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Abstract

We review recent tests of a convergent numerical scheme for space-homogeneous,
nonlinear Boltzmann-like equations for fluids with two, three and four species of
gas particles, respectively, with elastic and reactive binary collisions. The tests
refer both to simpler exactly solvable models with elastic collisions, and to more
complicated examples, involving chemical reactions, which present only exact
expressions for certain low-order moments of the one-particle distribution func-
tions. The results of the numerical tests appear to be in very good agreement
with theoretical predictions.
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1 Introduction

An accurate, computational method has been recently introduced [7], in order to solve
numerically nonlinear Boltzmann-like equations [4], [5], [6] for reacting gas mixtures.
The method represents a generalization of a rigorous numerical scheme proposed in [1],
[2], which combines analytical and stochastic techniques to obtain numerical solutions
of the classical Boltzmann equation.

As compared to the method of [1], [2], the numerical techniques developed in [7]
have to face increased mathematical difficulties, essentially due to the presence of
several species of gas particles and occurrence of reactions.

The usefulness of models with exact solutions for numerical tests is well known.
In this respect, the simplest example is represented by the Krook-Wu model [8], cor-
responding to a system of Boltzmann equations describing nonreactive gas mixtures.

The numerical tests on the Krook-Wu equations have the merit to provide some
insight in the effectiveness of the numerical method in dealing with models with
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nonlinearities, and in handling several unknown distribution functions, corresponding
to several species.

The scheme of [7] was tested in [10] on the exact Krook-Wu solutions of the multi-
component Boltzmann equation [8], in order to study the effectiveness of the method
in applications to gas mixtures.

However, the Krook-Wu equations refer only to non-reacting gases. Consequently,
the results of [10] are of rather limited interest. In fact, they do not provide informa-
tion on the applicability of the scheme of [7] to models with chemical reactions.

More realistic evaluations, based on the confrontation between numerical and an-
alytical results, should require the knowledge of non-trivial, exact solutions of the
non-linear Boltzmann-like equations for reacting flows. So far, analytical solutions
to Boltzmann models with chemical reactions, have been obtained only for linear
equations [12], or equations with collision terms defined by trivial (reaction) collision
laws [3]. Unfortunately, such exact, simple solutions do not serve the purposes of the
aforementioned evaluations.

On the other hand, one could perform useful, indirect tests on certain non-trivial
Boltzmann models for reacting flows. Although the models cannot be solved ana-
lytically, they provide exactly solvable equations for the time evolution of certain
macroscopic variables (e.g. concentration, energy). In that case, the one-particle
distribution functions of the gas species can be obtained, solving numerically the
Boltzmann model, by means of the techniques developed in [7]. Then the aforemen-
tioned macroscopic quantities (at various moments) can be calculated as averages with
respect to the numerical one-particle distribution functions. The resulting values can
be compared with those provided by the analytical solutions of the equations for
macroscopic quantities. Moreover, the computed values of the macroscopic variables
can serve to study the accuracy of the numerical scheme concerning the verification of
the bulk conservation properties [4], [5], [6] of the model. Results of several tests on
Boltzmann-like models with chemical reactions have been recently published in [11].

In this paper we review comparatively some of the results of the above numerical
tests, and also present new results concerning the situation when exothermal reactions
involving three species are included in the models investigated in [11]. Our aim is
to give a first answer to the important question concerning the sensitivity of the
method with respect to the change of the nature of the binary interactions and the
number of components of the model, the main conclusion being that the accuracy of
the numerical seems not to be affected by such changes (in the regime of reactions
involving few particles).

2 Analytical Considerations

In this paper, we are interested in the kinetics of space-homogeneous gas mixtures
consisting of 2 < N < 4 chemical species, of gas particles with binary elastic collisions
and binary reactions. The gas reactions conserve the total mass, momentum and
energy of the reaction partners in the reaction channels [4].

