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Abstract

The main result in the paper states that if there exists a nonvanishing relative
invariant enveloped by the fundamental object of a submanifold of the projective
space, then the field of normals of the 2-d type of the Norden normalization
induces Bortolotti and Norden normalizations of the submanifold.
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1 The case of Bortolotti normalization

Consider n-dimensional projective space Pn. The structure equations of this space
are:

(1) dω j

i
= ω k

i ∧ ω
j

k
(i, j, k = 0, n), ω i

i = 0.
Consider m-dimensional submanifold Sm in the Pn equipped with a first-order

frame A0, A1,..., Am, Am+1,..., An, point A0 of which coincides with the moving
point A0 of the submanifold Sm, points Aξ (ξ=1,.., m) are located in the tangent
m-plane TA0(Sm) to the submanifold Sm at the point A0, and points Au (u=m+1,..,
n) are located outside of the tangent m-plane TA0(Sm) and are lineary independent.

Relative to such a frame, the equations of Sm are:
ω u

0 = 0; (u, v, w = m + 1, n)
(2) ω u

ξ = Λ u
ξη ω η

0 ; (ξ, η, ζ = 1,m)
(Λ u

ξη = Λ u
ηξ ).

The components of the fundamental object of the submanifold satisfy the following
differential equations:

dΛ u
ξη + Λ u

ξη ω 0
0 + Λ v

ξη ω u
v − Λ u

ξζ ω ζ
η − Λ u

ζη ω ζ
ξ = Λ u

ξηζ ω ζ
0 ;

Λ u
ξ[ηζ] = 0.

If there exists a nonvanishing relative invariant I [1] enveloped by the fundamental
object of the submanifold Sm, then there exists the inverse fundamental object of the
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second order with components V ξη
u =

∂ ln I

∂Λ u
ξη

which satisfy the following differential

equations:
dV ξη

u − V ξη
u ω 0

0 − V ξη
v ω v

u + V ξζ
u ω η

ζ + V ζη
u ω ξ

ζ = V ξη
uζ ω ζ

0 ;

V [ξη]
uζ = 0.

In addition, the following conditions are fulfilled
V ξη

u Λ u
ζη = (n − m)δ ξ

ζ ; V ξη
u Λ v

ξη = mδ v
u .

Theorem 1 If there exists a nonvanishing relative invariant enveloped by the
fundamental object of a submanifold Sm of the projective space Pn, then the field of
normals of the 2-d type of the Norden normalization induces a Bortolotti normaliza-
tion of the submanifold Sm.

Proof. To the moving point A0 of the submanifold Sm, we put in correspondence
an (m-1)-plane, belonging to the tangent m-plane to the submanifold Sm at the
point A0 and not passing through the point A0, i.e., we construct the field of the
elements of the Norden normalization of the 2-d type [2]. If the points A1,.., Am of
the moving frame belong to the corresponding element of the 2-d type of the Norden
normalization, then the equations of the field of the Norden normals of the 2-d type
in the specialized frame are:

(3) ω 0
η = L 0

ηξ ω ξ
0 .

Exterior differentiation of the equations (3) gives differential equations for the
system of the values L 0

ηξ :

dL 0
ξη + 2L 0

ξη ω 0
0 − L 0

ξζ ω ζ
η − L 0

ζη ω ζ
ξ + Λ v

ξη ω 0
v = L 0

ξηζ ω ζ
0 ;

L 0
ξ[ηζ] = 0.

Consider the geometrical object whose components L 0
u = 1

mV ξη
u L 0

ξη satisfy the
following differential equations

(4) dL 0
u + L 0

uω 0
0 − L 0

v ω v
u + ω 0

u = L 0
uζ ω ζ

0 ;

L 0
uζ = 1

m (V ξη
u L 0

ξηζ + V ξη
uζ L 0

ξη ).
If the field of Norden’s normals of the 2-d type is constructed on the submanifold

Sm, then there exists the field of the hyperplanes, moving hyperplane α of which is
passing through the points Aξ and Ãu = Au + L 0

uA0 and not passing through the
point A0. The hyperplane α is invariant, since it is easy to check, that

dAξ = ω η
ξ Aη(mod ω ξ

0 );

dÃu = ω v
u Ãv + ω ξ

uAξ(modω ξ
0 ).

The hyperplane α is called Bortolotti hyperplane [3]. ¤
2 The case of Norden normalization

Theorem 2 If there exists a nonvanishing relative invariant enveloped by a funda-
mental object of the submanifold of the projective space, then the field of normals of
the 2-d type of the Norden normalization induces the Norden normalization of the
submanifold.

Proof. If we specialize the moving frame of the projective space by superposing
the points Au and Ãu, then L 0

u = 0 and equations (4) show that
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(5) ω 0
u = L 0

uζ ω ζ
0 .

Exterior differentiation of the equations (5) gives differential equations for the
system of the values L 0

uξ :

dL 0
uξ + 2L 0

uξ ω 0
0 − L 0

vξ ω v
u − L 0

uη ω η
ξ − L 0

ζξ ω ζ
u = L 0

uξη ω η
0 ;

L 0
u[ηζ] = 0.

J =
∣∣∣L 0

ξη

∣∣∣ is relative invariant, since it satisfies the differential equation: dJ =

2(
m∑

ξ=1

ω ξ
ξ − mω 0

0 )J + Jξω
ξ
0 .

Since the differential forms ω 0
η are linearly independent, then J 6= 0. Moreover,

there exists the inverse tensor with components L ξη
0 = ∂ ln J

∂L 0
ξη

satisfying the differential

equations dL ξζ
0 − 2L ξζ

0 ω 0
0 + L ξη

0 ω ζ
η + Lηζ

0 ω ξ
η = L ξζ

0η ω η
0

and L ξη
0 L 0

ζη = 2δ ξ
ζ , L 0

ζη L ζξ
0 = 2δ ξ

η .

We consider the geometrical object with components L ζ
0u = L ζξ

0 L 0
uξ , which satisfy

the following differential equations:
(5) dL ζ

0u + L η
0uω ζ

η − L ζ
0v ω v

u − ω ζ
u = −L ζ

uη ω η
0 ;

−L ζ
uη = L ζξ

0η L 0
uζ + L ζξ

o L 0
uξη .

It is easy to check, that the differential equations of the infinitesimal displacement

of the points ˜̃
Au = Au − L ζ

0uAζ are: d
˜̃
Au = ω v

u

˜̃
Au(modω ξ

0 ).

We specify the moving frame of the projective space by superposing point ˜̃
Au with

Au, then L ζ
0u = 0 and equations (5) are ω ζ

u = L ζ
uη ω η

0 .
This means that the field of normals 2-d type of the Norden normalization induces

field of normals 1-st type of the Norden normalization. ¤
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