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Abstract. In this paper, we consider the question of addition, subtrac-
tion and transition of velocities as 4-vectors in the Minkowski space. The
indeterminacies in the space of 4-velocities are discussed in detail and a
new method for transition between 4-velocities using a transition tensor
P of rank 2 is proposed. The most important properties as well as the
physical and geometrical interpretations of the tensor P are also given.
Finally, the tensor P is used in obtaining a nonlinear connection and
the corresponding equations of motion. These equations differ from the
Einstein-Infeld-Hoffmann equations by Lorentz invariant terms of order
c−2.
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1 Introduction

Standard approach in representation of relativistic velocities is based on 3-dimensional
vectors where vector components correspond to the change of spatial coordinates with
the time. Most texts on relativity physics present the relativistic velocity addition
only for parallel velocities for the sake of simplicity. Restricted to parallel velocities,
Einstein’s addition law

~w =
~u + ~v

1 + ~u · ~v
c2

is both, commutative and associative.
The general relativistic velocity addition is derived for 3-velocities [2], [8], [7],

[17] and its derivation is based on the Lorentz transformations. However, there is
some disagreement between the relativistic law of velocity addition and the Lorentz
transformation laws, in spite of the fact that the first law is derived from the second
one. Due to the time and distance distortions that must be attributed when referring
a frame that is in motion relative to the observer’s frame, non-collinear velocities
cannot be added with plain arithmetic, but must employ a more complex formula
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(1.1) ~w = ~u⊕ ~v =
1

1 + ~u · ~v
c2

(
~u +

√
1− u2

c2
~v +

1
c2

1

1 +
√

1− u2

c2

(~u · ~v)~u
)

For general velocity addition we use the symbol ⊕ to make a difference with stan-
dard vector addition. This velocity addition law is, generally, non-commutative and
non-associative [2]. Beside non-commutative and non-associative nature of relativistic
3-velocity addition, the concept of 3-velocities has a drawback in the fact that the
velocities are not in their natural environment - a tangent bundle of a 4-dimensional
manifold.

If one considers 4-velocities, the standard interpretation is that they are tangent
vectors of 4-dimensional space-time manifold rather then physical velocities. Actually,
the 4-velocity is one of the most important concepts in the theory of relativity because
they are a bridge between the concept of 3-velocity extensively used in Special Relativ-
ity and the concept of tangent vector in 4-dimensional space-time manifold that is an
essential concept in General Relativity (GR). The definition of the 4-velocities is made
in such a way that they correspond to tangent vectors on geodesics on 4-dimensional
manifold and in the same time resemble, as much as possible, the well-known concept
of 3-velocity.

In this paper, we propose that, generally, the transition between 4-velocities could
be made by a tensor of rank 2 whose components depend only on the components
of the involved 4-velocities. Intuitively, this tensor acts as a Lorentz transformation
in the space of relativistic 4-velocities. We shall also show that the proposed tensor
has all necessary features to be a suitable apparatus for transition between 4-velocity
acting in a similar way as 4-velocity subtraction in a vector space.

The tensor P leads to an interesting concept of nonlinear connection influencing
equations of motion. Namely, GR uses a linear connection [5]. Generally, the con-
nection should reflect the properties of the space of 4-velocities rather than idealized
tangent space on 4-dimensional space-time manifold. So, the 4-velocities could be a
ground for introducing a new connection in the space-time manifold. However, al-
though the 4-velocities belong to the tangent space, they do not make a vector space.
These observations motivated us to introduce a nonlinear connection based on the
tensor P and the corresponding acceleration components.

2 Transition between relativistic 4-velocities using
a tensor

In the rest of the paper, we shall denote x4 = ict instead of x4 = ct. Thus the metric
takes the form gij = diag(1, 1, 1, 1) and all indices will be lower in the rest of the
paper.