We assume that each species X; is composed of point particles with mass m;,and
one-internal state characterized by internal energy F;, 1 < i < 4. We consider the
situation when the following kinds of gas interactions are possible:
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(a) nonreactive (elastic) collisions
2.1 X, 4+ X: — X, + X,
J j

for 1 <i,5 <4 and {i,j} # {3,4};
(b) reactions of the form

(2.2) X1+ Xo — Xs+ Xy
and the reverse reaction
(2.3) X3+ Xy — X1+ X2
Notice that reactions of the form

X1+ Xo =2 2X3

can be considered as particularization of (2.2), (2.3) to the case when X35 = X,.

To be precise, without loss of generality, we suppose reaction (2.2) to be endother-
mal (E) + B2 < E3 + E4). This means that reaction (2.3) is exothermal.

In this case, the weak form of the Boltzmann-like model introduced in [5], reads

afi

(2.4) (¢>, ):<¢7Pi<f>>—<¢,si<f>>, V) 1<i<4 6 ChRY).

for the unknown one-particle distribution functions f; = f;(¢,v) (depending on time
t and velocity v ) and associated to the species X;, 1 < i < 4. Here f := (f1, ..., f1)

(25) 7 Z /D S sz;kl) . Tij;kl(v7 w, l'l) ' fk(v)fl(w) dVdel’L
Gk, l=1" Prliij X
and
(2.6) Z / S T (v, wom) - fi(v) f(w) dvdwdn,
jk,l=1 1] skl X

where Cy(IR?) denotes the space of continuous, bounded, real functions on R3, S :=
{n € R®||n| =1},

(2.7) Dijirt = {(v,w) € R? x R?| Wiju (v, w) > 0},
with
7 mim; 2
2.8 W , = v — E,+E;, — E, — E,
( ) ]ng(V W) 2(m1—|—mJ) |V W| + + J k 1
( n) m;Vv + m;w
Viikl = Viip(Vv,w =
17kl i7;kI\Vy W,y m; +mj
2.9
(2.9) y o ) s
Wijika (v, W) ‘n,

my(m; +m;)
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Finally the collision law rij;kl(v, w,n) characterizes the reaction X; + X; — Xy +
X;. According to the hypotheses of the model, in formulae (2.4), (2.5) and (2.6), only
the collision laws associated to reactions (2.1), (2.2), (2.3) do not vanish identically.

It is known [5], [7] that the Cauchy problem associated to (2.4) has, in some sense,
unique positive global solutions (for details the reader is referred to [5], [6], [7]).

Following [10], [11], we consider collision laws similar to those introduced by Krook
and Wu for nonreactive gaseous mixtures [8].

Assumption:

const >0 when Wigza(v,w,n) <0,
(2.10) T12;12(V, W, 1’1) = B
O Zf W12;34(va w, n) Z 07
the functions T12,34, raa;12 are nonnegative constants (on their domains); similarly
Tijiij is nonnegative and constant if {i,j} # {1,2} or {i,j} # {3,4}.
Under hypothesis (2.10), isotropic initial conditions lead to isotropic solutions,

ie., fi(v) = fi(v) for 1 <i <4 (where v := |v| is the modulus of the velocity v).
In that case, one can provide a more explicit form for Eq.(2.4). Indeed, define

(2.11) Fy(v) :=4m?fi(v), for1 <i<4.

Denote the concentration of the species i by
(o]
(2.12) I = / Fi(v)dv, forl<i<A4.
0

Let Agpij = 4m - 1450 (1 <14, j,k,1 < 4). Using suitable changes of variables in (2.5),
(2.6), one obtains

(2.13) (¢, Pi(f)) = Z Aktsij 'kaz/ @(0) - Fi(v)Fy(w) dvdwd( dn,

jk,l=1 Dt

(2.14) (¢, Si(f)) = Z ikl 'Iin/ B(v) - F;(v)Fj(w) dvdwd dn,

j.kl=1 Dijikt
where
(2.15) Dissij = {(v,w,¢,m) € R x [0,1)?] Opai5 € R}
The the post collision velocity of the species ¢, Uy, is given by

(2.16)

o Y 1/2
s _ k k
Brizij = Okizij (v, w, ¢,m) := | Vi + Tlpi“j +2 (ml) Prt;ij Vi (20 — 1)] ;
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where

(2.17) Vi = Vi(v,w,¢) := (miv® + miw? + 2mmpow(2¢ — 1))2/(my, +my),

Prizij = Prizij (U, w0, C) == [mymy(v* + w? + 20w(2¢ — 1))/ (my, 4+ my)*+
(2.18)
+2(Ek +F — F; — EJ)/(mk + ml)]l/z.

