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Abstract

Some new Legendre transformations, which give intrinsic dualities between La-
grangians and affine Hamiltonians of higher order are considered. Some canonical
ways to induce vectorial and affine Hamiltonians on a submanifold are given,
too.

Mathematics Subject Classification: 53B40, 53C60, 53C15.
Key words: affine bundle, higher order spaces, Lagrangian, affine Hamiltonian,
vectorial Hamiltonian, submanifold.

Higher order Finsler and Lagrange spaces were studied by R. Miron using the bun-
dles of accelerations (see for example [15, 9]). A dual theory of higher order Hamilton
spaces was recently studied also by R. Miron in [11, 12]. Some Legendre transforma-
tions that relates a Lagrangian and a Hamiltonian of the same order, are considered
by the same author in [13]; we give here a synthetic description of his construction in
subsection 3.1, where a Hamiltonian of R. Miron is called here a vectorial Hamilto-
nian. These Legendre transformations use essentially an affine section and they are not
intrinsic associated with the Lagrangian or the Hamiltonian. In order to remove this
inconvenient, we define in subsection 3.2 an affine Hamiltonian, which can be related
by Legendre transformations with a Lagrangian of the same order. These Legendre
transformations are intrinsic associated with the Lagrangian or the Hamiltonian and
give a bijective correspondence between the regular Lagrangians and Hamiltonians of
the same order.

The theory of Finsler and Lagrange submanifolds is studied in many papers (for
example [1, 2, 3, 17, 18, 19, 20, 21, 23]). A theory of Hamilton submanifolds of order
one was also studied by R. Miron in [16, 10] and the case of higher order is considered in
[13]. In these approaches one define an induced Hamiltonian on a submanifold, which
is not intrinsic (the induction procedure is not uniquely defined by the Hamiltonian
and the submanifold). A canonical way to induce a Hamiltonian (of order one) on a
submanifold is given in [24, 25], solving a problem of R. Miron [16, 10] concerning
the possibility to induce a Hamiltonian on a submanifold in an intrinsic way; the
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idea is extended in [26], where (vectorial) Hamiltonians of higher order are induced
on submanifolds.

In the first section of the paper we briefly discuss the Legendre transformations
between vectorial and affine Hamiltonians on one way and Lagrangians on the other
way, defined on open sets of affine spaces. In the second section we briefly revise
some known constructions and results related to the geometry of the k-acceleration
bundle and its dual [13]. In the second section we study the Legendre transformations
associated to Lagrangians and vectorial Hamiltonians of higher order (subsection 3.1)
and to Lagrangians and vectorial Hamiltonians of higher order (subsection 3.2). The
Legendre transformation studied in subsection 3.1 use essentially an affine section
and it is not intrinsic associated with the Lagrangian and the vectorial Hamiltonian.
It is used in [13]. The Legendre transformations studied in subsection 3.2 is intrinsic
associated with the Lagrangian and the affine Hamiltonian.

Some canonical inductions of Hamiltonians on submanifolds are studied in the
third section, extending an idea used by C.-M. Marle in [6] for a classical Hamiltonian.
A canonical way to induce a vectorial Hamiltonian of higher order on a submanifold
is given first in subsection 4.1, using an adapted section and following [26]. Then a
canonical way to induce an affine Hamiltonian of higher order on a submanifold is
considered in subsection 4.2.

The aim of the paper is to give only some basic ideas that will be further investi-
gated in some forthcoming papers.

1 Vectorial and affine Hamiltonians and
Lagrangians

Let A be a real affine space, modelled on a real vector space V. The vectorial dual of
Ais At = Aff(A, IR), where Aff denotes affine morphisms. An affine frame on A is
a couple R = (0, B), where o € Ais a point and B = {é;},_1;; C Visabase. lfz€ A
is an arbitrary point, then its affine coordinates (or simply coordinates) corresponding
to this frame, are the (vectorial) coordinates (2%) of the vector 0z, i.e. 0z = 2'¢;;

i=1,n
21
denote Z = ©|. Let RN = (o/,B'), B' = (es);;_1 be an other affine frame,
Zn
ol
where €, = a’,é; and 00’ = a'¢;, and denote A = (a’,) and a = : . Then
an

Z\N _ (A a A
(7)-(a D7)

Consider now an affine frame R = (o, B) of A and the affine maps é° : A — IR,
(2) =1land & : A — IR, é(2) = 2°, (V)i = I,n. It is easy to see that Rl =
{e%,&,...,é"} C Al is a base. Let us consider the linear maps j : IR — A" and
7w+ AT — V* defined on the bases j : R — A, j(1) = &, and 7 : AT — V*,
m(e”) =0, 7(&") = &, i = 1,n, where B* = {&'},_1;; C V* is the dual base of B. It is
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easy to see that the definitions of j and 7 do not depend on the frame R and there
is a short exact sequence of vector spaces which has the form.

0 RS ATV S0

Let R = (0,B) and R’ = (¢, B') be two affine frames as considered previously. We
have z* = aé,z"/ + a*, thus & = aé,éil + a'é°. Considering the bases R, (72’)T C Af,
then € € A has the forms £ = we® + ;&' = w'é® + Qyé" and the following formulas
hold:

Qi/ == aﬁ,Qi,

W o= w4+ Qa,

or, in a matrix form:

—Q

(o w)=(2 @)

where  and Q' are row matrices of dim V.

