Structure equations of second order

Gheorghe Atanasiu

Abstract

We write the structure equations on the 2—jet (or 2—tangent) bundle of a differ-
entiable manifold endowed with an arbitrary nonlinear connection N and also an
arbitrary linear connection D, with the only restriction that D should preserve
the distributions generated by N.
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1 Introduction

Let N be a nonlinear connection on the total space T?M of the 2— tangent bundle
(T?M, 7, M), (Def.1.1.). Then, there exists an unique decomposition of tangent space
of T2 M at the point u = (33, y), y(Z)) € T?M in the following direct sum of the linear
vector space:

T, T?>M = No(u) @ Ny(u) ® Va(u), VYueT?M.

An N — linear connection DI' (N) on T?M is a linear connection on 7%M, which
preserves by parallelism the horizontal and vertical distributions Ny, N; and V5. It
has nine sets of coefficients. Consequently, we obtain for its torsion fourteen sets of
components and for its curvature eighteen sets of components.

Moreover, on T2M there exists a natural 2—tangent structure J given by

0 0 0 0 0
/ <3$a> ~ oy / (3.7;(1)“) T y@e / (51/(2)“) =0

Hence, particularly, an N —linear connection on T2M is called JN - linear connection
if if is absolutely parallel with respect to J : DxJ = 0,VX € x (TQM) .

A JDT (N) —linear connection has only three sets of coefficients, its torsion has
thirteen sets of components and its curvature has sixz sets of components. All these
correspond to Miron-Atanasiu’s theory on T?2M = Osc?M (2—osculator bundle) (see
the joint papers [8] — [14]).
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In this paper we get the structure equations of an N—linear connection on T2M
(Theorem 10.1) generalizing the same problem solved for a JIN— linear connection at
the First Conference of Balkan Society of Geometers, [1].

Of course, for the physical applications to electrodynamics, elasticity, quantum
field theories, etc., to work with an N —linear connection on T2M is an advantage
and it is not difficult (see [2],[3],[5] and, more generally, [4],[6],[7]).

2 Tangent bundle of the second order (T2M, 7% M)

Let M be a real differentiable C*°—manifold of dimension n. A point of M will be
denoted by z and its local coordinate system by (U, ),y (z) = (z*). The indices
a,b, ... run over set {1,2,...,n} and the Einstein convention of summation will be
adopted all over this work.

Let Jo . (R, M) be the set of germs of mappings f : R =M with f(0) = x. We
say that f,g € Jo 5 (R, M) are equivalent up to order 2 if there exists a chart (U, ¢)
around x such that

(2.1) dy(po f)=dy(pog),(B=12),

where d denotes the Frechet differentiation. It can be seen if (2.1) holds for a chart
(U, v), it holds for any other chart (V) around x.
We denote by jgyzf the equivalence class of f and set ngz = {jg,xf, Ve o
(R, M)}. Then we put
T°M = Usem g o

and define 7% : T>M — M by 2 (J3,) = .

Definition 1.1. The set (T?M, 7%, M) will be called the tangent bundle of order
two of the manifold M. .
For a local chart (U,¢) in @ € M its lifted local chart in u € (%) ()

will be denoted by ((7r2)_1 (U),(b), with @ (u) = (u®), (u®) = (z9,yM,y@)

R3" (o = 0,1,2). Thus a differentiable atlas Ay of the differentiable structure of the
manifold M determines a differentiable atlas Ap2,; on T2M and therefore the triple
(T2M T2 M ) , is a differentiable manifold.

By (2.1), a transformation of local coordinates u = (u®) = (x“,y(l)a,y(Q)“) —
u= (") = (% M, 5>, (a = 0,1,2) ,on the manifold T?M is given by

7o = E“(xl,...,x”),det(ai)#ov
o Ox?
e — 2 an
3%571)@ ’ ~(1)a
oga = " w90V oy

gat VT pymnY

One can see that T2M is of dimension 3n.
Moreover, if M is a paracompact manifold, then 72M is paracompact, too.
The null section 0 : M — T2M of the projection 72 is defined by 0 : () € M —

(2,0,0) € T 2M we denote by T2M = T2M\ {0} .
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Let J be the natural 2—tangent structure on 7T2M :

0 0 0 0 0
) 3(5m) g U am) “am (Gm)

where (% s WSM s ayéizm \u) is the natural basis of the tangent space TT?M at

the point u € T?>M.

