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Abstract

In this paper we study the variational problem of Lagrange spaces with
(a, B)-metrics. The results follow the classical ones and some results of Miron
R. concerning Lagrange spaces.
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1 Introduction

Let (T'M,7,M) be the tangent bundle of a C°-differentiable real, n-dimensional
manifold M. If (U, ) is a local chart on M, then the coordinates of a point u =
(z,y) € 771(U) C TM will be denoted by (z,y). Following R.Miron [1], we have the
following

Definition 1. a) A differentiable Lagrangian on TM is a mapping L : (z,y) €
TM — L(z,y) € R,Yu = (z,y) € TM, which is of class C*° on TM = TM\{0} and
is continuous on the null section of the projection 7 : TM — M, such that
10%L(z,y)

1.1 i == ——
( ) gz](mvy) 2 aylayj

is a (0,2)—type symmetric d-tensor field on T M.
b) A differential Lagrangian L on T'M is said to be regular if

rank ||gl]($7y)|| =n, V(Z‘,y) € m

We will further use its contravariant d-tensor g%/ (x,y) given by g"*g; = 6t.

¢) A Lagrange space is a pair L™ = (M, L) formed by a smooth real n-dimensional
manifold M and a regular differentiable Lagrangian L on M, for which the d-tensor
field g;; from (1.1) has constant signature on T'M.
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Let L : TM — R be a differentiable Lagrangian on the manifold M, which is
not necessarily regular. A curve ¢ : t € [0,1] — (2°(t)) € U C M having the image

in a domain of a chart U of M, has the extension to TM given by c¢* : t € [0,1] —
(*(t), % (1) € TH(U).

The integral of action of the Lagrangian L on the curve c is given by the functional

(1.2) I(c) = /01 L (x(t), Z) dt.

Consider the curves c. : t € [0,1] — (z°(t) + eVi(t)) € M, which have the same
endpoints z%(0),z*(1) as the curve ¢, V¥(0) = V(1) = 0 and ¢ is a real number,
sufficiently small in absolute value, such that Imec. C U. The extension of the curve
ce to TM is

dot  dvi\
T +e dt)ET ().

The integral of action of the Lagrangian L on the curve c. is

1
de  dV

Ie.)= | L ,— +e— | dt.

(ce) /0 <$+€V dt+6dt>

A necessary condition for I(c) to be an extremal value of I(c.) is

ckitel0,1] — (xi(t) + eVi(t)

dI(ce)

In order that the functional I(c) be an extremal value of I(c.) it is necessary that ¢
be the solution of the Euler-Lagrange equations

0L d<aL> da

B =gm—a\en) =% vV =
2 The fundamental tensor of a Lagrange space with

(o, B)-metric

We consider the functions defined on T M
a(x,y) = /7% (x)y'y?, B(z)= Ai(w)yi,

where 7;;(x) is the metric tensor of a Riemannian space R"™ = (M, v;;(x)), and A;(x)
is a covector field.

Definition 2. A Lagrange space L" = (M, L(z,y)) is called with (a, 3)-metric if
the fundamental function L(z,y) is a function L, which depends only on «(z,y) and

B(x,y), .
L = L(a(z,y), B(z,y)).

We shall use the following notations
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Jda op A%
aia - 8yi7 816 - ayia 81'6]'04 - 3y18y7 ’
. 9L . 0L . 2L - 92L
Lazia = a4 Laazia L(x = .
oo’ P 9B a2’ 7T 90

Proposition 1. We have the relations
div = "y, 005 = a”ly(x) — a Py,
9;p = Ai(z), 0:0;8=0,
where yi = 75 ().
We introduce the moments of the Lagrangian L(x,y) = i(a(x, y), Bz, y)),

_1loL 1
Pi= 98y T 2

(ﬁaaia + ﬁﬁalﬂ)
and we get the following result

Proposition 2. The moments of the Lagrangian L(x,y) are given by

Pi = pyi + p1 i,

where

1 - 1.
(2.3) p= 504_1[/& and p; = §L5.

The two scalar functions defned in (2.3) are called the principal invariants of the
Lagrange space L™.

