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Abstract
Let (M, g) be a compact and orientable Riemannian manifold of dimension
n. We consider one parameter family of second order differential operators D
from which we obtain a spectrum Sp(M, Dg). The aim of the presetn paper is
to determine the fluence of Sp(M, D7) on the Ricci structure on (M, g).
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1 Introduction

Let (M,g) be a compact, connected and orientable Riemannian manifold without
boudary of dimension n. We denote by A?(M,IR) and the vector space of exterior
g-forms on M, where ¢ = 0,1,...,n. On A9(M,IR) there are different differential
operators. We consider one parameter family of second order differential operators
Dg, e € IR. We denote by Sp(M, D7) the spectrum of Dg for (M, g),it is obvious that
Sp(M, D7) depends on ¢.

The purpose of this paper is to study the influence of different Sp(M, D7) on the
Ricci structure on the Riemannian manifold (M, g).

The whole paper contains four sections.

The first section is the introduction.

Some basic properties of Ricci manifold are given in the second section.

The third section includes relations between geometry and spectrum of an elliptic
differential operator of second order.

Some connections between the spectra of different elliptic differential operators of
second order and the Ricci structure on a compact orientable Riemannian manifold
are given in the fourth section.
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2 Ricci manifolds

Let (M, g) be a Riemannian manifold of dimension n. It is known that to this manifold
we can associate different tensor fields.

(I) The Riemannian curature tensor field of type (0,4) denoted by R-
II) The curvature fensor field of type (1,3) denoted also by R.

(
(II1I) The Ricci tensor field of type (0,2) denoted by p.

(IV) The scalar curvature of type (0,2) denoted by 7', which is function on M .
(V') The Einstein tensor field of type (0,0) denoted by G.

(

VI) The Weyl conformal tensor field of type (1,3) denoted by C.

All these vector fields can be determined by the metric tensor g. We can also
determine some other vector fields on M by means of g.

Let (U, ) be a chart of (M,g) with local coordinate system (z1,...,2™). If the
restriction of the Ricci tensor field p on U satisfies the relation

Vp=0 (1)

then (M, g) is called locally Ricci manifold. If the property (1) is valid for the whole
manifold, then (M, g) is called Ricci manifold.
If on U we have the relation

p=0 (2)

then (M,g) is called locally flat Ricci manifold. If the relation (2) is valid on the
whole manifold then (M, g) is called flat Ricci manifold.
The following prosositions are valid for Ricci manifolds ([6]).

Proposition 1 Let (M, g) be a Ricci manifold. Then the scalar curvature of (M, g)
18 constant

Proposition 2 Let (M,g) be a compact and orentable Riemannian manifold of di-
mensionn. (M, g) is Ricci manifold, if and only if, the Einstein tensor field is parallel.

Let p be the Ricci tensor field on the Riemannian manifold (M, g). Then for each
point P € M, p(P) is a symmetric covariant tensor of order two, obtained by the
tangent space T,(M) of M at P. If {e1, ..., e, } is an orthonormal base of T,(M), then
p(P) can be represented by the symmetric matrix

p11(P)  p12(P) ... pin(P)
p21(P)  p22(P) ... pan(P)
(3)
pr1(P)  pn2(P) . pan(P)

with respect to {e1,...,en}. The eigenvalues of (3) are real numbers

A (P), Aa(P), ..., \n(P)
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If Mi(P) > 0 (resp. \i(P) <0)i=1,...n for ever P € M,then the Ricci tensor
field p is called positive definite (resp. negative deinite). If A;(P) > 0 (resp.A\;(P) < 0)
i=1,....,n for every P € M, then the Ricci tensor field p is called semi-positive (resp.
semi-negative).

If \i(P) =04 =1,..n for every P € M, then p = 0 and (M,g) is Ricci flat
manifold.

3 Connection between spectrum and Riemannian
geometry

Let (M, g) be a compact Riemanniam manifold of dimension n. Let (U, ¢) be a chart
of M with local coordinate system (1, ..., 23). The Riemannian metric g on U takes
the form

) -
ds* = g"dx;dx;.