Let us consider three points: O, A and B in the Minkowski space. The point O
corresponds to our inertial coordinate system where we are observers. The point A
rests in the inertial system S0 which moves with a 4-vector of velocity

U =
( ux

ic√
1− u2

c2

,
uy

ic√
1− u2

c2

,
uz

ic√
1− u2

c2

,
1√

1− u2

c2

)
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with respect to O, and assume that the point B rests in a coordinate system which
moves with velocity

V =
( vx

ic√
1− v2

c2

,
vy

ic√
1− v2

c2

,
vz

ic√
1− v2

c2

,
1√

1− v2

c2

)

also with respect to O. The problem of finding 4-vector of velocity which would
represent the velocity of B with respect to A is a problem of subtraction of the
velocities V and U and we shall denote it symbolically by V −U . Analogously, we can
require to find addition of the velocities U and V , symbolically denoted by U + V .

If we denote with ~u = (ux, uy, uz) and ~v = (vx, vy, vz) the corresponding 3-
velocities to U and V , the coordinates of subtraction and addition of 4-velocities for
u, v ¿ c should be approximately ( vx−ux

ic ,
vy−uy

ic , vz−uz

ic , 1) and (ux+vx

ic ,
uy+vy

ic , uz+vz

ic , 1)
respectively, if such exist.

According to (1.1), the sum of 4-velocities in each coordinate system is naturally
defined by the following 4-components of velocity

(2.1) U + V =

( ~u⊕ ~v
ic√

1− (~u⊕ ~v)2

c2

,
1√

1− (~u⊕ ~v)2

c2

)
.

We will prove the following
Proposition 1. The 4-components defined by (2.1) do not transform as a 4-vector

in the Minkowskian space.
Proof. Similar statement is also true for the 4-components of V − U , which can

be defined analogously as (2.1). We will prove the proposition for the 4-components
of V − U and the proof is analogous for V + U .

Assume that U and V are different 4-vectors, and V − U transforms also as a
4-vector. Let in a chosen coordinate system the unit 4-vector V − U has coordinates
(a1, a2, a3, a4). It is always possible to find a Lorentz transformation, such that in the
new coordinate system it has coordinates (0, 0, 0, 1). It means that V − U leads to a
zero 3-vector of velocity, i.e. ~v⊕(−~u) = (0, 0, 0). Two cases are possible: 1. ~u and ~v are
not collinear, and 2. ~u and ~v are collinear. In the first case from (1.1) it follows that
~u = ~v = 0, while in the second case it follows that ~u = ~v. Hence in any case ~u = ~v,
which means that V and U are equal. This is in a contradiction with the assumption.
2

Notice that UiVi is a scalar, and moreover

(2.2) UiVi =
1√

1− w2

c2

where w is the velocity between the two bodies, which move with 4-vector of velocities
U and V . Indeed, it is easily to be seen this conclusion in the system, where U =
(0, 0, 0, 1), and so (2.2) is true in each coordinate system. So we conclude that although
the velocity w exists and it is the same in all coordinate systems, its direction is
”undetermined”. The non-commutativity and non-associativity of relativistic velocity
addition makes an apparent indetermination in the Minkowski space. Later we shall
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see that in the Minkowski space this indetermination disappears by providing a tensor
of rank 2 that enables transition among 4-velocities.

As 3-velocity addition ⊕ is non-commutative and non-associative, the 4-velocity
addition (2.1) is also non-commutative and non-associative, and moreover U + (V −
U) 6= V , as well as (V − U) + U 6= V .

It has been shown (see for example [15], [16]) that ~u ⊕ ~v = T (~u,~v)~v ⊕ ~u and
~u ⊕ (~v ⊕ ~w) = (~u ⊕ ~v) ⊕ T (~u,~v)~w where T (·, ·) is a rotation known as the Thomas
precession [3]. So, the Thomas precession obstructs commutativity and associativity
in the relativistic velocity addition.

Although (2.1) does not transform as a 4-vector, in a chosen coordinate system
we can examine the algebraic structures of the operation + defined in (2.1). As first,
the groupoid of 4-velocities is not a semigroup because of non-associativity. To check
if the groupoid of 4-velocities is a quasigroup we should solve the following equations
by the unknown 4-velocity vectors X and Y

X + U = V and U + Y = V.