Let us consider now Lagrangians and Hamiltonians on the vector space V.

A Lagrangian (a Hamiltonian) on the real vector space V is a differentiable map
L:V\V, =R (respectively H : V*\Wy—1IR), where Vo C V (respectively Wy C V*)
is a closed subset (for example an affine subspace). If the hessian of L (respectively
H) is non-degenerated in every point, then one say that L (respectively H) is regular.
In particular, if the hessian of L (respectively H) is strict positively defined, then L
(respectively H) is regular. Lagrangians and Hamiltonians are related by Legendre
transformations (i.e. their differentials) using the relation L(2%) + H (%) = 2'Q;,
provided that L or H is regular.

Let us consider now Lagrangians and Hamiltonians on an affine space A.

A Lagrangian on the real affine space A is a differentiable map L : A\ A¢—IR,
where Ay C A is a closed subset (for example an affine subspace). If the hessian of L is
non-degenerated, then we say that L is regular. In particular, if the hessian of L is strict
positively defined, then L is regular. The Legendre transformation £ : A\A, — V*
can relate a Lagrangian on A to a Hamiltonian on V* considering a point zy € A\ A
using the relation L(z%) + H(£;) = (2" — 2{)$2, provided that L or H is regular. The
consideration of zg gives a H (called a vectorial Hamiltonian), but it is not the only
one, as we see below.

An affine Hamiltonian on the real affine space A is a differentiable map h :
VA\Wy — Af, such that 7 o h = ly«\w,, where Wy C V is a closed subset
(for example an affine subspace). Using an affine frame (o,B), then h has the
form h(;) = (%, Ho(Q;)). If an other affine frame (o',B’) is considered, then

2771 2
H{(Qy) = Ho(S%) + Qa’. It follows that % = a?a?,%, thus the lo-
cal functions Hj and Hy have the same hessian, which depend only on h. We call the
hessian of H|, and Hy as the hessian of h and we say that h is regular if its hessian is
non-degenerate.

Let h : V*\Wy — AT be an affine Hamiltonian and consider a point 29 € A. The
fact that Ho(€)—Qizh = HY(Qur)— Q- (2 +a?) = Hy(Qur)—Qal 2l = HY(Qr) — Qi 2
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implies that H(Q;) = Ho(;) — Q;z{ defines a vectorial Hamiltonian which is regular
iff h is regular. Conversely, if H : V*\Wy — IR is a vectorial Hamiltonian and zg € A
is a point, then denoting Hy(€2;) = H(€;) + Q;28, the map h : V\Wy — AT given
by h(€;) = (24, Ho(2;)) defines an affine Hamiltonian. Thus the vectorial and affine
Hamiltonians are related by the following result.

Proposition 1.1. If zg € A is a given point and Wy C V* is a closed subset,
then there is a bijective correspondence between affine Hamiltonians and vectorial
Hamiltonians on V*\Wj.

Notice that the correspondence defined above depends on the given point zg € A.

A given point zy € A and the canonical duality ¢ : V x V* — IR, define the
Liowville map C,, : A x V* — IR, given by the formula C,,(z,Q) = ¢(z — 20,),
where z — zg denotes the vector Zpz.

Proposition 1.2. Let L : A\Ay—IR be a regular Lagrangian on the real affine space
A and L : A\NAy — V*\Wy be the Legendre transformation. Then for every point
zo € A, the map H : V:\Wy — R, H(Q) = C,,(L71(Q),Q) — L(L7Y(Q)) is a
Hamiltonian on V*\Wy and the affine Hamiltonian h : V*\Wy — A" corresponding to
the point zo (according to Proposition 1.1) does not depend on the point zy, depending
only on the Lagrangian L.

Proof. Using coordinates, the link between L and H is L(z%)+H (Q;) = (2" —2{),
where £71(Q)) = 2%;. It is easy to check (classical) that H is a Hamiltonian. The
affine Hamiltonian corresponding to the point zy according to Proposition 1.1 has the
form (Q;) N (2%, Ho(%)), where Ho(%;) = H(%) + 2iQ; = 2'Q; — L(z%), thus the
conclusion follows. [

A converse correspondence may be performed as follows.

Proposition 1.3. Let h : V*\Wy — A" be a regular affine Hamiltonian on the
real affine space A. Consider a point zy € A, the reqular vectorial Hamiltonian
H : V*\Wy — IR corresponding to the point zy (according to Proposition 1.1),
H: V\Wy — V\W7 its Legendre transformation and Ag = zo + W1. Then

1. The map Ho : V\Wy — A\ Ay given by the formula Ho(Q2) = H(Q) + 20 is a
diffeomorphism (called the Legendre transformation of h).

2. The real function L : A\Ag — IR given by the formula L(z) = C,,(z, H™ (2 —
20))— H(H (2 — 20)) is a regular Lagrangian.

