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Abstract. We study a manifold endowed with a 3 -f−structure such
that there exist the endomorphisms fl, l = 1, 2, 3, the 1-forms ηj and the
vector fields ξj s.t. f2

l = −Id +
∑

j ηj ⊗ ξj , ηi(ξj) = δij and, for any even
permutation (k, l,m) of the set (1, 2, 3), one has fkfl = −flfk = fm. If
a generalized (k, µ)-nullity condition holds on the manifold, then, in the
generic case where µk

ij + µk
rj 6= 0, we have Span(ξj) involutive, and the

associated leaves are totally geodesic and flat.
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1 Preliminaries

Let M be a manifold endowed with a 3 -f−structure. D will denote the distribution
orthogonal to the vector fields ξi. Suppose a (k, µ)-nullity condition holds on M ,
namely ([2, 7]):

R(A, B)ξj =
∑

i kij(ηi(A)f2(B)− ηi(B)f2(A))+
∑3

l=1

∑
i µl

ij(ηi(B)hik(A)− ηi(A)hik(B)),

where kij , µ
r
ij are some functions, hil = − 1

2Lξifl, and f2 stands for f2
l , l = 1, 2, 3.

The Riemann curvature tensor is taken with respect to a metric associated to the
3 -f−structure, i.e., one associated to each f−structure, determined by the relation

g(fA, fB) = g(A,B)−
∑

ηj(A)ηj(B),

where f stands for fj , j = 1, 2, 3. Such conditions were studied by many authors for
almost contact, almost S−, almost C−manifolds (see e.g. [2], [3], [7], [8]). For general
reference on these structures, we refer to [1], [5], [10], [6], or more recently, to [4].
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Proposition 1.1 In the above setting, one gets the following identities:




R(ξr, ξi)ξj = − 1
2

∑3
k=1(µ

k
ij + µk

rj)fk([ξr, ξi])

R(X, Y )ξj = 0, g(R(ξj , ξr)X, Y ) = 0, g(R(ξr, ξi)ξj , ξθ) = 0

R(X, ξr)ξj = krjX +
∑3

k=1 µk
rjhrk(X)

g(R(X, ξj)ξp, ξi) =
∑3

k=1 µk
jpg(hjk(X), ξi)

where X, Y ∈ ΓD. In particular, it holds

Lemma 1.1 The following relations hold true:

3∑

k=1

µk
jig(hjk(X), ξi) = 0.

The proofs use the fact that the Riemannian curvature tensor is pairwise symmetric.

Lemma 1.2 If (k, l, m) is an even permutation of (1, 2, 3), then, for any j:

hjk = hjlfm + flhjm = −hjmfl − fmhjl.

For the proof, we differentiate the quaternionic identities satisfied by fk.

2 The geometric consequence

Theorem 2.1 Let M be a 3 -f−manifold which satisfies the (k, µ)-nullity condition.
If µk

ij + µk
rj 6= 0, then Span(ξj) is involutive, with totally geodesic flat leaves.

Proof. From the Lemmas 1.1-1.2, one gets

g(hj1(µ1
jiX − µ2

jif3(X) + µ3
jif2(X)), ξi) = 0.

The vectors obtained by substituting X with f1(X),f2(X),f3(X) in (µ1
jiX−µ2

jif3(X)+
µ3

jif2(X)) are independent for µ and not all zero. In particular in this case, expressing
X, or f1(X), or f2(X), or f3(X), one gets g(hj1X, ξi) = 0, for X ∈ ΓD. Analo-
gously, g(hjkX, ξi) = 0, for X ∈ ΓD, and hence g([ξj , X], ξi) = 0. Getting back to
R(ξr, ξi)ξj = − 1

2

∑3
k=1(µ

k
ij + µk

rj)fk([ξr, ξi]), it follows from the above and from the
properties of the Riemann curvature tensor that g(

∑3
k=1(µ

k
ij +µk

rj)fk([ξr, ξi]), X) = 0,
or, equivalently, g([ξr, ξi],

∑3
k=1(µ

k
ij + µk

rj)fk(X)) = 0, where X ∈ ΓD.
Similar calculations show that substituting f1(X),f2(X),f3(X) for X, the rank of

the system of vectors provided by
∑3

k=1(µ
k
ij +µk

rj)fk(X) is maximal, in case that not
all µk

ij + µk
rj vanish; finally in this case g([ξr, ξi] , X) = 0 for X ∈ ΓD, so Span(ξj) is

involutive.
The associated leaves are totally geodesic and flat, since R(ξr, ξi)ξj = 0, and

g(∇ξj ξr, X) = g(∇ξrξj , X) = 1
2g(∇ξj ξr +∇ξj ξj , X)

= − 1
2g(∇ξj X, ξr)− 1

2g(∇ξrX, ξj)

= − 1
2g(∇Xξj , ξr)− 1

2g(∇Xξr, ξj) = 0.
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3 Remarks

We believe that it is of interest to study this type of conditions on manifolds with
almost contact 3-structures in the sense of Kuo ([9]) and Udrişte ([11]). Similar
calculations may be formally done at least for the distribution generated by the vector
fields ξj .
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