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Abstract. After proving that the Berwald-Moór structures are pseudo-
Finsler of Lorentz type, for co-isotropic submanifolds of Berwald-Moór
spaces ([4]), the Gauss-Weingarten and Gauss-Codazzi, Peterson-Mainardi
and Ricci-Kühne equations of the such submanifolds are explicitly pre-
sented and discussed, taking into account the locally-Minkowski character
of the Finslerian ambient metric.
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1 The Berwald-Moór pseudo-Finsler structure

The Berwald-Moór framework was initiated by P.K. Rashevski ([23], [24],[25]) and
further fundamented by D. Pavlov, G. Garasko and S. Kokarev ([8], [9], [20], [10],
[21], [22]). The main geometric structure is here provided by the structure Hn =
(M̃ = Rn, F ), with

F (y) =

{
n
√

y1y2 · . . . · yn, for n odd
n
√
|y1y2 · . . . · yn|, for n even

= n

√
εy · y1y2 · . . . · yn,

with εy = (sign(y1 ·. . .·yn))n+1. This is a Finsler metric function of locally Minkowski
type, i.e., F does not effectively depend on the points of M .

Remarks. The Berwald-Moór structure (as M. Matsumoto remarked in [16]), is
peculiar, and has specific features which make it very special. In this respect, we note
the following:

• though F is defined and continuous on the whole TM , the structure is C∞ not

on the whole slit tangent space T̃ M̃ = TM̃\{0}, but on the open subset:

T̂ M̃ = ∪x∈M̃ T̂xM̃ ⊂ T̃ M̃ , T̂xM̃ = {y ∈ Rn ≡ TxM |y1 · . . . · yn 6= 0},
i.e. on the intersection of the main open subsets of the slit tangent space which
project to the natural open charts of the projectivized space PTM ;
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• for n even F is (only) positive homogeneous of first order, while for n odd, it is
(completely) homogeneous;

• in the odd case, F might have negative values as well.

Regarding the associated Finsler tensor field, we have the following result:

Proposition 1.1 ([16]). The fundamental tensor field gijdxi⊗dxj of Hn defined by

gij(y) =
1
2

∂2F 2

∂yi∂yj
has the explicit expression

(1.1) gij =
F 2

nyiyj

(
2
n
− δij

)
.

Its determinant is g ≡ det(gij)i,j∈1,n =
(−1)n+1

nn
, and its inverse (the dual (2, 0)−tensor

field gij given by gisgsj = δi
j) has the components

gij =
nyiyj

F 2

(
2
n
− δij

)
.

The proof is mainly computational, and relies on the properties of the determinant
and on the following classical result from linear algebra:

Lemma 1.2. If the matrix [a] = (aij)i,j=1,n is invertible, bi ∈ R, i ∈ 1, n, and
ε ∈ {±1}, then [ã] = (ãij = aij + εbibj)i,j=1,n is invertible and

a) det[ã] = a∗(1 + B∗), where a∗ = det[a], b∗ = aijbibj, with [a]−1 = (aij)i,j=1,n;

b) [ã]−1 has the coefficients ãij = aij − ε

1 + εb∗
bibj, where bi = aisbs.

As consequence, the metric tensor gij is non-degenerate. Regarding its signature we
prove the following

Theorem 1.3. The Berwald-Moór metric tensor of Hn having the coefficients (1.1)
is of Minkowski type, hence provides in each fiber of the tangent bundle a pseudo-
Riemannian structure.

Proof. We further denote [g] = (gij)i,j=1,n. Then the spectrum of [g] is given by

σ([g]) = {λ ∈ R|det([g]− λIn) = 0}.

We note that

[g] =
ρ2/n

n2




µ(a1)2 2a1a2 . . . 2a1an

2a2a1 µ(a2)2 . . . 2a2an

...
...

. . .
...

2ana1 2ana2 . . . µ(an)2


 ,

where ρ = y1y2 · . . . · yn = Fn, µ = 2 − n, ak = 1/yk. We perform a change of

coordinates given by the matrix C = diag

(
n

ρ1/n
√

2
· (y1, . . . , yn)

)
, and then the



Notable submanifolds in Berwald-Moór spaces 23

matrix of the bilinear symmetric form changes to

[g]′ = Ct[g]C =




α 1 . . . 1
1 α . . . 1
...

...
. . .

...
1 1 . . . α


 , where α =

µ

2
= 1− n

2
.

Hence [g]′ = U − n

2
In, where U is the n× n matrix with all entries equal to 1. Then

by Sylvester’s Theorem, σ([g]) = σ([g]′) and the characteristic polynomial is

P[g]′(λ) = det([g]′ − λIn) = det


U − (λ +

n

2︸ ︷︷ ︸
λ′

)In


 = det(U − λ′In).