As we already pointed out, the 4-velocity V −U is not a solution of these equations.
For the corresponding 3-velocities, the solution for the first equation ~x ⊕ ~u = ~v is
~x = ~v⊕(−T (~v, ~u)~u). The solution of the second equation ~u⊕~y = ~v is simply ~y = −~u⊕~v.
Thus, the solutions of 4-vector equations can be directly obtained by transferring the
3-vectors ~x and ~y to the corresponding 4-vectors X and Y .

As a common unit element exists (it is (0,0,0,1)), the space of 4-velocities is a
quasigroup with unit, i.e. a loop. Note that in this case the existence of a unique
inverse for each element follows, if one considers the definition of 4-velocity.

Addition of 4-velocity is not a group operation, so the space of 4-velocities is not
a vector space. Thus, there is not a natural way to make transition from 4-velocity
U to 4-velocity V , although, as we already discussed, such a transformation exists
(the space of 4-velocities is a loop). The transformation that would enable to cross
from one vector representing 4-velocity U to another vector representing 4-velocity V
is essential because enables connection in the space of 4-velocities. So, our goal is to
find a transformation that will replace the expected operation (V −U) in the space of
4-velocities enabling transition from the 4-velocity U to 4-velocity V via an observer
placed at the point O. This transformation should act in the space of 4-velocities in
a similar way as a Lorentz transformation acts for space-time events.

Parallel to the existence of the inner product UiVi, there exists a tensor of rank 2
[9],[13], which will be denoted by P (U, V ) and defined by

(2.3) P (U, V )ij = δij − ViVj + ViUj + UiVj + UiUj

1 + UsVs
+ 2ViUj .

This tensor solves our problem of transition between 4-velocities because of the fol-
lowing three properties:

1. P (U, V )ijUj = Vi, i.e. P (U, V )U = V .
2. P (U, V ) belongs to the group of Poincare (with the notation x4 = ict);
3. If (Ui) = (0, 0, 0, 1) in the system S0, then P (U, V ) is just a Lorentz transfor-

mation which corresponds to a motion with 3-velocity −~v.
The proofs of these and the next properties are straight, and we omit them. The

tensor P (U, V ) has also the following properties:
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4. P (U, V )−1 = P (V, U).
5. (P (U, V )i4) ≈

(
vx−ux

ic ,
vy−uy

ic , vz−uz

ic , 1
)
, which is very convenient for ~u,~v ¿ c,

since the ordinary subtraction is consisted in the 4-th column P (U, V )i4.
6. P (U, V ) (U 6= V ) can not represent only a space rotation. Namely, if P (U, V )

is a space rotation, then P44 = 1, and P41 = P42 = P43 = P14 = P24 = P34 = 0, but
one can prove that they imply U = V .

In general case, P (U, V ) does not represent a single Lorentz transformation as a
motion with a 3-vector of velocity, because the 3 × 3 submatrix P (U, V )ij for i, j ∈
{1, 2, 3} is not a symmetric matrix. This space rotation can be exactly calculated
via the method given in [14]. Neglecting the expressions of order c−4 we obtain that
P (U, V ) contains also a space rotation for angle

(2.4) ϕ ≈
∣∣∣~v × ~u

c2

∣∣∣.

Namely, the slight space rotation determined by the matrix P (U, V ) is given by the
following 3-vector:

1
2
(P32 − P23, P13 − P31, P21 − P12) =

= (U2V3 − U3V2, U3V1 − U1V3, U1V2 − U2V1) =

=
1
c2

(vyuz − vzuy, vzux − vxuz, vxuy − vyux) =
~v × ~u

c2
.

So, we come to the conclusion that
∣∣∣~u×~v

c2

∣∣∣ is a magnitude of indetermination of the
vector V − U as a tool for transition between the velocity vectors U and V .

3 Application of the tensor P to the equations of
motion

In the previous section we presented the tensor P (U, V ) and some properties, but we
did not devote attention of its physical and geometrical meaning. So, we give it now.

