=t S

i

The cost function can be written in the form (x # 0)

ro- ¢<u1>2+(u2>2+(u3>2+5u1\/<51>2+<52>2+(j:§ be

3
= 41/gijsist + Zbisi,
i=1

(Einstein’s summation) where b! = ¢, b*> = 0, b> = 0 and

0
0
1/x?

Gij =

o O
o = O
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The Lagrangian has the form L = $F? and using [4] we obtain the Hamiltonian

(2.4) H= % (\/ GijDiD; —gipz) ;

where

1 1 o 1. —
= 1] 7 i 7 —  hipj
9i = 729 +(1_b2)2bbJ, b 71_b2b, b=/gi;b'b7,

and g% is the inverse of the matrix 9i;- In these conditions we obtain that

P=e? b=-—o 220, B2=0
6 b 1 _ 527 b )
N 1 0 0
g = 01 0 ,
0 0 22
and it results )
(1—€2)? (1) 0
gU = 0 1—e2 Qz
0 0 T

From (2.4) we obtain

1 P 3 p3z?  epr
2.5 H=- -
(25) 2(\/(1—52)2+1—g2+1—52 =

or, in the equivalent form

H =

(L+e?)pt | pi+p3a®  em n | ph+pget
2(1—e2)?  2(1—-¢?) 1-e2\(1-e2)? 1-¢2 '

I have to remark that in the case x = 0 we obtain
L=2>F%=/(u)’ + (u2?)® + eu',
with the constraint z= 0. Using the Lagrange multipliers we obtain
Li=L+M\z,

and from Legendre transformation by direct computation it results

2
1 p p3 €p1
H =- —
! 2(\/(1—6)2+1—€ 1—g2) 7’

which leads to the equality

H|,_, = H,.
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Next, if we denote
S
(1—¢2)2 1—¢2 7’

then the Hamilton’s equations (2.1) lead to the following differential equations

@:

de _OH _ (1+&%)p € ep? 1
2.6 —_— = —— = — e — —_—
20 & o (-op 1-2V° 1 apve
(2.7) dy OH _ pp  epipp 1
| dt = opy 1= (1P Ve’
(2.8) dz _OH _ py2®  epipsa® 1
| e A C)
(2.9) dpp _ OH _ pjr  epwir 1
. dt  Or  1-¢g2 (1-¢2)>V/0’
H
%Z—%=0=>p2=a=const.
dps  OH L
o E—Oépg—b—const.

Without lose the generality we can consider a> = 1 — 2. In these conditions we

consider the following change of variables:

(2.10)  a(t) = V1_52”2b_18m‘49(t), pi(t) = (1— ) v/r2 T cos AB(2).

It results © = r2(t) and from (2.6) we get
de  (14e%)v/r? —1cos Af er e (r? — 1) cos® A9

dt 1—¢2 1 —e2 r(l—e2)

But

— 2 - .
Z¢%€<ﬁxlmw+%2LMmmﬁ,

and it results

(2.11) ¢ (7“1"1 sin A0 + /12 — 1A ¢ cos AG)

/72
2 —1)cos? A6
:\/r2—1(1+52)cosA9—5r—€(T ) cos )
r
(1—¢?)V1—eg?

where we have denoted ¢; = . The equation (2.9) yields

b
dpr by r2 — 1sin A0 N b (7“2 - 1) cos Af sin A0
dt V1—¢? rv1—e? .
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But

dt r2 —1
which leads to

(2.12) 1 <rr1 cos A0 — /12 — 14 ¢ SinA6>

@ = (1—52) ( " cos Af — \/Tz—lAésin/w),

V=1

= 7mSIHAH+ E(TZ - 1) COSAGSiHAG.

r
The equation (2.11) multiplied by cos A, minus the equation (2.12) multiplied by
sin A6 lead to the equation

71
(2.13) clAdez(acosAG—T> ccos A9 — Y. .
dt 2 _ 1

T T

Moreover, the equation (2.11) multiplied by sin A6, plus the equation (2.12) multiplied
by cos A6 lead to the equation

(2.14) clr% =¢e(r* —1)sin 40 <5 cos Af — r;—l) .

Using (2.10) by direct computation, the Hamiltonian become

H= 1 (r—svr2—1cosA9)2.

2
Considering the integral curves parameterized by arclength, that corresponds to fix
the level % of the Hamiltonian, we obtain

r—evr2—1cosAf =1,
and it result

_ 1+e2cos® Af

2.1 _ 1+ecos” A6
(2.15) " 1 —e2cos? Af

In these conditions, from (2.15) we obtain

ev1l—e? sin2A40
(2.16) =(t) = b 1—ecos Af’

The equation (2.13) leads to

d9 (1 —e2cos? A)°
2.1 A— =
(2.17) e T2 (1 + &2 cos? A0)

The differential equation (2.7) yields
dy a ae (1 — &%) Vr? — 1cos A0 1

dt — 1—¢2 (1 —¢2)2 r’
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and it results

@_T—E\/?‘Q—lCOSAH_ 1

dt rv1 —g? rv1—g2’
dy 1 1 — €2 cos? A6
dt V1 —e21+¢e2cos? Af’

or

Using (2.17) we obtain

y(t) = 2(1-¢?)A / do

b 1—e2cos? A"

The equations (2.8) yields
dz (T2 - 1) sin? A6
at br ’
and using (2.17) we get

Liviu Popescu

24e%(1 — £2)3/2 sin? 246
oty = 241 =€) / e _df.
b2 (1 —£2cos? A6)3
Acknowledgements. This work was supported by the strategic grant

POSDRU/89/1.5/S/61968, Project ID61968 (2009), co-financed by the European So-
cial Fund within the Sectorial Operational Program Human Resources Development

2007-2013.

References

[1] A. Agrachev, Y.L. Sachkov, Control theory from the geometric viewpoint. En-
cyclopedia of Mathematical Sciences, 87, Control Theory and Optimization, II.

Springer-Verlag, Berlin, 2004.

[2] A. Bellaiche, J.J. Risler, (editors), Sub-Riemannian geometry, Birkhduser 144,

1996.

[3] D. Hrimiuc, L. Popescu, Geodesics of sub-Finslerian geometry, In: Differential
Geometry and its Applications, Proc. Conf. Prague 2004, Charles Univ. (2005)

59-67.

[4] R. Miron, D. Hrimiuc, H. Shimada, S. Sabau, The Geometry of Hamilton and

Lagrange Spaces, Kluwer Academic Publishers, no.118, 2001.

[5] L. Popescu, The geometry of Lie algebroids and applications to optimal control,
Annals. Univ. Al. I. Cuza, lasi, series I, Math., 51, vol. 1 (2005), 155-170.
[6] L. Popescu, Lie algebroids framework for distributional systems, Annals Univ.

Al T. Cuza, Iasi, series I, Mathematics, 55, vol. 2 (2009), 257-274.

Author’s address:

Liviu Popescu

Department of Applied Mathematic, University of Craiova
13 Al I. Cuza, st., Craiova RO-200585, Romania.

E-mail: liviupopescu@central.ucv.ro , liviunew@yahoo.com