3. Both Hg and L do not depend on the point zy, depending only on the affine
Hamiltonian h.

Proof. Using coordinates, h has the form (£2;) N (4, Hyo(2;)) and H() =
Ho () — 24€. Thus H(Q)" = gg = gg?
lar. The proof of 2. uses a similar argument as in the Lagrangian case. Using also
coordinates, the link between L and H is also L(z) + H(Q) = (2! — 2)$;, where
Q= Qe = H (2 — 20). It is also easy to check (classical) that L is a Lagrangian.
If the affine Hamiltonian h has the form h(Q) = (&%, Ho(2;)), then H has the form

— zé, then 1. follows, since h is regu-
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H(Q) = Ho(Q) — 249, where H™1(z — z9) = Q;&" = Q. Thus L(z) = (2* — 2{)Q;i—
H(Q) = (28— 2})Q— Ho(Q)+25Q; = 2'Q;+ Ho(£2), thus 2. follows. Using coordinates,
H
from proof of 1. it follows that the affine coordinates of Ho(2) are <é;(;)>, thus Ho
depend only on Hy and implicitly on h. Taking the coordinates (z°) of z € A\ A
Hy
1595
H(Q) = 2 — 2. Using also 2., we have Ho(Q) = H(Q) + 20 = 2, thus Q = H,'(2).
Since L(z) = 2°Q;+ Hy(2), the conclusion follows. [J

in the form z' = and denoting, as before, H=1(z — z9) = ;&' = Q, we have

2 Short review on higher acceleration bundles

Let M be a manifold of dimension m and M = (TM,n, M) its tangent bundle.
Considering an atlas of M, we denote by (x?) the coordinates on an arbitrary domain
U C M and by (z*,y7) the coordinates on the domain 7=*(U) C TM (i,j = 1,m). On
the intersection of two open domains of coordinates on T'M, the coordinates change
according the rule

-/
=z _xi/(xi) yi’ ox'
- )

T

A surjective submersion E = M is usually called a fibered manifold. An affine
bundle E 5 M is a fibered manifold that the change rules of the local coordinates on
FE have the form
(2.1) ' =z'(27), 5" = g§(27)y? +v*(2?).

An affine section in the bundle F is a differentiable map M - FE such that mos = idyy
and its local components change according to the rule 5*(z') = g§(7)5° (27) +v*(27).
The set of affine sections is denoted by I'(E) and it is an affine module over F (M),
i.e. for every fi,...,f, € F(M) such that f1 +---+ f, = 1 and s1,...,s, € I'(E),
then fis1+---+ fpsp € T'(E), where the affine combination is taken in every point of
the base. Using a partition of unity on the base M it can be easily proved that every
affine bundle allows an affine section.

A vector bundle E 5 M can be canonically associated with the affine bundle E =
M . More precisely, using local coordinates, the coordinates change on E following the
rules 7' = &' (a7), 2* = g§(27)2", when the coordinates on E change according to the
formulas (2.1). Every vector bundle is an affine bundle, called a central affine bundle.
In this case v¥(z7) = 0.

We consider the natural projection T*M — T*~1 M, where the change rule of the
local coordinates on the fibers is:

. _ Y
Ry = kg™ T (40,

-0 .0 ) 0
Notice that ngk) =y +2y@i —— .. 4 ky(® ' and on the intersection

ot Oy Oy k=1)i
. . ) (k) _ (k) k), iy 9
of two domains corresponding to U and U’, we have I'y/ =T’ —T';/" (y )8 O
y 1

(see [9]).
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Proposition 2.1. The fibered manifold (T* M, py, T*=*M) is an affine bundle, for
k> 2.

Let ker mp. = VoT*M, be the vertical vector bundle of T#M (viewed as a fibered
manifold over T*=1M) and T'(VoT*M) be the module of the vertical sections. The
local coordinates on the fibers of VoT*M have the form (Y?) and change according

v

" oxt _ .
to the rules Y* = %Yl. If S:TFM — VoTFM is a section, then it has the local
z .
form S = §° 0 dTs = 05 0 dy ™7 defi d hi th
orm = W an S = WW ® Y elnes an enaomorpnism on e

fibers of VoT* M.
A Liouwille type section is a vertical section S € T'(VyT* M) which T is the identity
on the fibers of VoT#M:; it has the local form

Sty g8 = (0t gDy )

Ay’

Proposition 2.2. There is an one to one correspondence between the Liouville type
sections in T(VoT* M) and the affine sections in TFM — TF1M.

The vector bundle canonically associated with the affine bundle (7% M, py, T*~1 M)
is the vector bundle gf 7'M, where qz_1 : T*"YM — M is g1 = p1opao---op_1.
The fibered manifold (T*M, g, M) is systematically used in [14, 9] in the study of the
geometrical objects of order k on M, in particular the Lagrangians of order k£ on M.
The total space of the dual ¢;_,;T*M of the vector bundle ¢f_,T'M is also the total
space of the fibered manifold (T*~*M x p; T*M, 7y, M) and is used in [11, 12, 13] in
the study of the dual geometrical objects of order k on M, in particular the Hamilto-
nians of order k£ on M. In the sequel we denote ¢;_,7*M = T M and we consider
it as a vector bundle over TF~1 /.

The tensors defined on the fibers of the vertical vector bundle V}* | M — T*M of
the affine bundle (T*M, py, T*~' M) (even less the null section) are called d-tensors
of order k on M.

3 Legendre transformations

In this section we study the Legendre transformations associated to Lagrangians and
vectorial Hamiltonians of higher order (subsection 3.1) and to Lagrangians and vec-
torial Hamiltonians of higher order (subsection 3.2). The Legendre transformations
studied in subsection 3.1 use essentially an affine section and it is not intrinsic as-
sociated with the Lagrangian and the vectorial Hamiltonian. It is used in [13]. The
Legendre transformations studied in subsection 3.2 is intrinsic associated with the
Lagrangian and the affine Hamiltonian.