Let us denote by L(~v) a Lorentz transformation which represents a motion with
velocity ~v and assume that the points O, A, and B are the same points as in the
previous section. Then L(~u) gives connection between our coordinate system and S0,
while L(~v) gives a connection between our coordinate system and the system in which
B rests. Assume that, observed from A, the point B moves with 3-vector of velocity
~w. If the vectors ~u and ~v are collinear, then the composition of the transformations
L(~u) and L(~w) yields L(~v), i.e.

(3.1) L(~w) ◦ L(~u) = L(~v).

If the vectors ~u and ~v are not collinear, then the equation (3.1) will not be true,
because the composition on the left side of (3.1) contains also a slight space rotation,
while on the right side it does not. In this general case when the vectors ~u and ~v are
not collinear, the transformation L(~v) ◦L(~u)−1 seems to solve our problem. However,
it is not good because of the following reasons: L(~v) ◦ L(~u)−1 is not a tensor of rank
2, and this corresponds to the observer at A, but not at O. So the tensor P (U, V )
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(or more precisely P (U, V )T ) successfully avoids all possible perturbations, and thus
we conclude that P (U, V ) is a tensor which represents the transformation between
the local coordinate systems of the points A and B which move from O with the
4-vector velocities U and V . Since P (U, V ) is a tensor, the tensor components (2.3)
are attributed to the observer O. P (U, V ) will be called transition tensor.

While the transformation L(U, V ) = L(~v)◦L(~u)−1 satisfies the following transition
equality

L(V, W ) ◦ L(U, V ) = L(U,W )

for arbitrary vectors U , V and W , like the Jacobi matrices, the tensor P does not
posses this property, i.e.

(3.2) P (U, V ) · P (V, W ) 6= P (U,W )

where ” · ” denotes a matrix multiplication. Specially, P (U, V ) 6= P (U, 0) · P (0, V ) =
L(~u) · L(~v)−1, where P (U, 0) = L(~u) and P (V, 0) = L(~v), i.e. P (U, V )T 6= L(~v) ◦
L(~u)−1 = L(U, V ). Later we will consider the consequences from (3.2).

Let us consider the application to the equations of motion. The equations of mo-
tion were formerly given in [9] and later [13]. In [9] were considered both equations of
motion in gravitational field and also motion under the inertial forces. In [13] was con-
sidered the motion of a test body according to an observer from a uniformly rotational
system. In case of gravitation we must emphasize that the equations are presented
only according to the so-called orthonormal coordinates, yielded after normalization
with respect to the actual metric from the GR. Namely, at each point we consider
an orthonormal tetrahedron (X,Y, Z, T ). The vector fields X, Y , Z, and T can not
be unified locally in a single coordinate system, but we can consider them as non-
holonomic coordinates. The influence of the non-holonomic coordinates is studied in
[10], [11], [12], and it is in agreement with the experiments concerning the Pioneer
anomaly and change of the orbital periods of the binary pulsars. But we shall not
consider them now.

Further, we assume existence of orthonormal coordinates at each point, and it
means that at each point the tangent space is the Minkowskian space. These coor-
dinate systems are not used in the GR, and we give two resons for the using of the
orthonormal coordinate systems.

1. GR uses the classical theory of manifolds which accepts existence of a coordi-
nate transformation between any two coordinate neighborhoods with common interior
points. In that case the Jacobi matrix at each point would belong to the general linear
group, so it may not be a Lorentz transformation. This means that the tangent space
is not Minkowskian space at each point. If the space is Minkowskian at each point,
then the coordinates are orthonormal and it leads to non-holonomic connection with
the old coordinates [10], [12].

2. GR uses a linear connection, such that the parallel displacement of an arbitrary
vector Ai along a given curve is given by

(3.3)
dAi

ds
= Γi

jA
j .