Proposition 3. The derivatives of the principal invariants of the Lagrange space
L™ are given by

0ip = p—ayi + p—14;, 0Oip1 = p_1y; + podi,

where 1 1 1
pP—2 = 50472(Laa - ailLa)v p—1= 50471[/015’ Po = §Ll35'
Proposition 4. The energy
oL
Er=y,— — L
L Yi 8:1/1

of a Lagrangian with («, B)-metric is given by
By —abo+ iy L.

We can determine the fundamental tensor g;; of the Lagrange space with (¢, 3)-
metric, as follows

Theorem 1. The fundamental tensor g;; of the Lagrange space with (c, B)-metric
18
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(2.4) 9ij = pYij + cicj,
where ¢; = q_1Yy; + @A; and q_1, qo satisfy the equations
Po = (QO)Q, P-1=4qoq9-1, pP-2= (Q—1)2~
Theorem 2. The reciprocal tensor g of the fundamental tensor gi; 18 given by
.. 1 .. 1 .
2.5 U= Syl -
(2.5) g9 =" -z
where ¢ = p~ly%c; and c'c; = 2.
3 Euler-Lagrange equations in Lagrange spaces with
(o, B)-metric

The Euler-Lagrange equations of the Lagrange space L™ endowed with («, §)-metric

are R R
A OL d (0L , dat
EL) =55~ u <ay> =0 Y=g

Considering the relations

oL . da . 08 0L . da . OB
Ozt * Ozt * B’ oy * Oyt

d (oL dLo 0o dLg 88 . d [ O« . d (9B
Sl === L (= ) AL (== ).
dt <8y1> at oy dt oy dr <8yl) +theg <8yl)

by direct calculation we infer

T T - 8& d.Z/a aﬂ df/ﬁ . dwi
E;(L) = L, E; LsE;(B) — — =2 - 22200 i = ’
(L) (@) + LaBu(®) - 5t = L v =
where . A
dLo  + da - dB  dLg . da - dB
T Laai af "3, 0 — a5, L —_.
dt at Trera Tq T g Ty
Then we get
7 = - oo [~ da -~ d
EZ(L) = LaEi(a) + LﬁEl(ﬂ) - 87yl {Laadt + Laﬁdf} -

ap [~ da - dp
By {Lﬁadt + L'Bﬁdt} .

As well, we have

where
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0A, 04;
. = T
T 9xt Qv
is the electromagnetic tensor field. Finally we have the following relation
. Oa do dz”
E;(L)= pE;(a®)+2 -— + 201 Fyp———
1( ) P l(a )+ p@yl dt + 2p1 Ly dt
Ja [~ da .~ df B ([~ da ~ dp
—— S Loa—+ Log—— ¢ — =— S Lga— + Log— ¢ -
ayz{““dt“L aﬁdt} ayz{ﬂ‘*dt+ K

Proposition 5. The Fuler-Lagrange equation in the Lagrange space L™ endowed with
(a0, B)-metric are

A . dat
E(L)=0, y'= .
(L) V=g
Proposition 6. The following relation holds:
d*z" da? dx¥
Ei(0?) = =27y | —=- Th——.
l(a ) %r |: dt2 + {]k dt dt :|

If we have the natural parametrization of the curve ¢ : t € [0,1] — (2(t)) € M

dx
relative to the Riemannian metric v;;(z), then « (m, dt) = 1. Then we get:

Theorem 3. In the canonical parametrization the Fuler-Lagrange equations in L™
spaces with («, 3)-metric are

- d*z" .y do? do® dz”
Ei(L) = —2pvr [dSQ + {jk} dsds:| + 2p1F¢TE—
(3.6) a8 5 0
~ le% ~
ds { oy ‘”ay%}

Proposition 7. If the 1-form (3 is constant on the integral curve c of the Fuler-
Lagrange equations, then (3.6) rewrite as the Lorentz equations of the space L™,

L%ZJF{@,C}@@:ﬂ ida”
ds? P2 ds ds p T ds

where we denoted sz = 'y““ij.
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