3.1 Legendre transformations using affine sections

In this subsection we perform the constructions of Legendre and Legendre* transfor-
mations associated with a Lagrangian and a Hamiltonian respectively, using as an
ingredient an affine section. This is in brief the way used in [11]-[13] to construct the
Legendre transformations.
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A Lagrangian of order k on M is a function L : T*M — IR, differentiable on
TEM = T*M\O(M) (i.e. T*M without the image 0(M) of the null section ). The

82
Lagrangian is regular if the vertical Hessian ( M) of L is non-degenerate. In this
Yy

case the vertical hessian defines a (pseudo)metric structure on the fibers of the vertical

bundle VT*M.
A wvectorial Hamiltonian of order k on M is a function H : T**M — IR, differ-

—_~—

entiable on T**M (i.e. T**M without the null section). The vectorial Hamiltonian
2

is regular if the vertical Hessian < ) of H is non-degenerate. In this case the
PiDj

vertical hessian defines a (pseudo)metric structure on the fibers of the vertical bundle

VTk*M. The vectorial Hamiltonian defined here is called simply a Hamiltonian in
[11]-[13]. We say that this Hamiltonian is vectorial, in order to distinguish it from the
affine Hamiltonian defined latter in the paper.

IfL:TFM — Ris a Lagrangiﬂg\,/then the Legendre transformation is the fibered

manifold mapping £ : TFM — T**M (both on the base T#~!M) defined in local

coordinates on the fibers by (y(¥)?) A (pi = (zf, g y®1) Tt is easy to

0
8y(k)l
see that if L is a regular Lagrangian, then £ is a local diffeomorphism. Considering a
regular Lagrangian locally, we can suppose that L is a global diffeomorphism.

The Legenir\eiransformation defines an £-morphism of the vertical vector bundles
VTkM — VT#k*M (called the wvertical Legendre morphism) and expressed in local
oL - 9°L
- Y , ).
ay(lﬁ)z ay(k)Jy(k)k

coordinates on fibers by (y*)?,Y7) — (

Theorem 3.1. Let s : T*"1M — T*M be an affine section and L : TFM — IR be a
regular Lagrangian.

Then there is a Hamiltonian H : TF*M — IR defined by L and s such that the
vertical Legendre morphism is an isometry and the vertical hessian of H does not
depend on the section s.

Proof. Let (x?,y(Mi, ... yB=Di) 2 (g7 oW1 g (k=1 gi (g (Wi
y*=17)) be the local form of the section s. According to Proposition 2.2, the section
s defines a Liouville section S : T*~'M — VT*~'M given in local coordinates by
(zf,y Vi, .. yk=1)i) S (zf, y Vi, k=1 (=) i (i
yF=1%)). Since L is non-degenerate it means that £ is a diffecomorphism, thus consider
H=L"1:THM — TFM and denote by S = S o H:T* M — VT*1M. Notice
that H has the local form (z%,y(M? ... yF=1i p) * (zf, yWi . yk=Di 0 f (g

. ) o ) . 0L . . ) .
y(1)71' c y(k71)17 pz))’Where Hj (xz’ y(1)17 et y(k71)17 8 (k)l (':l:l7 y(l)Z’ ctt y(k)l)) = yj
Y

and (xf, gy oy k=D (gt (Wi gy (=i ) = pj. Differentiating

ay(k)j
the first formula, we obtain:

2
o°L i (L)

(k)i .
(3.1) ay(k)uay(k)w (:I; 7y 7"'7y )
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OHY i (1) ~1)i
Wi k=D

8pv (ml’ Y (xia y(l)iv e ,y(k)z)):(suv

* 9y
Substituting y*)7 = HI (2%, yM ... 4D p)) we also have

>L i ()i (k=1)i 77i(i . (1)i (k)i
Fytuggs @y g T Oy )

oH"Y i i
ap (gj 7y(1) P y(k) ):51,“)-

(3.2)

Then S has the form

i i ~1)i 5
(x ay(l) 7'--ay(k 2 7pi)_>

(xl7 y(1)17 AR | y(k_1)17 HZ(:L'17 y(l)l7 M 7y(k_1)z7p1)7 H/L(x’L? y(l)l7 AR |
yF=08 p) — st (@, y Wy py).

We define H : T**M — IR using the formula

(33) H(xi’y(l)i7"'7y(k71)i7pi) = pj(HJ(xZ7y(1)laay(kil)lapt) -

7 (2t y Wiy )y —
L(:L,/L, y(l)l’ AR 7y(k71)17 Hz(xl7 y(l)l’ AR ’y(k71)17p1))'

It is easy to see that H is globally defined on T%*M. In order to prove that the
vertical hessian of H is non-degenerate and also that the vertical bundle morphism is
an isometry, it suffices to prove that

OH? Y 0L /. s ,
i, (1) (k—1)i i, (1) (k)i —
(8puapv <x 7y R ’y k) 8:[/1’ (:Z: 7y e 7y )))

9 -1
oL (xi7 y(l)ia s 7y(k)z) .
Ay oyv

This can be obtained by a straightforward computation, as follows. Using formula
o0H . , , o .
(3.1), we obtain a—(m’, y Wiy ) = HI (28, M7
Dj

y*=17 p;), then using the relations (3.2) and (3.1), the above formula follows. It is
easy to see that the vertical hessian of the Hamiltonian does not depend on the section
s. U

An inverse construction is performed in the sequel. Starting from a Hamiltonian,
a Lagrangian on T%M can be constructed.