The simple particularization of the above model concerns the non-reactive gas

with two species [10]: N =2, E; = 0 and A, =0, for k£ # 4 and [ # j.
Let )\ij;ij = )\ij, mir = mZ/(ml + mk)

(2.19) p1 =22 —Aa1p(3—2u) ,  p2= A — A2p(3 —2p),
with g = 4myma/(my +ma)?.
The constants \g; satisfy the condition
(2.20) A2/Ii = Ao/ Iz,
The Krook-Wu like solutions [8] are determined if either condition on parameters

p1 = po or condition 2u?(Aa1/p1 — A12/p2) = 1 is fulfilled. Then the general solution
has the form:

(2.21) fi(t,v) = ®(v; i (1)[1 — 3p; R(t) + Q:(t)v?], i=1,2,
where
d(v;a) = (2ma)~3/2 exp(—v?/2a),
Qi(t) = mipiR(t)/&(1),
(2.22) o (1) &(t)/mi,
R(t) = AJ[A-exp(A(t —to)) — B,
£t) = (Ii+DL)/[Ii+ I+ 8n(lipy + Lop2) - R(1)),

with A and B constants defined by:
(2.23) A= 471'[)\11 =+ /\21/,6(3 — 2/.tp2/p1)]/6, B = 167‘(2 [)\le =+ /\21/L(S — 2/1)])2]/3.

On the other hand, if reactions are present (under condition (2.10)), no nontrivial
analytical solution of the model is known. However, as mentioned in the Introduction,
in some particular cases, indirect tests can be done, because starting from (2.4) one
can solve exactly the equations for chemical concentrations and energies.

Indeed, the internal energy can be expressed exactly in terms of concentrations.

(2.24) Eint(t) = Zfi(t)Ei-
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By the global conservation of energy, the total (kinetic + internal) energy of the gas

(2.25) E(t)=>_ mi () () +> L(H)E; = E(0),

i=1 i=1

From (2.25) the total kinetic energy of the particles can be written

4 2 4 ) U2

i=1

Moreover, if species X7 and X5 interact only by elastic collisions, then

I, = XN-II,, i=1,2
(2.27)
I, = =X\-IIy, i=3,4

with A := Az4,12. These equations can be solved immediately.
Let I? :=1;(0), 1 <4 < 4. If I9 # I{ then, the solutions of (2.27) are

Ly = 0y BH[exp (2D —exp (1§ M)
i i Ié(l)'eXp(Iz(L)')‘t>_I??'eXp(Ig')\t) ’

i=1,2

(2.28)
I9(I9 — 19) - exp (IP - Mt .
Iz(t) — 5 2(40 3) 5)(1, 3 , Z:3’4,
I} -exp (I} - At) — I - exp (I§ - At)

and when I9 = IY, the solutions of (2.27) are

(19)% - At

L) = 1?4 23" =1,2
() 7+(1+I?()))\t)7 1 )
(2.29)
0
Lt) = —i— | | = 3, 4.
®) 1+10- ) !

3 Numerical Method and Results

One considers some time interval [0,7] and some given time step 0 < At < T. The
time-discretized version of (2.4) has the following form

(3.30) (¢, FF™) = (,Q7),

where {i,5} = {1,2} or {i,5} = {3,4}, p € {0,1, ..., [[T/At]] — 1} ([[z]] denoting the
integer part of the real positive number z) and ¢ € Cj,(R3).
The operators Q7 in (3.30) are defined through the following measures. For

{i,5} ={1,2} and {k, 1} = {3,4} let

dHj(v,w,¢,n) = Fy(v)Fj(w) dv dw d¢ dn on Dijipe,

j

1
dH;;(v,w,(,n) = J“Fi(v)Fj(w) dvdwd{dn on Ri x [0,1]2\ Djj.p1-

)

Sl

(3.31)
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where

Al
<.
|

/ Fi(v)Fj(w) dvdw d¢ dn,
Dijikt
(3.32)
Jij = / Fi(v)Fj(w) dvdwd{dn.
R% x[0,1]2\ Dy ;51

For {i,j} = {1,2}, let

L F;(v)F}(w) dvdw d¢ dn

(333) dHij(vaaC7n) = IZI]

on R% x [0,1)2.
The operators ij have the following form.