But the eigenvalues λ′ of U are n (simple eigenvalue), and 0 (with multiplicity n−1).
Hence λ = λ′ − n

2 ∈
{

n
2 ,−n

2 , . . . ,−n
2

}
= σ([g]′).

We conclude that [g] is not positive definite, its signature is (+,−, . . . ,−), and the
space (Rn, [g]) is of Minkowski type. Hence the Berwald-Moór structure is pseudo-
Finslerian of Lorentz type. 2

There exist numerous notable submanifolds which naturally emerge from the alge-
braic and geometric richness of the Berwald-Moór structure of Hn. We can mention
the indicatrix of Hn, ΣHn : y1 · . . . · yn = 1, which is a Tzitzeica hypersurface (i.e.,
the ratio between the curvature at a point P ∈ ΣHn and the (n + 1)−th power
of the distance from origin to the tangent plane to ΣHn at P , is constant, briefly
K(p) ·d(O, TP ΣHn)−(n+1) = const., see [26]), and whose study is essential, due to the
fact that its isometries which commute with homotheties prove to be isometries of
Hn. The Tzitzeica hypersurface is tightly related the geometry of angles on Hn ([21],
[22]). As well, it leads to natural PDEs of soliton type. The study of the symmetries
of the PDEs which admit ΣHn as solution produces mappings which preserve the
hypersurface, and which may contain subclasses of isometries of Hn.

Another significant submanifold is the implicitly defined simultaneity hypersurface,
with relevance in the applications of the Berwald-Moór structures in Relativity theory
(see e.g., [15]).

Since the geometry of pseudo-Finsler spaces is a very recent field of research and
Hn is an illustrative example of such space, we shall describe further a specific class
of pseudo-Finsler submanifolds (the lightlike, or co-isotropic sumbanifolds), and point
out the differences to the proper Finsler approach, illustrated for the case of particular
ambient space Hn.

2 Co-isotropic submanifolds in Berwald-Moór spaces

The pseudo-Riemann lightlike (co-isotropic) submanifolds are intensive subject of re-
cent research, since they produce mathematical horizons in General Relativity (e.g.,
Cauchy or Kruskal; see [1], [6], [11], [7], [14], [13]) and appear in the theory of elec-
tromagnetism ([12]). Very recent advances regarding the ruled lightlike surfaces in
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Minkowski 3-space have been obtained in [12]. The essential tool in studying the
induced objects on a lightlike submanifold is the construction of a certain transversal
bundle (see e.g. [6]). There exist at present few works which address such submnifolds
in pseudo-Finsler spaces (e.g., [4]).

For convenience, we shall further replace the pseudo-Finslerian metric gij , whose
signature is (+,−, . . . ,−) with the opposite metric, gij , of signature (−, +, . . . , +).
Then we note that the metric has index 1, is non-degenerate and has constant signa-
ture.

Consider now a submanifold M ⊂ M̃ ≡ Rn, dim M = m (2 ≤ m < n), locally
parametrized by xi = xi(u), u = (u1, . . . um), i = 1, n. We denote the local coordinates
of TM by (u, v), where v = (v1, . . . , vm) ∈ Rm ≡ TuM . Then TM is immersed in
TM̃ , by 2n−uples of the form x(u), y(u, v)) ∈ R2n ≡ TM̃ , with ([17], [4]) yi = Bi

∗(u),
where Bi

α = ∂xi

∂uα and by ∗ we denote transvection with v (i.e., Bi
∗ = Bi

αvα, and we
use the indices α, β, . . . within the submanifold index range 1,m. The vector fields
tangent to TM have their canonic basis related to the one of the ambient space TM̃
via

∂

∂uα
= Bi

α(u)
∂

∂xi
+ Bi

α∗(u)
∂

∂yi
,

∂

∂vα
= Bi

α(u)
∂

∂yi
,

where Bi
αβ(u)duα⊗ duβ is the flat Hessian of xi(u), Bi

αβ = ∂2xi

∂uα∂uβ . We note that gij

induces on the submanifold M the (0, 2)−symmetric tensor field

gM
αβ = Bi

α(u)Bj
β(u)gij(x(u), y(u, v)).

Let now TM0 be the normal space to M in M̃ ,

TM0 =
⋃

p∈TM

TM0
p , where TM0

p = {X ∈ V TMp | X ⊥g Y, ∀Y ∈ V TMp} .