Given a Hamiltonian H : TF*M — IR and a section s of T*M, the Legendre*
transformation is the fibered manifold morphism H : T5*M — T*M defined by the
local formula, (x?, y(M?, ... y(E=Di p) *

(zf,yM, .y T(W, yMi y(k_l)J,pj)—l—sl(aﬂ)). If the Hamiltonian is reg-

3
ular, then the Legendre* transformation is a diffeomorphism.
The Legendre* transformation defines an H-morphism of the vertical vector bun-

dles VTH*M — VTFM (called the wertical Legendre® morphism) and expressed in
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local coordinates by (z%,y™M7, ...y~ p; P) — (af, yMi, ... yk=Di

OH , . . , o A ) 02H
J oW k=15 Yy gi(pt (D (k=1)iy pu
6]71' ($ Y 9 Y 7p])+s (x Y ) Y )a aplapu

Theorem 3.2. Let s : TF=1M — T*M be an affine section and H : TF*M — IR be
a non-degenerate Hamiltonian. .

Then there is a Lagrangian L : T*M — IR of order k on M such that the vertical
Legendre® morphism is an isometry and the vertical hessian of L does not depend on
the section s.

Proof. The proof is analogous to the proof of Theorem 3.1. In fact we reverse
the order of H and L in the construction of H in the formula (3.3). We denote by
L=H"':TFM — T** M the inverse of the Legendre* transformation. It has the
local form

(:EZ, y(1)17 cee ay(k)z) — <x17 y(l)za e 7il/(k 1)1’ Li(mja y(l)]7 cee 7y(k)]))a

where
: 4 . OH
Li(mja y(l)]7 s ay(k_l)j, 7(11“7 y(l)u7 e ?y(k_l)uapu) +
Gpj
s (av, yMe, y(k_l)“)) = p; and

OH
Op;
st(xd,yWi L yR=DI) = i,

(27, y M,y DI L,y Dy ) +

One defines H : T**M — IR using the formula
(3.4) Lia', g, ...y )=
Lz, yWi, . y®) (yl _ Si(mj7y(1)j7,”,y(k—l)j)> _
H(x,L, y(l)l’ AR 7y(k71)l7 LZ(J:]7 y(l)J’ AR 7y(k)J))'

The proof follows that of Theorem 3.1. [J

3.2 Legendre transformations without using affine sections

In this subsection we define the affine Hamiltonian of order k& > 2. This definition
allows us to perform a construction of some new Legendre and Legendre* transforma-
tions associated with a Lagrangian and an affine Hamiltonian respectively, without
using an affine section. The use of an affine section in the construction of the Legendre
transformations, as in [11]-[13], makes the Legendre and Legendre* transformations
non-canonical associated to Lagrangians and Hamiltonians, thus our construction im-
proves this aspect.

Let us consider the affine bundle T*M ™8 T*=1M and v € T*~'M. The fiber
TEM = 7' (u) € TFM is a real affine space, modelled on the real vector space
TruyM. The vectorial dual of the affine space ToM is TFMT = Aff(TEM, IR),
where Aff denotes affine morphisms (for details see the Appendix). Denoting by

(27, yWI . y=Di o).
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TEMT = U TFMT and 7' : T*MT — T*=1M the canonical projection, then
uweTk=—1M

it is clear that (T*MT, 7", T*=1M) is a vector bundle. There is a canonical vector
bundle morphism of vector bundles over TF~1M II : TFMT — Tk M.

Considering local coordinates (z%) on M, (2%,yM? ... y*=1¥) on TF=1M, and
(zf,yMi, . y®*=D7 p. T)on TFMT, then the coordinates p; and 7" change according

ox’ 1 (ke 4. 0z
the rules p; = ipi and T/ =T — EFSC 1)(y(k‘l)Z )ax‘,pi respectively. The vector
x'L

ox?
bu_ndle morphism II'is given in local coordinates by (aci,y(l)i7 . ,y(k_l)i,pi,T) Ly
(2%, yMi, . y* =D p). An affine Hamiltonian of order k on M is a differentiable
map h : TF*M — TkMTt, such that o h = 15+7;- Thus h has the local form
h($i7 y(l)ia s ay(kil)iap’i) = (xia y(l)i7 ceey y(kil)ivp’ia _HO(zia y(l)iv s 7y(k71)i7pi))'
The local functions Ho change according the rules H(z* LyDE BT p) =

A . , 1 (ke ;. Ox H,
Hoy(z?, M7, gD p) 4 Efgf 1)(y(k’l)Z )gipl It is easy to see that OHy =
dz" 9H,

z? Opyr
1 (k- .
7 + 71—\86 1)(y(”“*m ). Thus there is a map H : T** M — T*M, given in local
ox' Jp; k

, , , OHy , . ) )
coordinates by H(z?, yMi, ... yFE=Di py = T?(ac",y(l)l, oy p). We say

(]
that H is the Legendre* mapping of the affine Hamiltonian h and h is reqular if H is a
O?H) 92" 929" 0%H, L 0%H,
Z % _ 9% 9T 0 , it follows that A" = 0
Opy Opjr Ox* Oz’ Op;0p; OpiOp;
is a symmetric 2-contravariant d-tensor, which is non-degenerate iff A is regular.

