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Abstract. The aim of this paper is to obtain results concerning the spec-
tra of a class of convolution operators and to develop a numerical Matlab
procedure to compute the spectra of these operators. The paper is a con-
tinuation of our previous works [4], [5]. We define the convolution operator
Kµ : L2(R,H) → L2(R, H) by Kµx = µ ∗ x, where µ is a bounded, Bore-
lian, regular, B(H)- valued measure on R. In Theorem 2.1, it is proved
that such a convolution operator Kµ and a multiplication operator Mµ̂

are unitarily equivalent. In Theorem 2.2, we compute the spectra of the
convolution operator Kµ, for a B(Cn)- valued measure µ.
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1 Introduction

In this paper we extend to continuous time- invariant systems, the results obtained
in [6].

Let R be the aditive group of real numbers, let (H, ‖ · ‖) be a complex Hilbert
space and let (B(H), ‖ · ‖) be the Banach algebra of all linear bounded operators on
H. Let L1(R, H) and L2(R,H) be the usual Hilbert spaces of H- valued, integrable
(square integrable) functions on R. Let (M(R,B(H)), ‖·‖1) be the (non-commutative)
Banach algebra of all bounded, Borelian, regular, B(H)- valued measures on R, with
the total variation as norm and the convolution defined by

(µ ∗ ν)(A)ξ =
∫

R

∫

R
χA(t + s)ξdν(s)dµ(t),

where χA is the characteristic function of the Borelian set A and ξ ∈ H. It is easy to
observe that for every µ ∈M(R,B(H)) and x ∈ L2(R,H) the function

(µ ∗ x)(t) =
∫

R
x(t− s)dµ(s)
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is in L2(R, H) because
‖µ ∗ x‖2 ≤ ‖µ‖1‖x‖2.

Hence, the convolution system defined by

Kµ : L2(R,H) → L2(R, H),Kµx = µ ∗ x

is well defined and continuous.

Definition 1.1. ([8]) If x ∈ L1(R,H) ∩ L2(R,H), then its Fourier transform is

(Fx)(t) = x̂(t) =
∫

R
e−itsx(s)ds

and the inverse of F is

(F−1x)(t) =
1
2π

∫

R
eitsx(s)ds

Definition 1.2. ([8]) The Fourier transform of a measure µ ∈M(R,B(H)) is

µ̂ = F(µ) : R → B(H)

defined by

µ̂(t)ξ =
∫

R
e−itsξdµ(s), ∀t ∈ R, ξ ∈ H.

Let λ be the Lebesgue measure on R, let Bor(R) be the family of Borelian sets
on R and let φ : R → B(H) be a measurable function; the essential supremum of φ is

‖φ‖∞ = inf
{

sup
t∈R\A

‖φ(t)‖; A ∈ Bor(R), λ(A) = 0
}
.

We denote by L∞(R,B(H)) the Banach algebra of essentially bounded functions, i.e.
‖φ‖∞ < ∞.

Definition 1.3. ([1]) For every φ ∈ L∞(R,B(H)), the multiplication operator

Mφ : L2(R,H) → L2(R,H)

is defined by
Mφx = φx,

where (φx)(t) = φ(t)x(t) for all t ∈ R.

2 Main results

Using some of the results in [4], we prove the following theorems:

Theorem 2.1. For every µ ∈ M(R,B(H)), the operators Kµ and Mµ̂ are unitarily
equivalent and FKµF−1 = Mµ̂.
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Proof. First we show that the function µ̂ is uniformly continuous. For every t, s ∈ R,
we have

‖µ̂(t)− µ̂(s)‖ = sup
‖ξ‖=1

‖(µ̂(t)− µ̂(s))ξ‖ ≤
∫

R
|1− e−i(t−s)u|d‖µ‖1(u).

The measure ‖µ‖1 is regular, hence for every ε > 0 there is a compact A = A(ε) ⊂ R
such that ‖µ‖1(R \ A) < ε. Because A is compact, there is B = B(A, ε) ⊂ R such
that if t, s ∈ B, then |1− e−i(t−s)u| < ε, ∀u ∈ A. It results that if t, s ∈ B, we have

‖µ̂(t)− µ̂(s)‖ ≤
∫

A

|1− e−i(t−s)u|d‖µ‖1(u) +
∫

R\A
|1− e−i(t−s)u|d‖µ‖1(u) ≤

≤ ε(‖µ‖1(A) + 2) −→ 0 if ε −→ 0

For every µ ∈M(R,B(H)) and x ∈ L2(R,H), we prove that (µ̂ ∗ x)(t) = µ̂(t)x̂(t), ∀t ∈
R. Let µ ∈M(R,B(H)), ξ ∈ H, t ∈ R, x ∈ L1(R,H) ∩ L2(R, H). We obtain :

〈
(µ̂ ∗ x)(u), ξ

〉
=

〈∫

R
e−itu(µ ∗ x)(t)dt, ξ

〉
=

=
〈∫

R

(∫

R
e−itux(t− s)dt

)
dµ(s), ξ

〉
=

=
〈∫

R
e−isux̂(u)dµ(s), ξ

〉
= 〈µ̂(u)x̂(u), ξ〉 .