The linearity means that

(3.4) Γi
j = Γi

jk

dxk

ds
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where dxk/ds is the tangent vector of the curve of parallel displacement, and Γi
jk

depend only on the local coordinates, but not on the tangent vector dxk/ds. On the
other hand the 4-velocity dxk/ds does not belong to a vector space according to the
previous section, and should be considered as a linear (Lorentz) transformation.

Further we are going to avoid the linearization (3.4). In order to involve the velocity
into the connection, we rewrite the equality of parallel transport (3.3) for the flat
metric gij = δij in the following manner

(3.5)
dAi

ds
= −ΓijAj .

Since the equation (3.5) should be Lorentz invariant, i.e. it preserves the metric δij ,
the matrix Γ in (3.5) must be antisymmetric. It has the following geometrical/physical
meaning. If A = (1, 0, 0, 0), then dA1/ds = 0 because of the orthonormality, dA2/ds
represents the rotation of the vector A in the (x, y) plane, dA3/ds represents the
rotation in the (z, x) plane (these two cases are angular velocities), while dA4/ds
represents the rotation in the (x, t) plane, which has the meaning of acceleration
along the x-axis. Analogously, one can consider the parallel displacement of the vectors
(0, 1, 0, 0), (0, 0, 1, 0), and (0, 0, 0, 1). The conclusion is that

(3.6) (Γij) = −




0 −iwz/c iwy/c −ax/c2

iwz/c 0 −iwx/c −ay/c2

−iwy/c iwx/c 0 −az/c2

ax/c2 ay/c2 az/c2 0


 ,

where ~a = (ax, ay, az) is the 3-vector of acceleration and ~w = (wx, wy, wz) is the
3-vector of angular velocity.

Notice that the matrix (3.6) was found in order to determine the sligh change
of the orthonormal frame {(1, 0, 0, 0), (0, 1, 0, 0), (0, 0, 1, 0), (0, 0, 0, 1)}. Thus at the
moment when the 4-vectors U and V are equal, and the orthonormal frame is chosen
as previously, then (3.5) is true, where Γij = −φij and the matrix φ is given by

(3.7) (φij) =




0 −iwz/c iwy/c −ax/c2

iwz/c 0 −iwx/c −ay/c2

−iwy/c iwx/c 0 −az/c2

ax/c2 ay/c2 az/c2 0


 .

Obviously φ is a tensor in the Minkowskian space, analogous to the tensor of electro-
magnetic field. Now if the vectors U and V are different, then we apply the transition
tensor in order to determine the matrix Γ in (3.5), i.e. we detemine

(3.8) Γij = −P (U, V )T
irφrkP (U, V )kj

or in matrix form

(3.9) Γ = −PT φP.

Now the following question appears. What happens if we choose another coordi-
nate system instead of S0, for example a system determined by a 4-vector of velocity
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U ′ instead of U? Instead of the tensor φ we would have a tensor φ′ and then (3.8)
yields

P (U, V )T
irφrkP (U, V )kj = P (U ′, V )T

irφ
′
rkP (U ′, V )kj ,

φ′ = [P (U, V )P (U ′, V )−1]T φ[P (U, V )P (U ′, V )−1].

The matrix P (U, V )P (U ′, V )−1 is close to P (U,U ′), but different from P (U,U ′) ac-
cording to (3.2). Since φ is a tensor field, which should not depend on the velocity of
the test body, we conclude that the system S0 may not be arbitrarily chosen. Accept-
ing that there does not exist any privileged coordinate system, the system S0 must
be the system in which the gravitational body rests and it is unique up to a space
rotation.

The connection (3.8) together with (3.7) was found in [9] and applied in special
cases assuming that U = (0, 0, 0, 1). The results yielded the known and experimentally
verified effects about motion in a gravitational field: deflection of the light ray near
the Sun and the displacement of the perihelion of the planetary orbits. Recently,
the same formulae about the geodetic precession and frame dragging of inertia as
in GR were also obtained (submitted for publication). In [13] this connection was
studied for rotating systems, and it is deduced that according to the observer in
the rotating system, the free test body moves with velocity of constant magnitude,
i.e. UiVi = const. This is natural to expect, because the free test body moves with a
constant velocity according to any inertial system. But an observer from a non-inertial
system is also able to conclude that the magnitude is constant, although it is not able
to find any relative vector as discussed in the previous section.