In the proper Finslerian case (i.e., for gij positive definite), we have TM0 ∩ V TM =
{0}. But in the pseudo-Finsler space Hn this property might fail, and we distinguish
the typical case of co-isotropic submanifolds ([6], [4]):

Definition 2.1. The submanifold M ⊂ M̃ is called co-isotropic (or lightlike, null) if
TM0 ⊂ V TM .

Example 2.2. The hyperquadrics

Ky = {w ∈ Rn|wt[g]yw = 0} ⊂ Rn, ∀y ∈ Rn

and their submanifolds are co-isotropic. We have denoted [g]y = (gij(y))i,j=1,n.

In the following, in order to study the induced geometry of the co-isotropic sub-
manifolds M of Hn, we remark the need of a proper transversal to M bundle, for
canonically obtaining the shape extrinsic objects. This is performed by constructing
several total spaces for subbundles in V TM̃ , determined by the following decomposi-
tions

(2.1)





V TM = S(V TM) ⊥ TM0

V TM̃ = S(V TM) ⊥ S(V TM)⊥

S(V TM)⊥ = TM0 ⊕ tr(V TM),
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where ⊥ and ⊕ denote the orthogonal direct, and simple direct sums, respectively.
Then (2.1) lead to the decompositions ([4]):

(2.2) V TM̃ = S(V TM) ⊥ (TM0 ⊕ tr(V TM))︸ ︷︷ ︸
S(V TM)⊥

= V TM ⊕ tr(V TM).

The defined by (2.1) subspaces are

• S(V TM) - called the screen distribution of V TM ;

• S(V TM)⊥ - the orthogonal complement of the screen distribution;

• tr(V TM) - called the transversal vector bundle of M .

Fig.1. Building the transversal bundle in co-isotropic submanifolds.

The proof of existence of a local basis B′ = {Na|a ∈ m + 1, n} of the F(TM)−module
of sections Γ(tr(V TM)) relies on imposing the requirements:

g(Na, ξb) = δab, B′ ⊥g B′, B′ ⊥g S(V TM),

i.e., the new basis has to be dual to a pre-existing basis B = {ξa}|a ∈ m + 1, n}
of TM0, has to be g−orthogonal and isotropic, and g−orthogonal to the screen dis-
tribution. The new local basis is still lightlike, but slant, transversal to M , hence
replacing the tangent to M orthogonal basis B. Then one may consider the classic
Gauss-Weingarten and Gauss-Codazzi, Peterson-Mainardi and Ricci-Kühne equations
of the co-isotropic submanifold M , as follows.

3 Nonlinear connections on co-isotropic submanifolds of Hn

We further use the common for general Finsler spaces abbreviations:

∂i =
∂

∂xi
, ∂̇i =

∂

∂yi
, δi ≡ δ

δxi
= ∂i −N j

i ∂̇j ,

where N i
j = ∂̇jγ

i
00 are the coefficients of the nonlinear Cartan canonic connection of

M̃ , the null index denotes transvection with y and γi
jk = 1

2gis(∂jgsk + ∂kgsj − ∂sgjk)
are the usual Christoffel symbols of second kind. We note that since Hn is locally
Minkowski, the nonlinear connection has locally null coefficients. Assuming that Hn

admits an affine atlas, the null nonlinear connection can be regarded as a global
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geometric object. This connection still locally induces a generally non-trivial non-
linear connection N̄β

α on M ⊂ Hn, given by

(3.1) N̄β
α (u, v) = B̃β

i (Bj
αN i

j + Bi
αβvβ) = B̃β

i Bi
αβvβ ,

which is practically provided by the flat Hessian of the immersion components, where
we denoted by [B̃α

i , Ña
j ] the inverse matrix of [Bi

α, N i
a], and assume that the indices

a, b, . . . take the complementary index values m + 1, n. The components of this inverse
matrix practically link the fields of frames {∂̇1, . . . ∂̇n} to the local adapted frame
{ ∂

∂v1 , . . . , ∂
∂vm , Nm+1, . . . , Nn} ⊂ Γloc(V TM̃). As well, for M co-isotropic, M ⊂ M̃ =

Hn admits a local adapted basis of the sections of TTM = HTM ⊕ V TM , with the
horizontal fields

(3.2)

δ
δuα = ∂

∂uα − Ñβ
α

∂
∂vβ =

= Bi
α

δ
δxi + Ña

i (Bj
αN i

j + Bi
α∗)B

i
a

∂
∂yi =

= Bi
α

∂
∂xi + Ña

i Bi
α∗Na ∈ Γ(HTM̃ ⊕ tr(V TM)).