Let [¢"] be the metric on the cotangent bundle T*M over M and let dM be the
Riemannian measure of M.
Let V be a smmoth vector bundle over M. We consider

D:C®(V)— C>®(V)

a second order elliptic differential operator with leading symbol given by the metric
tensor g. We choose a local orthonormal frame

9 9
0x1’ " Oxp,

for V' which corresponds to the chart (U, ) whith local coordinate system (x1, ..., ).
Hence D in a local level can be expressed by

D= 7(gij82/8xiawj + Pka/ﬁxk + S),

where P and S are square matrices which are not invariantly defined but depent on
the choise of frame and local coordintes.

Let V. be the fibre of V over z. We choose a smooth fibre metric on V. Let L*(V)
be the completion of C°°(V') with respect to global integtraded inner product, that is

LA(V) = {S € COO(V)//M S|l dM < oo} :

As a banach space L?(V) in independent on the Riemannian and fibre metric and
fort >0

exp(—tD) : L*(V) — C>=(V)



134 Gr. Tsagas

is an infinitely smoothing operator of trace class. Let K(t,z,y) : V, — V, be the
Kernell of exp(—tD). K is a smooth endomorphism valued function of (¢, z,y).
We define

f(t,D,x) = Tracev, (K (t, z,y))

and
fi, D)= / K(t,x,x)dM
M
It is known that f(¢, D, x) has an asymptotic expansion, that is ([2])

~ (4nt)"? &
f(t,D,z)= EH%JF z;oam(D,m)tm

The coeflicients, ., (D, x) are smooth functions of z,which can be estimated func-
tionally of the derivatives of the total symbols of the differential operator D. If we
integrate the function

am(Dyz) : M — IR,m=0,1,2,...

on the manifold M we obtain the numbers
am(D) = / am (D, x)dM
M

It is known that the numbers ., (D),m = 0,1,2, ..., are isospectral invariants.

Let D = A, =0,1,...,n, be the Laplacian which is second order elliptic differential
operator with leading symbol defined by the metric tensor on the cross sections of the
vector bundle of exterior g—forms AY(M, R) over the manifold M,that is

V, = dé +dd : C*°(A(M)0 — C*°(A9(M)),

where d and ¢ are the exterior differentiation and codifferentiation respectively.
Now, we can define the reduced or Bochner Laplacian operator Bkv by the following
diagram

V01418V
—

BY : C®*(M) — C®*(TM ®V) C(T*MT*M®V), (4)

where g is the Riemannian metric on M, V, the Levi-Civita connection on 7'M extend
V4 on the tensor fields of all type and V any connection on V. The Bochner Laplacian
By defined by Levi-Civita connection in local coordinate system has the form

Bkv = 7g¢jvivj‘. (5)

Now, we form one parameter family of second order elliptic differential operators

Di =eAp+1-— €)Bk. (6)
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The coefficients, a,, (D%) for m =0,1,2,3 , are given by

6e —1
(D) = nVol(M), ay(DS) = 56 / TdM, (7)
M
1
az (D7) = */ [(5n — 6e)T? — (180 — 2n) |p|* + (2n — 30) |Rl2} dM, (8)
360 /s
1
as(D5) = 7/ [(—98 + 588 — 5680n) |VT|* + (392 + 14702 —
360.7! J,,
—2480n) [Vp|® + (49 — 280n) |[VR|” + (245 — 1400n)T? +
+(—980 — 14702 + 1680n)T |p|? + (245 + 98¢ —
—1680n)T |R|* + (245 + 245¢ — 1400n) |p|* + (393 +
+800n) Ly + (98 — 147022 + 320n) Ly + (147 — 960) Ls]dM,  (9)
where
L1 = pijprmPRijkm, L2 = RipimBjkim, (10)
LS == RijkaijuuRknmua (11)

|R| and |p| the norm of R and p respectively, (p;;) and (R;jx) are the components of
p and R | respectively with respect to the local coordinate system (1, ...,x,) on the
manifold M and 77T, Vp, VR are the covariant derivatives of T, p, R respectively.