local diffeomorphism. Since

Theorem 3.3. a) Let L : TEM — IR be a regular Lagrangian of order k on M. Con-

. . . -1 . .
sidering local coordinates, let (x*,y(M? . . yF=Di p.) c H (zf,yMi, o yE=Di p)
denote the local form of the inverse L~ of the Legendre transformation. Then the local
functions given by

HO(xiv y(l)i, ey y(kil)iapi) = ijj(xia y(l)iv e >y(k71)iapi) -
L($l7 y(l)lv < 7y(k_1)27 Hl(xz7 y(l)la <o 7y(k_1)l7pi))

define a regular affine Hamiltonian of order k on M and the vertical Legendre mor-
phism is an isometry .

b) Conversely, let h : T**M — Tk M be a regular affine Hamiltonian of order k on
M. Considering local coordinates, let h(z?,y(M?, ... yF=Di p) = (2t yDi . yk=Di
. . , . , oyt
pi, Ho(zt,yMi, .. y®* =7 p)) be the local form of h and (z*,yM7, ... y*)?) ",
(28, yi, L y*=Di Loty My (B9 denote the local form of the inverse H ™
of the Legendre* transformation. Then the local functions given by
Lz, y M,y = gL gDy ) —
Ho(.ﬁi, y(l)ia L )y(k_l)i7 Ll(xza y(l)ia .. 7y(k)1)

define a global reqular Lagrangian of order k on M and the vertical Legendre® mor-
phism is an isometry .
¢) The constructions a) and b) are inverse each to the other.

The proof follows using Propositions 1.2 and 1.2 in Appendix.
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4 Induced Hamiltonians on submanifolds

Besides the theory of Lagrange and Finsler submanifolds, which is studied by many
authors, (see the Bibliography), an attempt to study the Hamilton submanifolds is
performed in [16, 10], using an arbitrary section of the natural projection of the cotan-
gent bundles. In [24] it is shown that there is a distinguished section, which depends
only on the Hamiltonian (see also [7]). It solves a problem from [16, 10], concerning
the possibility to induce in an intrinsic way a Hamiltonian on a submanifold. Fol-
lowing a similar idea, we show that an analogous result holds in the higher order.
Since the higher order tangent spaces are affine bundles, we have seen in the previ-
ous section that a distinction between vectorial and affine Hamiltonians is necessary.
Thus we investigate the possibility to induce vectorial and affine Hamiltonians on
submanifolds.

If E 5 M is an affine bundle then an affine subbundle of E is an affine bundle

E' ™ M’ such that E' C E and M’ C M are submanifolds, 7’ is the restriction of 7
and the affine structure on the fibers of E’ is induced by the affine structure on the
fibers of E.

Consider M’ C M a submanifold and denote by ¢ : M’ — M the inclusion.
Consider some coordinates on M, along M’, adapted to the submanifold M’. It means

that the coordinates have the form (z*),_y7; = () qetmr U (#%) g—srr and the

points in M’ are characterized by z® = 0, (V)& = m/ + 1, m. Using these coordinates
on TFM, the inclusion i* : T* M’ — T* M has the local form (z®,yMe, ... y®e) &
(ma’ & = 0, y(l)oz7 y(l)& =0,..., y(k:)a, y(k)& _ 0)

There are some local coordinates (z*) on M’ and (z®,yM*, ... y*)*) on T*M’
which extend to local coordinates (z') = (2%, 2%) on M and (z°,y%) = (z%,1%,
yMe yMa ,y(k)o‘,y(k)a) on T*M respectively, such that the points in M’ and in
T*M' are characterized by the conditions z® = 0 and z® = y(M® = ... = y(ka =
respectively. (4,5, k,...=1,m, m =dimM, o, 3,... = 1,m/, & Bv,... € m' + 1,m,
m' = dim M’.

We consider also local coordinates (z*,,y™Me, ... y®* =D p.) on TF* M’ and (2,
y(l)i’ o ’y(k—l)i’pi) _ ($a7 y(l)oc7 y(l)@’ . y(k—l)a’ y(k—l)o’z’paJ)&) on Tk*M, which
are adapted to the vector bundle structures and to the submanifolds structures.

4.1 Induced vectorial Hamiltonians on submanifolds using sec-
tions

In this subsection we follow [26].

A section s : T*=1M — T*M may not restrict, in general, to a section s’ :
TF=IM' — TFM'. If the section s : TF"'M — TF M restricts to a section s’ :
TE=IM' — TFM’, we say that s is adapted to the submanifold M. The local form
of the adapted section s is (x?, y(V? ... y(k=Di) 2 (gf (Wi g(k=1)i gi(gi (1)
o,y B D)) wwhere 5% (2%, 0) = 0.

Let us consider a Hamiltonian H : T**M — IR. The local form of the Legendre*
transformation H is
g—g(xj,y(l)J,...,

?

R L o L N N C L o
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y(k)]ap]) + Si(xi7 ) y(l)i7 e 7y(k_1)i)>7

(29, y(l)j, . 7y(k_l)j,pj) = H(z7, y(l)j, .. 7y(k_l)j, p;). The local

H
and we denote g

3

forms of the inclusions i : M’ — M, I : T*M’ — T*M and of the canonical projection
I* . T M — T** M’ are

(@) 5 (22,0), (2, y Vo, y®ey L (@,0,yM2 0, y®2, 0),

and

*

Ma 7pa;p&) - (Ia7y

(%, 2%,y yba k=D k=D

(1)a’ M 7y(k71)a7pa)

respectively.