We note that { δ
δuα } locally span Γ(HTM), where HTM is a subbundle of HTM̃ ⊕

tr(V TM).

4 The co-isotropic Gauss and Weingarten equations in Hn

For a given Finsler linear connection ∇̃ on M̃ , we infer the Gauss formula

(4.1) ∇̃XY︸ ︷︷ ︸
∈Γ(V TM̃)

= ∇XY︸ ︷︷ ︸
∈Γ(V TM)

+ B(X,Y )︸ ︷︷ ︸
∈Γ(tr(V TM))

,

for all X ∈ Γ(TTM), Y ∈ Γ(V TM). Here B is the second fundamental form on
M and ∇ is the induced by ∇̃ on M linear connection; locally we have B(X, Y ) =
Ba(X, Y )Na. Then, due to a result in [4, Prop. 2.1, p. 65], we have Ba(X, Y ) =
g(∇̃XY, ξa) and hence the second fundamental form does not depend on the choice
of the screen distribution; this form vanishes for X, Y ∈ Γ(TM0). Moreover, the
induced linear connection is metrical, if and only if it vanishes for Y ∈ Γ(S(V TM)).
Hence we can state the following

Theorem 4.1. The induced tangent connection on a co-isotropic submanifold M ⊂
Hn is metrical if and only if the second fundamental form is zero outside the sections

Γ(S(V TM))× Γ(TM0) 3 (X,Y ).

The Weingarten formula has the form

(4.2) ∇̃XV︸ ︷︷ ︸
∈Γ(V TM̃)

= −AV (X)︸ ︷︷ ︸
∈Γ(V TM)

+ ∇tr
XV︸ ︷︷ ︸

∈Γ(tr(V TM))

,

for all X ∈ Γ(TTM), V ∈ Γ(tr(V TM)). Here ∇tr is the vertical linear connection
on tr(V TM) and AV is the Weingarten (shape) morphism of F(TM) modules AV :
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Γ(TTM) → Γ(V TM). We note that in Hn the components (Li
jk, Ci

jk) of the Cartan
linear connection are given by

(4.3)
Li

jk = 1
2gis(δjgsk + δkgsj − δsgjk) ≡ 0

Ci
jk = gisCjsk = yi

yjyk

(
− 2

n2 + δjk+δi
j+δi

k

n − δi
jδ

i
k

)
.

where ∇̃δk
∂̇j = Li

jk∂̇i, ∇̃∂̇k
∂̇j = Ci

jk∂̇i. Hence for M̃ = Hn, Li
jk ≡ 0 and the Gauss-

Weingarten equations provide on M trivial tangent linear and normal connections,
Weingarten operator and second fundamental form when X ∈ Γ(HTM), and effec-
tively provides nontrivial induced geometric objects only for X ∈ Γ(tr(V TM)).

5 The co-isotropic Gauss, Codazzi and Ricci equations in Hn

The three curvature tensors of a Finsler space have the coefficients:

(5.1)





δ[lL
i
jk] + Lh

j[kLi
hl] + Ci

jaRa
kl

P i
jkc = ∂̇CLi

jk − Ci
jc|k + Ci

jbP
b
kc

Sa
bcd = ∂̇[dC

a
bc] + Cr

b[cC
a
rd],

where |k denotes the h-covariant derivation associated to the Cartan connection, i.e.,

Ci
jc|k = δkCi

jc + Cs
jcL

i
sk − Ci

scL
s
jk − Ci

jsL
s
ck,

and we considered the torsion fields , Ra
kl = δ[lN

a
k] P b

kc = ∂̇cN
b
k − Lb

ck (which vanish

for Berwald-Moór spaces), the Cartan tensor Cikj = 1
2 ∂̇3

ijkF 2, which for Hn has the
form ([16]):

Cijk =
F 2

nyiyjyk

(
2
n2
− δij + δjk + δki

n
+ δijδjkδki

)
,

and we denoted by square braces the skew-symmetrization (e.g., τ[i...j] = τi . . . j −
τj...i). The covariant curvature tensors are given by

Rijkl = gjsR
s
ikl, Pijkl = gjsP

s
ikl, Sijkl = gjsS

s
ikl.