The construction of the tensor φ via the mass of the gravitational body and the
distance to the test body is not presented here, but it can be done analogous to the
electromagnetic tensor field from the electrodynamics, in the same way as the tensor
field is determined via the Lienard-Wichert potentials. Specially, if the test body rests,
then the tensor φ contains only the Newtonian acceleration, while the angular velocity
disappears. Indeed, the study the motion in orthonormal coordinates reduces to the
following three steps:

1. Determining the tensor φ analogous to the tensor of electromagnetic field,
2. Introducing the tensor P , and
3. Influence of the mass and energy to the equations of motion.
We skip the step 1. because the tensor of electromagnetic field is well known, and

analogously we obtain that the tensor φ is well determined, where the charge of a
particle is replaced by mass and so on. We also omit the step 3., which will be done in
a future paper. The biggest attention in this paper we devoted to the step 2, trying to
explain the reason and the validity of this step. A long study shows that considering
1PN approximation, the equations obtained in this way are the following

d2~rj

dt2
=

∑

i 6=j

{
− (~rj − ~ri)Gmi

r3
ij

[
1− 3

2
[~vi · (~rj − ~ri)]2

r2
ijc

2
+

v2
i

c2
− 2

~vi · ~vj

c2
+

(~vi − ~vj)2

c2

]
−

+
3
2

Gmi

r3
ijc

2
(~vj − ~vi)[(~rj − ~ri) · (~vj − ~vi)] +

Gmi

r3
ijc

2
(~vj − ~vi)[(~rj − ~ri) · ~vj ]−

(3.10) −Gmi

r3
ijc

2
(~rj − ~ri)× ((~rj − ~ri)× ~̇vi)

}
,
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expressing the motion of the j-th body. Here mi is the mass of the i-th body, ~ri and
~vi is the radius vector and the velocity of the i-th body, and ~rpq = |~rp − ~rq|. We can
distinguish the terms in (3.10) which are Lorentz invariant, and write (3.10) in the
following form

d2~rj

dt2
=

∑

i 6=j

{
− (~rj − ~ri)Gmi

r3
ij

[
1− 3

2
[~vi · (~rj − ~ri)]2

r2
ijc

2
+

v2
i

c2
− 2

~vi · ~vj

c2

]
+

(3.11) +
Gmi

r3
ijc

2
(~vj − ~vi)[(~rj − ~ri) · ~vj ]

}
+ Lorentz invariant terms.

Notice that the Einstein-Infeld-Hoffmann equations [5]

d2~rj

dt2
=

∑

i 6=j

(~ri − ~rj)Gmi

r3
ij

(
1− 3

2c2

[~̇ri · (~rj − ~ri)]2

r2
ij

− 4
c2

∑

k 6=j

Gmk

rjk
− 1

c2

∑

k 6=i

Gmk

rik
+

+
1

2c2
(~ri − ~rj)

d2~ri

dt2
− 4

c2
~̇ri~̇rj +

(vj

c

)2

+ 2
(vi

c

)2)
+

(3.12) +
1
c2

∑

i 6=j

Gmi

r3
ij

((~rj − ~ri) · (4~̇rj − 3~̇ri))(~̇rj − ~̇ri) +
7

2c2

∑

i 6=j

Gmi

rij

d2~ri

dt2
,

can also be written in the same form (3.11), and hence the conclusion that the equa-
tions (3.10) differ from the Einstein-Infeld-Hoffmann equations (3.12) by Lorentz
invariant terms of order c−2. Although this conclusion is obtained only by using the
previous two steps 1. and 2., the same conclusion should be true after modification
with respect to the step 3.
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[10] K. Trenčevski, Time dependent gravitational potential in the Universe and Some

Consequences, Gen. Rel. Grav. 37 (3) (2005), 507–519.
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