—~——

If the Hamiltonian H is regular, the Legendre* transformation H : TF*M —

—_

TkM is a local diffeomorphism, which we suppose to be a global one. We denote
by (2%, yMi, .y — (2, yMi oy B0 Lty M ) the local form

of L=H1: TEM — T**M, the inverse of the Legendre* transformation.
We have that W’ = Lo I(T*M’) is a submanifold of T#*M.

Proposition 4.1. The restriction of I* to W', Iﬁ/v' : W' — Tk*M' is a diffeomor-
phism.

Proof. We have: L is a diffeomorphism, I* is a surjective submersion and I
is an injective immersion. The local form of I* o Lo I is (z® yMe ... yRa)
(o, yMe, . yE=De Loz, 0,y 0,...,y®e 0)), thus it is a local diffeomor-

—~—

phism. In fact I* o £ o I is a diffeomorphism, since it sends the fibre T*M’, in the

fibre Tk*M',, for every € T*~'M’ and L is a diffeomorphism when it is restricted
to the fiber, thus I, is also a diffeomorphism. [J

Taking into account of the local form of the Legendre* transformation and of the
local coordinates, it follows that the points of the submanifold W’ have as coordinates

(:Ea’ 0, y(l)aa 0,. "/a_iy_(/kil)avpav Qﬁ(‘ra7 y(l)a’ LR
yF=De p)) in Th* M, where
H a N (k—1)a a , (Do (k—1)a
@(1’ ,Ovy aov"'ay 7Paan($ Y s Y 7po¢))+
(4.1) sz, 0,y 0,...,y*De) =0,

Differentiating this equation with respect to p,, we get:

0%H L 0%H 3@3 _
OpaOpa 81’58]9& Opa

2

Denoting by h®? = , we suppose that the matrix

) i IpaOpgs
h = (h®%) a.f=m7T.m 1s non-degenerate; if this condition holds, we say that the Hamil-
tonian is non-degenerate along the affine subbundle E’ (notice that this condition
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automatically holds when the vertical hessian of the Hamiltonian defines a positive
quadratic form). Considering the inverse h ™' = (hg3) a.f=mTm» it follows that

0Q;

(4.2) B =

~h%hg5.

—~—

Denote I = II*W_/’l : TE+M' — W' C T**M. Using the above constructions, we
obtain the following result.

Theorem 4.1. The map I is a section of I* which depends only on H and s. If the
section s is adapted, then the map I depend only on the Hamiltonian H.

—_~—

We define H = HoI:T+F M’ — IR and we consider the vertical Hessian of H:

02H
v o, (L)Y (k—=1)y
(6;0&6%(% YTy ,pv))

a,B=1,m’

e~

in every point of Tk*M’.

Proposition 4.2. a) If the Hamiltonian H is non-degenerate along the submanifold
W', then H' is a reqular Hamiltonian.

b) If the Hamiltonian H has a positive definite metric along the submanifold W',
then H is a reqular Hamiltonian with a positive defined metric.

Proof. We use local coordinates. We have H (z®,y(Me, ... yk=De p )
= H(z*,0,yM,0,...,y* D2 0,p,, Qa(xf,yMs, ... ,y(k_l)ﬂ,p/g)). Using formula (4.1)
it follows that:

oH _
O (8 yWB k=15

827(1 ) ) 7]76):
OH 5 ( (L8 (k-1)8 S (k=1)y
%(w 707y 707"'7y aoapBaQﬂ_(x » Y seees Y ap’y))'

Differentiating this formula with respect to pg, then using formula (4.2), we get:

0*H 0?’H 0Qs O*H

= = h — pOh5hPP
OpaOps  Opadps  Ops OpsOpa A

We use now the following Lemma of linear algebra.

Lemma 4.1. Let A be a symmetric matriz of dimension p, B a symmetric and non-
degenerated matriz of dimension q and C a p X q¢ matriz such that the symmetric

-1
A C ) } . A C
ct B ) of dimension p + q is non-degenerate. Denote ( ct B ) =

( X 2z ), where X, Y and Z have the same dimensions as the matrices A, B and

matric (

ARR'S
C respectively.
Then the matriz A — C - B™YC? is invertible and its inverse is X.
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Turning back to the proof of the Proposition 4.2, consider the matrix h = (h¥) =
heP  pes
( pad  pab ) Using the Lemma 4.1, it follows that the matrix

(n = noohgsh?)

a,B=1,m’

is invertible and its inverse is (hqg), where ( Za ) =
af  paB \ L
( h ’ h,— ) 0O
hozB hfxﬂ

4.2 Induced affine Hamiltonians on submanifolds

g hag
haj

™I

e~

Let us consider an affine Hamiltonian h : T**M — T*MT, thus Illoh = 157, b has

the local form h(z?,y M, .. yt=Di p)y = (28, yMi . y*=Di p. - Hy(a?,y M1,

y(kfl)i,pi)). The local form of the Legendre* transformation H is

(k—1y; 9Ho
" Op;

ey

(xia y(l)iv cee 7y(k_1)iapi) — (xiuy(l)iv ey (xjvy(l)jv s vy(k_l)japj))»