4 Relation between spectra and Ricci manifold

In this section we study the influences of S, (D7) for different values of the parameter
¢ on the Ricci structure on a Riemannian manifold.
Now, we prove the theorem

Theorem 3 Let (M,g) and (N,h) be two compact Riemannian manifold with the
properties Sp(M, D5) = S,(N, D5) for four distinct values of €. If (M, g) is Ricci, so
is (N, h).
Proof. From the assumption of the theorem we obtain

aiy(Di, M) =a(Di,N), k=0,1,2,3 (12)

for four distinct values of ¢, that €1, ¢e9,e3 and &4.
The formulas (12) by means of the formulas (7), (8) and (9) imply

Vol(M) = Vol(N), (13)
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/ TordM = / TwndN, (14)
M N

J

S

[A1(n,2) T3 + Aa(n,2) |par [ + As(n) | Raa[*] db =
&

[ [A100.21T% + A0 2) lowl? + Aa(r) R ] . (15)
N
where
Aq(n,e) = 5n — 6, Ag(n,e) = —180e? + 2n, As(n) = 2n — 30, (16)
/ [Bi(n, €) [VTu|* + Ba(n,€) [Vpul” + Bs(nV) [Rar|” +
M
+By(n)T3; + Bs(n,e)Tas |par|” + Bs(N,&)Tar |Ras|” +
+Br(n,e) |p® + Bs(n)Lias + Bo(n, €)ans + Bro(n) Lanr]dM
= / [Bi(n,e) |VTn|* + Ba(n,e) |Vp|* + Bs(n) + Bs(n) |[VRy|* +
N
+B4(n)Tx + Bs(n,e) |p|> T + Bs + (n,) |[Ry|* Ty + Br(n. ) |pn]* +
+Bs(N)Lin + Bo(n,e)Lan + Bio(n)Lsn]dN, (17)
Bi(n,e) = —98 + 5882 — 5680n, Ba(n,e) = 392 — 1470e — 2480n,  (18)
Bs(n) = 49 — 280n, B4(n) = 245 — 1400n, (19)
Bs(n,e) = —980 — 1470 4 1680n, Bg(n,c) = 245 + 98¢ — 1680n, (20)
Br(n,e) = 245 + 245¢ — 1400n, Bgs(n) = 392 + 800n, (21)
By(n, ) = 98 — 1470£% + 320n, Bio(n) = 147 — 960n. (22)
If we put

Y, = (/ Tf‘de—/ TK,dN), Y, = (/ |pM|2dM—/ |pN|2dN>, (23)
M N M N

Y3:/ |RM\2dM—/ |Rn|? dN, (24)
M N
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then from the relation (15) for three distinct values 1,9, 3 of the parameter ¢, we

obtain the following system

Al(nael)yl + AZ(nvsl)}/Q + A3(n)Y3 = 07

Ai(n,e2)Y1 4+ Ax(n,e2)Ys + Ag(n)Ys =0,

Al(n,&'g) + AQ(TL,Eg)YQ + Ag(n)}/g, =0.

If we choose the numbers €1, 5 and e3 such that the determinant

Al(nagl) AQ(nvel) A3(n)
Al(na 62) AQ(na 52) A3(n) 7é 0,
A1 (n, 83) Ag(n, 53) Ag(n)

then the system (25) has the trivial solution, that means:

Y1=0,Y2=0, Y5 =0,

/ T%,dM = / T2dN,

which imply

M N
2 _ 2 2 _ 2
/ P dM = [ p%dN, / R2,dM = / R%.dN.
M N M N

Since the Riemannian manifold M is Ricci then we obtain

Ty = constant.

From the relations (15) and (28) we have

Ty =Ty = constant.