If N is a nonlinear connection on T?M, then Ny = N,N; = J(Ny) are two
distributions geometrically defined on T2M, everyone of local dimension n. Let us
consider the distribution V5 on T?M locally generated by the vector fields {WL?)Q} .

Consequently, the tangent bundle to 72M at a point u € T?M is given by a direct
sum of the vector space:

(2.3) T.T?*M = No(u) ®© Ny (uv) @ Va(u), Yue T?*M.

We consider {0, 014,92,} an adapted basis to the decomposition (2.3) and its dual
basis denoted by {dm“, syMe, Sy(z)“}, where

5 o0 ., 0 , 0

0= 5pa = B J}faayu)b - gaay@)b’
(2.4) O = 5y?1>a = ajlw = lebaaya(l)b,

d2q = ay?Q)a’
respectively
(2.5) Syt = dyt o+ et

5y(2)a _ dy(2)a 4 ]}/‘abdy(l)b_,'_ (];[ab + ]}]acj}[cb) dxb.
Then, a vector field X € x (T M ) is represented in the local adapted basis as

X — X(O)a5a +X(1)a51a + X(Q)a52m

with the three right terms, called d-vector fields, belonging to the distributions Ny, Ny
and V5, respectively.

A 1-form w € X*(T?M) will be decomposed with three terms, called d-1-forms,
as

W= wydz® + w, 5y(1)“ + wq 5y(2)“.

(0) &) (2)

Similarly, a tensor field T € T/ (T?M) can be split with respect to (2.3) into compo-
nents, which will be called d-tensor fields. Hence, the set

{17 5&7 51(17 a.20.7 dmav (Sy(l)a? 6y(2)a}

generates the algebra of the d-tensor fields over the ring of functions F(T?M).
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By a direct calculus we obtain

Proposition 1.1. The Lie brackets of the vector fields of the adapted basis are
given by

(1) 2 -
[51775] R (5 + R 51a+ R%Caml,

( ) (1) ( )
[0p, 01c]) = (B t Oa + B bc51a+(B bca%

(2.6) 5y 00| = B 5 (1}13) 5 %) P
. by O2¢ (20) bc9a + 20 bcYla + (20 beY2as
(0) (1) (2 :
[5112; 51c] = (5) bcéa + R 51(1 + R bcaZav
-] 0) (1) (2) :
515, 82(; = (Bl)abcé + B bcéla + (B b082a7

where

(0) (€9) (€] f
R bc_a[(' b]+Nf(£)

(gg) be 0, (01?)) be [e4] b]’(OO)

B =0, B4 =0, B e = 81l — B +Nf(§)) »
B 0%) 3N (B)“ aN N“(B)f

dnbe =0 goybe = 92eR b 7 be = O2e + 1 oy be’

Ta  —o %)a 0 %’a 51N

anb T Tante T Tante 1[‘31 b’

et T TUept T Tent T eot

Also, we can establish (see [2, pg.19, Prop.7.2]):

Proposition 1.2. The exterior differentials of the 1-forms dz®, oyMe, §y2e,
which determine the adapted cobasis (2.5), are given by

d(dz®) =

§)) €))
d(syWe) =<1 R @ dx° +(B L Jy(De +(B“ SyDe b A dab,

( ) ) 2)
d((;y@)a) = %(% d.’II + (B 6y(1)c 4 (2B a (Sy(Q)C A dl‘b—F

@) @)
1 a 8 (1)e Bt § (2)c ) (l)b.
93 B0+ By }Ay
3 N-linear connections on the manifold T2M

Definition 2.1. A linear connection D on T?M is called an N-linear connection if it
preserves by parallelism the horizontal and vertical distributions Ny, N7 and V5 on
T2M.
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Let us notice that an N-linear connection, in the sense of the above definition, is
not necessarly compatible to the 2-tangent structure J, (2.2). An N-linear connection
which is also compatible to J is called, [3], a JN —linear connection.