4
(6,QF) = Z (]\T;’? - /\ik;ikAt) I} — N A TP | I (6, F )+
k—1 tot
m; P P
+ [(]\/[tpt — )\ij;ijAt) S (o, Hi )+
m; —p ,, P
(3.34) n (Mt’it - )\ij;34At) Jij(qﬁ,Hij)] s

+

4
Niisii (Piiiy HE)IP +Z Aik;ik(@k;imek)ff] At IP+
k=1

+ [Aij;ijlfj(g)ij?ij’ﬂfj)lszp + Asazij (P3asij H§4)I§Iﬁ)} At;

when {i,5} = {1,2} and

(9, Q) = [Z ( LR )\ik;ikAt> I7 = Nz ALIT | IE (¢, F )+

P
k=1 Mtot

4
Aum(ﬂgnm HP) TP +Z Aik;ik(@gik;ikv H}) I;f] At TP+
k=1

(3.35)
+

+>‘12;ijj11)2(¢~512;ij ) lejQ)At .

if {i, 7} = {3,4}.
Note that, in (3.34) and (3.35) the quantities I, HJ, ﬁfj7 T jfj, H}; are
defined as in (2.12), (3.31), (3.32), (3.33), simply replacing F; and F; by FF and Ff
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respectively. Moreover,

4
(3.36) Mpy = m,I?

i=1

and inj;kl = d) o ﬁij;kly with '[)ij;kl given by (216)

We approximate the initial data F?(v)dv by sums of Dirac measures

N
1
0 - — E Y
(3.37) dp; n(v) = Nn_lé(v Vi) dv

concentrated on N points vf,,, (such that duf y(v) converges to F{(v)dv as N — oo
in the weak sense of measures) and we approximate the Lebesgue measure on the
unit square d{dn by sums of Dirac measures concentrated on N points % 22[:1 5(¢—

Cn)d(1 — mn)dCdn.

As one knows [7], the product measures in the r.h.s. of (3.30), yields a power-like
increasing computational effort. The decrease of the computational effort (preserv-
ing the convergence of the scheme) is accomplished by random selections, applying
Theorems 7, 8 of [7].

In all our tests we used the mixed congruential method to generate sequences
{wn }nen of pseudo-random numbers. The elements w,, = 2, /b, where z, are given
recursively by z, = Azp,_1+7 (modb). In this relation b > 1, A and r are fixed natural
numbers and A is relative prime with b. The initialization is made with some integer
0< 2z <b Here b=3-10%, » = 1987654321, A = 19867917. Each test starts with
an arbitrary positive zg < b.

The approximation of the initial data by sums of Dirac measures was made by
means of the Hamersley-Van der Corput sequences (see [9] for details).

The numerical results correspond to several tests as follows.

In the case of the model with elastic collisions which presents exact solutions, a
typical result can be found in [10]: m; =5, me =1, ny = 2, to = In(3p2 + B/A)/A,
T = 6. (This choice of to ensures the positivity of f; given by (2.21) for each t > 0.)

In a first experiment we have obtained for each ¢ = 1,2 ten numerical solutions
for N = 1500 approximation points, at 7' = 6 and J = 16 iteration steps. Denote
Gi(t,v) := 4w fov u?f;(t,u)du, for i = 1,2. The numerical results are represented in
Figure 1 and Figure 2.

In the case of the model with chemical reactions, our experiments consisted of
three series of tests performed on the model introduced in Section 2, corresponding to
the caricatures of three kinds of chemical reactions (the below quantities are expressed
in conventional, dimensionless units):

Case A: three distinct chemical species without endothermal reactions (only processes
(2.1) and (2.3) with X3 = X4 occur) e.g. gas miztures consisting of No, Oy and NO,
at sufficiently low temperature, undergoing binary elastic collisions, as well as reactive
collision inducing the reverse reaction in the process No + Oy = 2NO.