From the relations (29) and (31) we conclude that

/ T |pM|2dM:/ Tw |pn|? dN, / TM|RM|2dM:/TN|RN|2dN.
M N M

The relation (17) by means of (31) and (32) takes the form

/ [Ba(n,<) [V Rar2 + Ba(n) [Vprr 2 + Br(n,e) lontl* +

Bg(n)Liy + By(n,e) Loy + Bio(n)Laa|dM=

(25)

(26)

(32)
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= /[Bl(n@) [Von|* + Bs(n) [VRN|* + Br(n,¢) |pn|®
+B8(7’L)L1M + Bg(’ﬂ, E)L2M + Blo<n)]L3MdN (33)

If we set

le/(pr\“'dM—/ |Vpn|?dN), ZQ:(/ \VRM|2dM—/ IVRy|?dN),
N N M N (34)

Z3:(/ |pM|3dM—/ o [P dN), Z4=</ LlMdM—/ LindN),  (35)
M N M N
Iy = (/ LQMde/ LondN), Zg = (/ Ly dM 7/ L3ndN), (36)
M N M N

then the relation (33) for the values €1,€9,e3 and another value 4 of the parameter
€, we obtain

BQ(TL,El)Zl +B3(n)Z2 —|—B7(n,€1)Z3+Bg(’/l)Z4)+Bg(n,51)Z5+Blo(n)Zﬁ =0, (37)
BQ(TL, 62)21 + Bg(n)ZQ + B7(77,, 52)Z3 —+ Bg(TL)Z4 —+ Bg(n, 62)25 —+ Blo(n)Zﬁ = 0, (38)
Bs(n,e3)Zy + B3(n)Za + Br(n,e3) Z3 + Bg(n) Zs 4+ Bg(n,€3) Zs + B1o(n) Zs = 0, (39)

BQ(’I’L, E4)Z1 + Bg(’I’L)ZQ + B7(n, 54)23 + Bg(n)Z4 + Bg(n, 64)Z5 + Blo(n)Zﬁ =0, (40)

The above system (37), (38), (39) and (40) is equivalent to the following system

Bg(n,él)Zl +Bg(n)Zg +B7(7L,€1)Zg+Bg(’n)Z7)+B9(TL,€1)Z5+310(TL)Z6 = 0, (41)

[Ba(n,e1) — Ba(n,e2)]Z1 + [Br(n,e1) — Br(n,e3)]Zs + [Bo(n,e1) — By(n,€2)]Zs (: O)7
42

[BQ(TL,(-:l) — BQ(TL7€3)]Z1 =+ [B7(TL,51) — B7(R,€3)]Z3 =+ [Bg(n,(-:l) — Bg(ﬂ,Eg)]ZG (: O)
43
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[Bg(n, 61) — Bg(n, 54)]21 + [B7(n, 61) — B7(’I’L, 54)]23 + [Bg(n, 61) — Bg(’I’L, 54)]26 =0.

(44)

The equations (42), (43) and (44) form a homogeneous linear system of three

equatinons with unknown 7, Z3 and Zs. If we choses the value €4, the values €1, 9
and €3 have been chosen previous, such that the determinant

Bl(n,el) —BQ(TL,EQ) B7(n,51) —B7(7’L,€2) Bg(’I’L,El) —Bg(n,Eg)
Bg(n,€1) — Bg(n,z’:‘g,) Bg(n,t’:‘l) — Bg(n,&‘g) Bg(n,&) — Bg(n, 63) 75 0, (45)
BQ(TL,€1) — B2(n,€4) B7(n,51) — B7(n,€4) Bg(ﬂ,&‘l) — Bg(n, 54)

then this system has the obious solution, that is

2= [ Vol ddr [ 9ol an =0, (46)
N N

zgz/ |va|2dM—/ [Vpn | dN =0, (47)
N N

Z3:/ LgMdM—/ VLon dN = 0. (48)
N N

Since the Riemannian manifold (M, g) is Ricci, that is

Vou =0 (49)
The relation (46) by virtue of (49) implies

Vo =0, (50)
which implies (V, h) is Ricci.
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