An N-linear connection is locally given by its nine sets of coefficients

DF(N):(La

b L 4 b L 4 b C 4 b C 9 b C 4 ) C 9 b C 4 ) C 9 b)
(00) be (10) be (20) be (01) be a1) be (21) be (02) be (12) be (22) bc)

where
Ds 6y = L %.6a,Ds,615 = L%, Ds 65 = L 0o,
(00) (10) (20)

Ds, .0p = C % 64,Ds,,016 = C 4 014, D5,.000 = C % 0
0190 (01) bclas /61,010 (11) bc91las 6,.92b (21) beY2a
Dy, 0p = C % 64, Ds, 016 = C 4 014, Ds,.000 = C % o4
02.9b (02) be 02:01b (12) bcY1 62 92b (22) bcY2
In the particular case when DI' (N) is J—compatible, we have

L%Ge= L% = L% =: L,

00 "o @)

(31) (061’) be — (1C£) be — (21) be = - (% ber
ce =04 =0C4% =: C4..
(02) be (12) be (22) be ) be

Let h, vy, vg,be the projectors defined by the distributions Ny, N1, Vo. If X € x (T2M)
we denote X = hX, X1 =1, X, XV2 = v, X and
D§Y =DxnY"H, D 'Y =Dyv, YH, D Y = Dyv, YH,
DXY DyuYVe, D 'Y = Dyv, YV D Y = Dy, YV5,
(6 = 132)'

DH DV1 DV2 are called, respectively, h,—,vi,— and va,—covariant derivatives,

(a = 0 1 2)
In local coordinates, for a d-tensor field

T =T (2, y W, yP) 00, ® o ® Soa, ® dz® @ ... @ 6y,

we have
DXT = XOATr  §ay @ oo @ b2q, ® da™ © ... © Sy P,
where
Tyt lad = =0Ty + (QL)aidTbm2 St +(L)achba1 by =
_(ao) b Levs b (@0) “oed Dot b e
and

®) :
DYT = XU | 50 @ ..o @ Dog, ® d2? @ ... @ JyPP

[

where
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(B)
Tm‘::.aT | od = 5f3dTa1 ar C o1 Tbofubar + ...+

ar ay...ar—1C a ar a Ay
+ C calv, b, — (o%)cblchblg...bs e (%)Cb aly 5. e
(a=0,1,2;8= 1,2).

4 The d-tensors of torsion and curvature

In order to determine the local expressions of d-tensors of torsion and curvature of an
N —linear connection DI'(N), we use the covariant derivatives in the adapted basis.
The torsion T of an N—linear connection D is expressed, as usually, by

T(X,Y) = DxY — Dy X — [X,Y],VX,Y € X(T*M).

It can be evaluated for the pairs of d-vector field d,, 014, d24. We obtain:

Theorem 3.1. The d-tensors of torsion of an N -linear connection D with coeffi-
cients D" (N) = ((LO)“bC, (q)“bc, (6’2)‘26), (a=0,1,2), in the adapted basis (2.4), have
the following expression:

5m 5b) =T abcafym

AT (5., 6 @ Sa,
(6¢,0p) = ( )b T ( (O)
T (

hT (dgc, 0p) = % da,s 08¢, 0) = P 4 .0~a,
Ose:00) = B)% per00) = P b
T 82c751b) = Q abc(s'yav
(27)
03T (g, 04p) = (ES“) beOvas

(/67’}/ = 172a§2a - 820,)7
where

T a — L a . L a T a — R a T a — R a

(OO) be (00) be (OO) cbs (01) be (00) ber be ber

P a — C a P a — (1) a _ L a P a — (é) a

ao’ o ante T ot @10 an '’ o)
(1) @)

a — a a — a a — a _ a

pe =C¢ P4 =B% P% =B% — L%,
(20) be (02) be (21) be (20) be (22) be (20) be (20) cb
(2)

Se — (Ca _ Qo Sa — Ra

(11) be (11) be (11) cb? (12) be 11) ber
(1)

Q ac ca Q - C ac )
@’ <12> =B S
S — S a.=Co — CA,
(21) be T (22) be (22) be (22) cb

Analogously, the curvature R of D is given by
R(X,Y)Z = (DxDy — DyDx)Z — Dixy1Z,VX,Y, Z € X(T*M).

If X,Y € {04,014, 024 we denote R(X,Y") by
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R (6, 0c.) = Ry, R (68p,0c) = P pe,
(0, 5e) = R Ope:0c) = Ep
R (32177 51c) = ((%bc, R (685, 08c) = (%)bca (5 =1,2,02, = 32(1) ,
and the action of R(X,Y) on Z € {04, 014, 024} we denote by

R (150/, = R ac 5(1(17 P (1504 =r ac 5(1(17
0 T ey e (g T (gt e

(0) (0c)
(4.1)
c(soc = ac 6aa7 S c(Soc =8 ac 5aa-
Dt = & ea BT (pay

By direct computation, taking into account the Lie brackets (2.6), we get

Theorem 3.2. An N-linear connection D with the coefficients

DI'(N)=(LS%,., C%., C*% =0,1,2
( ) ((aO) bc’(al) bc’(a2) bc)?(a Pl )7

has the d-tensors of curvature (4.1) expressed by the following formulae:

(1)
f
cd+

(2)

RA =64 L% —6. L ¢ LY rLe - Lt La
bea = %d o be (o) bd + (a0 be (i 14 T () b oy Fe +

cC . R
(0) (a1) ¥ (00)

cae . RT
(a2) ¥ (00) ©d

P A =bg LG — C ca Pl 4 ca PI
(Bl 4 = 0Py be T () blae T (5108 51y ed T (G) bF (o ed

@ =8y C % —§,C2 ct cae —ctl coa cae.pt
2 e = 02 G oo = 01e G St e &)ra = Gyva &) re (s 1) e

(2)

S 8 =84 C % —bg.Ce +CL ceo —ct cao 4+ cae RS
(Bayb ed — P oy be T T oy bd T () be oy FA T (o) b(ap) T (a2) B (5T) o

o
=0,1,2;6=1,2, P4
@ B (12) be

(2)

a
pa . pa — pa Ra —,
(12) be (21) be (21) be (20) be

y(o) =x,02q¢ = a.2a,> .

5 Structure equations of an N-linear connection on
T?M

For an N—linear connection D, with the coefficients DI'(N)=( L 4., C 4., C %),

(@0) 7 (al) 7 (a2)
(e =0,1,2), in the adapted basis (5a, O1a, 52a) we can prove:
Lemma 10.1.
1°. Each of following geometrical object fields
d (dz?®) — dxb A (w)ab, d (6y(ﬁ)a) — &y B A (w)ab, («=0,1,2,6=1,2),

are d-vector fields.
2°. The geometrical object fields

dw%— WA wl, a=0,1,2),
@’ @’ @ ( )
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are d-tensor fields, with respect to indices a and b.
Using the previous Lemma we can prove, by a straightforward calculus, a funda-
mental result in the geometry of T2 M.

Theorem 10.1. For any N-linear connection D, with the coefficients DT (N) =

((ao)abc’ (al)“bc, (g;)“bc), (@ =0,1,2), the following structure equations hold good:
(0)
d(dz®) —dzb A w @ = -0
() ()
1)
d(éy(l)“) _ 5y(1)b A w ab = —Qe,
(@) ((a))
2
d (5y@*) — 5y2P A (w)“b = —(Q)“, (=0,1,2),
and
dw®— wr A w%=-00 a=01,2),
@" @ @ @ ( )

© @ @ ,
where Q% Q* Q% (a=0,1,2) are the 2-forms of torsion

(@) (a) (o)
(0) Lo ,
Q¢ = $T9 dx° Ndx+

(0)
+ C & dxb A sye 4 ¢ @ dx® A sye,
(1) ® (@2)°
e = % R “bcdxb A dzf+
(01)
+ P4 dab Asye 4+ P o dab A syt
(11) ™ (21)

+%(§)“bc5y(”” A SyHe 4 ((g)%ﬁy(”b A Sy2e,

(2) L
Q¢ = SR “bcdmb A dx+
(@) (02)

Padb/\(s(l)c %adb/\(s@)c
+(12) b Y +(22) b v

(03 a
+% R abc(sy(l)b A 5y(1)c + Q abcé‘y(l)b A 5y(2)c + % Sabcé‘y(Q)b A 5y(2)c’
12) (22) (2)
and where (Q)“b7 (a =0,1,2),are the 2-forms of curvature
[0}

Qe = L R oo drcAdai4
(o) 2 oy o4

T e ea® Sy + oypeada® Sy i+
+1 g 8 syWe AsyMd 4 Q A syMe A sy@d 41§ a5y p gy,
(1) (2c) (2a0)
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Remarks 1°. The theorem 10.1 is extremly important in a theory of submanifolds
embedded in the total space T2M of the bundle (T%M,n?, M).

2°. For any JN—linear connection JD with coefficients JDT' (N) = (L4, (%abc,

C% ) we have
(2) bc)

© O © © O oW
Qr=Qa=0°=0Q9 Q%= Qo= Q%= Qa
© O @ © O @

@ @ @ @

Qr=0=0°= Q9 0% =0%=0%=01
© O @ ©" O @

Then, by the relations (3.1) the structure equations for the JN —linear connection are
easy to write, [1].
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