Since Hn is locally Minkowski, its horizontal and mixed curvatures identically vanish;
moreover, it is known that ([16])

Theorem 5.1. The Berwald-Moór space Hn has the following properties:
a) Ai ≡ F · ∂̇i(log g1/2) = 0,;
b) The covariant vertical curvature satisfies the equality

Sijkl = F−2S · (gi[kgjl]),

with S = −1 = const, i.e., Hn is S3−like.
c) The T−tensor Tijkl = FCijk|l +ΣijklliCjkl identically vanishes, where li = F

nyi ,
and Σijkl denotes the cyclic sum over the lower indices.
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It is known as well ([16]), that Sijkl ≡ 0 for n = 2, and that the S3− property
always holds true for 3-dimensional Finsler spaces. The T−property shows that the
Finsler space is locally symmetric, like in (pseudo-)Riemannian geometry, and that the
space becomes (pseudo-)Riemannian under some weak assumptions. The conformally
deformed space F̃ (x, y) = eσ(x) n

√
y1y2 · . . . · yn satisfies the Theorem as well, and

Pijkl ≡ 0.
For deriving the Gauss, Codazzi and Ricci equations, we build the linear connec-

tion ∇′ on TM ([4]) via

∇′XY = ∇̃Xv(Y ) + ϕ(∇̃Xϕ(hY )),∀X, Y ∈ Γ(TTM),

where h and v are the horizontal, respectively vertical projectors for the decomposition
Γ(TTM) = Γ(HTM) ⊕ Γ(V TM), and ϕ ∈ End(Γ(TTM) is the almost product
F(TM)−module endomorphism given on the local basis via

ϕ

(
δ

δuα

)
=

∂

∂vα
, ϕ

(
∂

∂vα

)
=

δ

δuα
, ∀α ∈ 1, m.

Denoting by R̃, R, Rtr the curvatures of ∇̃,∇,∇tr one can explicitly derive the Gauss,
Codazzi and Ricci equations of M ⊂ M̃ = Hn. Namely, denoting by +(X/Y ) the ad-
dition of the term which has X and Y interchanged, and by −(X/Y ) its substraction,
A(V, X) = AV (X), considering the torsion T ′ of ∇′ and the objects:

(5.2)

{
(∇tr

XB)(Y, Z) = ∇tr
X(B(Y, Z))− [B(∇′xY ) + X/Y ],

(∇XA)(V, Y ) = ∇X(A(V, Y )− [A(∇tr
XV, Y ) + X/Y ],

we infer the announced three sets of equations ([4, Sec. 3.6]):
(5.3)



R̃(X, Y )Z = R(X, Y )Z + [A(B(X, Z), Y ) + (∇tr
XB)(Y, Z)− (X/Y )]+

+B(T ′(X, Y )Z)

R̃(X, Y )V = Rtr(X, Y )V + [B(Y, AV (X) + (∇Y A)(V, X)− (X/Y )]+

+AV (T ′(X,Y ),




g(R̃(X, Y )Z,U) = g(R(X, Y )Z, U) + [δabB
a(X, Z)g(ANb

(Y ), U)− (X/Y )]

g(R̃(X, Y )Z, ξ) = [g(∇tr
Y B)(Y, Z), ξ)− (X/Y )] + g(B(T ′(X,Y ), Z), ξ)

g(R̃(X, Y )Z,N) = g(R(X, Y )Z, N),




g(R̃((X, Y )Na, U) = [g((∇Y A)(Na, X)− (X/Y )]− g(ANa(T ′(X, Y ), U) =

= −g(R(X,Y )U,Na)

g(R̃((X, Y )Na, ξb) = g(Rtr(X, Y )Na, ξb + [Bb(Y, ANa(x))− (X/Y )] =

= −g(R(X,Y )ξb, Na)

g(R̃((X, Y )Na, Nb) = g(ANa(T ′(X, Y ), Nb) + [(∇Y A)(Na, X)− (X/Y )],

for all X, Y ∈ Γ(TTM), Z ∈ Γ(V TM), V ∈ Γ(tr(V TM)), U ∈ Γ(S(V TM)), ξ ∈
Γ(TM0), N ∈ Γ(tr(V TM)). In M̃ = Hn, the relations (5.3) are nontrivial only
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when X,Y ∈ Γ(V TM), due to the splitting Γ(V TM) = Γ(TM0) ⊥ Γ(S(V TM)) and
considering the skew-symmetry in X, Y , these are refined to 3(2+3+3) equations.
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Cartanschen Räumen, Acta Math. 91 (1954), 187-188.

[20] D.G. Pavlov, Generalization of the axioms of scalar product (in Russian), Hyper-
complex Numbers in Geometry and Physics 1 (1) (2004), 5-19.

[21] D.G. Pavlov, S.S. Kokarev, Additive angles in the space H3 (in Russian), Hyper-
complex Numbers in Geometry and Physics 2 (10), vol. 5 (2008), 25-43.

[22] D.G. Pavlov, S.S. Kokarev, Riemannian metrics, having contact to the 3-
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