Masses : m; = 46.48 - 1077, mgy = 53.12- 1077, m3 = m4 = 49.80 - 10~ 7.
Initial concentrations: I = 0, I§ = 0.1, I9 = I? = 0.45.
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wGl mGz

o exact solution o exact solution

Yo om  om  om 1w 1 1w 1“75 zmv %00 05 10 15 20 25 30 35 ov
Figure 1: Exact solution of the Figure 2: Exact solution of the
first specie and ten numerical so- second specie and ten numerical
lutions for N = 1500, at T = 6 solutions for N = 1500, at T'=6
and J = 16. and J = 16.

Internal energies: F1 = —53.2344, E5 = 19.6528, E3 = F4 = —2.9272.

Values of A: )\11;11 = 12056, )\12;12 = )\33;33 = )\34;12 = )\44;44 = 13324, )\12;34 = O,
)\13;13 = )\14;14 = 126907 )\22;22 = 14592, /\23;23 = /\24;24 = 1.3958.

Simulation time T = 16.

Initialization function in the time-discretized equations:

ma 3/2

(3.38) F?(v) = 47?1} (71) exp (—mv?), 1<i<4
Case B: four distinct species, without endothermic reaction (only processes (2.1),

(2.3) occur and X1,...,X4 are different) e.g. gas miztures consisting of HF, HCI, FCI

and Fy, at sufficiently low temperature, undergoing binary elastic collisions, as well as

reactive collision inducing the direct reaction in the process HF + FCl < Fo+ HCI.

Masses: m; = 33.20- 1077, my = 90.47 - 1077, m3 = m4 = 63.08 - 1077,

Initial concentrations: Ilo =0.02, I20 = 0.08, I?? = 0.4, Iff =0.5.

Internal energies: F1 = —42.4750, E5 = 9.3264, F3 = 24.7642, B, = —20.7251.

Values of A: )\11;11 = 12582, )\12;12 = )\34;12 = 21073, )\12;34 = 0, )\13;13 = 16091,

Ag;1a = 1.7564, Aga.00 = 2.9564, Agz.03 = 2.4582, Agg04 = 2.6055, Azz.33 = 1.9600,

Ada,a0 = 2.2547.

Simulation time 7" = 8.5.

Initialization function in the time-discretized equations is the same as in Case A,

(3.38)

Case C: four distinct species (2.1), (2.2), (2.3) occur and X1,...,X4 are different)
e.g. gas miztures consisting of BrF, FCIl, BrCl, Fy with elastic collisions and all
reactions of the form in the process BrF + FCl <= Fy, + BrCl.

Masses: my = 164.34-1077, mo = 90.47-107", m3 = 63.08-1077, my = 191.73-107".
Initial concentrations: I = 0.35, I = 0.6, I = 0.05, I = 0.

Internal energies: F1 = —15.3415, F5 = —15.6736, F5 = —0.2328, F; = —10.1946.
Values of A: )\11;11 = 3.60207 )\12;12 = )\34;12 = 3.2792, )\12;34 = 3.2792, )\13;13 =
2.7810, Ajg;14 = 4.1002, Ag2.00 = 2.9564, Ao3.03 = 2.4582, Aog0q = 3.7774, A33.33 =
1.9600, Ag4,44 = 4.5985.

Simulation time T = 1.75.
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Initialization function in the time-discretized equations:

3

?

(3.39) FO(v) = 4mv*1° (7

Figure 3: The evolution of the
concentrations in Case A for
46000 points and 85 iteration
steps.

Figure 5: The evolution of the
concentrations in Case B for
46000 points and 85 iteration
steps.

3/2 2
) eXp(—W;zv ),1954

Figure 4: The evolution of the
energies in Case A for 46000
points and 85 iteration steps.

Figure 6: The evolution of the
energies in Case B for 46000
points and 85 iteration steps.