Since L1(R,H) ∩ L2(R,H) is dense in L2(R, H), the equality holds for every x ∈
L2(R,H). Consequently, the operators Kµ and Mµ̂ are unitarily equivalent.

Theorem 2.2. Let µ ∈M(R,B(Cn)). Then

σ(Kµ) = σ(Mµ̂) =
⋃

T∈µ̂(R)

σ(T ),

where σ denotes the spectrum.

Proof. By Theorem 2.1, since the operators Kµ and Mµ̂ are unitarily equivalent, it
results that they have the same spectrum and the same eigenvalues.

We leave to the reader to check that µ̂(R) is compact (the dimension of H is
finite); we must prove the equivalence : Mµ̂ is invertible if and only if T is invertible
for every T ∈ µ̂(R). Let us first suppose that all the operators T ∈ µ̂(R) are invertible
and let ψ(t) = (µ̂(t))−1,∀t ∈ R. We define G : µ̂(R) → ψ(R), G(T ) = T−1. Then
ψ(R) ⊆ G(µ̂(R)). The last set is compact because G is continuous and µ̂(R) is
compact. It results that ψ ∈ L∞(R,B(H)), hence Mµ̂ is invertible and its inverse is
Mψ.

Conversely, if Mµ̂ is invertible results that µ̂ is invertible in L∞(R,B(Cn)), hence
every operator T ∈ µ̂(R) is invertible. Let T ∈ µ̂(R) and let Tn ∈ µ̂(R) such that
Tn −→ T . The sequence Sn = T−1

n is bounded (because µ̂ is invertible) and is con-
tained in the compact set µ̂−1(R). It results that there is a convergent subsequence
Skn ⊆ Sn. Let S = lim Skn ; then from the equalities TknSkn = SknTkn = I, it results
that S is the inverse of T , hence T is invertible.
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3 The algorithm

As a consequence of Theorems 2.1 and 2.2 the following algorithm for computing the
spectra of convolution operators holds :

1. Read µ(t), t ∈ R;

2. Compute the Fourier transform µ̂(w), w ∈ R;

3. For every w ∈ R, compute the spectrum (eigenvalues) of the matrix µ̂(w);

4. The spectrum, σ(Kµ) =
⋃

w∈R
σ(µ̂(w));

5. Draw the graphics of the eigenvalues.

The numerical procedure is a MatLab 7.5 application whose details we skip (we just
mention that the function fspec was used) .

4 Examples

Example 4.1. Let

µ1(t) =




0 χ[0,1] χ[0,1] 0
0 0 χ[−1,0] χ[−1,0]

χ[−1,1] 0 0 χ[−1,1]

χ[0,1] χ[0,1] 0 0




With the algorithm in the previous section we obtain the Fourier transform:

µ̂1(w) =




0 i(e−iw−1)
w

i(e−iw−1)
w 0

0 0 i(1−e−iw)
w

i(1−e−iw)
w

2 sin w
w 0 0 2 sin w

w
i(e−iw−1)

w
i(e−iw−1)

w 0 0




The graphic of the spectrum of the Fourier transform µ̂1 = (w)
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Example 4.2. Let

µ2(t) =




e−t2 e−|t| 0 te−|t|

te−|t| e−t2 e−|t| 0
0 te−|t| e−t2 e−|t|

e−|t| 0 te−|t| e−t2




Then the Fourier transform is:

µ̂2(w) =




√
πe−

w2
4 2

1+w2 0 − 4iw
(1+w2)2

− 4iw
(1+w2)2

√
πe−

w2
4 2

1+w2 0

0 − 4iw
(1+w2)2

√
πe−

w2
4 2

1+w2

2
1+w2 0 − 4iw

(1+w2)2
√

πe−
w2
4




The graphic of the spectrum of the Fourier transform µ̂2 = (w)

Example 4.3. Let

µ3(t) =




e−t2 δt 0
e−|t| 0 δt

te−|t| δt 0




Then the Fourier transform is:

µ̂3(w) =



√

πe−
w2
4 1 0

2
1+w2 0 1

− 4iw
(1+w2)2 1 0




The graphic of the spectrum of the Fourier transform µ̂3 = (w)
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