Oty Wi,y =03 pyy = Hi(2?,yM, ... y*=Di, p;). The lo-

(3

cal forms of the inclusions ¢ : M’ — M, I : TFM’ — T*M and of the canon-
ical projection I* : T** Mpx-rpy — TFM' are (z) 5 (z®,yMe, ... yF)) EN
(z%,0,5M0,...,y" 0)and

and we denote

o] « —1a I a a —1a
(x 707y(1) a0a~"ay(k 2 ,O,Pmpa)%(x 7y(1) a"'ay(k b 7pa)

respectively, where T** Mpx—1,, denotes the restriction of the total space of the affine
bundle T**M — T*=1M to T*~'M' c T*~'M.
If the affine Hamiltonian h is regular, the Legendre* transformation X : T**M —

—_—

TkM is a local diffeomorphism, which we suppose to be a global one. We denote
by (zf,yMi, . y®ny o (2, gDy B Li(at, M y(F))) the local form

of £L=H"1:ThM — Tk* M, its inverse.

We have that W' = L o I(T*M’) is a submanifold of T5*M and the Proposition
4.1 is valid also in this situation, the proof being the same.

Taking into account of the local form of the Legendre* transformation and of the
local coordinates, it follows that the points of the submanifold W’ have as coordinates
(:L’a, 07 y(l)a’ 07 MR y(kil)a7pa7 Qa(‘ra7 y(l)a’ MR
yF=De ) in Tk M, where
%(xaa 07 y(l)av 07 e 7y(k_1)aapou Q&(‘xa7 y(1)047 s ay(k_l)a7pa)) = O

(0%

—_~—

(4.3)

Differentiating this equation with respect to p,, we get:
82H0 82H0 aQB o
OpaOpa  OpzOpa Opa

0.
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2
Opadpp’

is non-degenerate; if this condition holds, we say that the affine

Denoting by h®? = we suppose that the matrix
h = (haﬁ)@ﬁ:m
Hamiltonian is non-degenerate along the affine subbundle T*M’ (notice that this
condition automatically holds when the vertical hessian of the affine Hamiltonian
defines a positive quadratic form). Considering the inverse h~! = (E&B) a =TT
it follows that

0Qp _

(4.4) B

B
Denote I = Il’;;,,l : Tk*M' — W' C T**M. Using the above constructions, we
obtain the following result.

Theorem 4.2. The map I is a section of I* which depends only on h.

Considering a domain U of a local chart of coordinates on M, it defines a do-
main U** of a local chart of coordinates on T%*M. An affine Hamiltonian & is de-
fined by some local functions Hy : U** — IR, which change according the rules

i i —1)i’ i i —1)i Lok 1y 02
Hé(‘rlay(l)lv"'vy(k b 7pi’):H0(x7y(1) 7"-ay(k D 7p7,)+%1—‘§] 1)(y(k D )8mi/pi-

Considering now some local charts on M, adapted to the submanifold M’ (as in

previous subsection) let us consider the correspondlng charts on TF*M and define
the local functions Hy = Hy o 1.

Proposition 4.3. The local functions Hy define an affine Hamiltonian h of order k
on the submanifold M'.

ox® ,
Proof. Since z%(z®,0) = 0, it follows that &rx‘x’ (z*,0) =0.
We have Ho(z®,yMe, ... yk=De p) =
(

HO(:I: an(l)a70>"‘7y k 1)a 0 pOM QO&( Jy(1)67"' Jy(k_l)ﬂ7p,3)) and

Hy (2, y O’ m,y(’c ”a,pa;)— S /

Hj(z*",0, y(l)o‘ 0,...,ytk—De’, O s Pars Qar (2P, yME Ly DB 1)), where
333 (I 8 o , 1 k—1)i’

Par = Paz—r and Qar = Qa + Pagy = But H (@ y Wy EDT gy =
xa a a

HO(xia y(l)i7 LR} y(k_l)z7pl)+ %F(kfl)(y(k—l)z )%pia thus HO( 7y(1)a/a ceey y(k’—l)o/’

_ 1 . Ox®
Par) = Ho(xf,yMB . yF=D8 o)t kf(k 1)( (k—Da )6 —po. It follows that the

local functions Hy define an affine Hamiltonian on M .0
We consider the vertical Hessian of Hy:

0?H, )
(1)7 (k—1)y
Y el y P
<apo‘ap18 ( ’Y) a,B=1m’

in every point of T%* M'. Using the formulas (4.3) and (4.4), one can prove, in a similar
way as in Proposition 4.2, the following result.

Proposition 4.4. a) If the affine Hamiltonian h is non-degenerate along the sub-
manifold W', then h is a reqular Hamiltonian.
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b) If the vertical hessian of the affine Hamiltonian h defines a positive definite
metric along the submanifold W', then h is a reqular affine Hamiltonian with a positive
defined metric.

Notice that if s : T*"'M — T*M is a section and H : T**M — IR is a vectorial
Hamiltonian, then using Proposition 1.1, the local functions Hy(z?, yMi oy
pi) = H(zb, yWi o y* =D p)) 4 pisiHo(ab, yWi .. y*=D%) define an affine
Hamiltonian of order £ on M and we can use Proposition 4.4. If the section s is
adapted to the submanifold T#~*M’ C T*~1M, we obtain in this way Proposition
4.2 as a particular case.
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