169

The “support” of the initial datum is included in [0,2000] when F? is given by
(3.38). It is included in [0,6000] if F? is given by (3.39). For details concerning the
approximation of the initial data (3.38), (3.39), the interested reader is referred to

[9], [10].

The above results present the evolution of concentrations and energies for several
tests. The numerical results are indicated by dots. Each dot corresponds to a number
given as the arithmetic mean of the values obtained as results of six simulations
(corresponding to identical physical conditions). In addition to the numerical results,
the values of the known exact solutions of the equations for the above macroscopic
quantities are represented as lines, in the aforementioned figures.
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Figure 7: The evolution of the
concentrations in Case C for
46000 points and 55 iteration
steps.

1
\nm\ concentration

Figure 9: The evolution of the
concentrations in Case A for
46000 points and 92 iteration
steps with non-constant time
step.

Figure 11: The evolution of the
concentrations in Case B for 4600
points and 41 iteration steps.

D. Marinescu and C. P. Griinfeld

energy

Figure 8: The evolution of the
energies in Case C for 46000
points and 55 iteration steps.

Figure 10: The evolution of the
energies in Case A for 46000
points and 92 iteration steps
with non-constant time step.

Figure 12: The evolution of
the energies in Case B for 4600
points and 41 iteration steps.
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Moreover, Figures 4, 6, 8, 10 and 12 detail the values of the kinetic energy, cal-
culated by two different methods. Specifically, the first method evaluates the kinetic
energy (kinetic energy 1, represented in our figures by circles) at each iteration step,
as difference between the total energy (at ¢ = 0) and the numerical value of inter-
nal energy (expressed in terms of concentrations as in (2.26)). The second method
yields the kinetic energy (kinetic energy 2, represented in our figures by points) as an
average with respect to the one-particle distribution functions.

Figures 3-6 present the evolution of concentrations and energies (simulated quan-
tities and exact solutions) in Cases A and B for 85 iteration steps and 46000 concen-
tration points. Figures 7-8 correspond to Case C for 46000 concentration points and
55 iteration steps. Figures 9-10 correspond to Case A where we used 46000 concentra-
tion points and a non-constant time step (At = 1/11 for the first 48 step, At = 2/11
for the next 24 steps and At = 4/11, for the last 20 steps). Figures 11-12 correspond
to Case B for 4600 concentration points and 41 iteration steps.

A few remarks and critical considerations are in order:

The analysis of the results shows a good agreement between numerical and exact
values.

The results described in Figures 3-8 are a little bit finer than those obtained in
[11].

Figures 9-10 have no correspondent in literature. The time discretized method
used in [7] is a first order Euler method. Our tests with non-constant time-step, Fig-
ures 9-10, suggest that, a high-order method seems to improve the precision, without
increasing the computational effort of the numerical scheme. This could be very useful
for computations in space non-homogeneous cases.

It appears from the analysis of Figures 11-12 that one can still obtain satisfactory
results using less concentration points. However, we recall that, according to Theorem
10 in [7], the convergence of the numerical scheme, presented in this paper, requires
the number of concentration points (of the measures) to be dependent on the length of
time-step of the iteration. Indeed, taking the same number of concentration points, a
very small iteration time-step may provide more inaccurate values of some estimated
quantity (at a given moment) than a greater one. This numerical phenomenon was
confirmed by tests in [10].

The main source of errors in the computation of the one-particle distribution func-
tion comes from the use of repeated random selections. Here it should be remarked
that when the kinetic energy is calculated by means of the numeric values of concen-
trations (“kinetic energy 1”), the probabilistic selection appears only in the evaluation
of the integrals (3.32). Then the estimation of “kinetic energy 1”7 is expected to be
more accurate than for “kinetic energy 2”. Indeed, Figure 12 shows clearly that
“kinetic energy 1” is closer to the exact solution for energy than “kinetic energy 2”.

Finally, we recall that the numerical method of [7] can be applied to more general
models, with non constant collision kernels. However, in such situations, it is diffi-
cult to find exact solutions. Then the tests should rather be limited to comparing
the data provided by the numerical scheme with those obtained from some relevant
experiments.
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