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Abstract

There is a wide class of natural metric quarter-symmetric connections on a
hyperbolic Kaehlerian space, depending on their generators. But just few of
them satisfy the most common curvature conditions, namely their curvature
tensors are skew-symmetric in first pair of indices, invariant under changing
places of first and second pair of indices and satisfy the first Bianchi identity.
Under some conditions, this narrow class of connections can be ”nearly F”.
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1. On a hyperbolic Kaehlerian manifold

A hyperbolic Kaehlerian space (manifold) is an even-dimensional pseudo-Riemannian
manifold with an F -structure satisfying

Fk
iFj

k = δi
j ,(1)

Fij = Fk
kgkj = −Fji,(2)

◦
∇k Fi

j = 0,(3)

where
◦
∇ stands for the Levi-Civita covariant differentiation operator in the underlying

Riemannian manifold. By (1.2), the isomorphism F sends any tangent vector into
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an orthogonal one; as the structure has n linearly independent eigenvectors, they are
null or isotropic. That is the main reason for being so geometrically different from
(elliptic) Kaehlerian spaces, even if differences may formally be very small.

There are tangent vectors of positive scalar square, negative scalar square and null
or isotropic vectors. Null vectors may not be eigenvectors for the structure. There
are several kinds of special bases of tangent space, which we can use if we find it
convenient.

2. A quarter-symmetric metric connection

According to Yano and Imai ([6]), if there is given a quarter-symmetric connection ∇
with torsion tensor

T i
jk = pjAk

i − pkAj
i(4)

(pi being components of a 1-form and Ak
i components of any (1,1) tensor) and if it

should be a metric one
∇kgij = 0,(5)

then its components will have the following form

Λi
jk = {i

jk} − pkUj
i + pjV

i
k − piVjk,(6)

where

Uij =
1
2
(Aij − Aji); Vij =

1
2
(Aij + Aji)(7)

and, consequently
Aij = Uij + Vij .(8)

On a hyperbolic Kaehlerian space there are two fundamental tensors; one of them
is symmetric and the other one is skew-symmetric. It is very natural to construct a
quarter-symmetric metric connection over them. If Vij = gij and Uij = Fij , then

Λi
jk = {i

jk} − pkFj
i + pjδ

i
k − pigjk,(9)

and these are components of natural quarter symmetric metric connection, which has
been introduced in [5].

3. A special case of natural metric
quarter-symmetric connection

We shall need some results from curvature theory of natural metric quarter-symmetric
connections. All of them have been proved in [5]. The main symbol R denotes the
curvature tensor, the Ricci tensor and scalar curvature of the natural metric quarter-
symmetric connection. The main symbol K denotes the same quantities depending
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of Levi-Civita connection on the underlying pseudo-Riemannian space. Also symbols
∇ and

◦
∇ denote covariant differentiation towards these two connections respectively.

Rijkl = Kijkl − gilpkj + gikplj − gkjpli + gljpki(10)

+pjplFik + pipkFjl − pjpkFil − piplFjk,

where pkj stands for
◦
∇k pj − pkpj + pkqj +

1
2
psp

sgkj .

(pj) is a gradient and (qj) is Fj
sps. Further, in [5] it has been proved that

pjpl =
1

(n − 2)(n − 4)
[Rjk − (n − 3)Rkj ]Fl

k − 1
n − 4

psp
sgjl,(11)

pjqk =
1

(n − 2)(n − 4)
[Rjk − (n − 3)Rkj ] +

1
n − 4

psp
sFjk,(12)

pkj =
1

n − 2
[Kjk − Rjk − gjk

K − R

2(n − 1)
](13)

− 1
(n − 2)2

(Rkj − Rjk) − 1
n − 4

psp
sFjk,

RjkF jk = 2(n − 2)psp
s,(14)

RkjF
jk = −2(n − 2)psp

s.(15)

Here we shall consider such a special case of natural metric quarter-symmetric
connection when qk = pk. Then psp

s = 0 and

pkj =
◦
∇k pj ,(16)

Rjk = (n − 2)pjpk,(17)

R = 0,(18)

RjkF jk = RkjF
jk = 0.(19)

We call such a connection a remarkable natural metric quarter-symmetric connection.
Any natural metric quarter-symmetric connection with an isotropic generator has

a curvature-like tensor invariant ([5]). Such a tensor equals to Weyl’s conformal
curvature tensor of the underlying pseudo-Riemannian space:

Rijkl −
1

n − 2
[gilRjk − gikRjl + gjkRil − gjlRik(20)

− R

n − 1
(gilgjk − gikglj)]

− 1
(n − 2)2

[gil(Rkj − Rjk) − gik(Rlj − Rjl)+
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+gkj(Rli − Ril) − glj(Rki − Rik)]−

− 1
(n − 2)(n − 4)

{[Rjs − (n − 3)Rsj ]Fl
sFik

+[Ris − (n − 3)Rsi]Fk
sFjl − [Rjs − (n − 3)Rsi]Fk

sFil

−[Ris − (n − 3)Rsi]Fl
sFjk}.

By (3.8), we have proved

Theorem 1. The Ricci tensor of a remarkable natural metric quarter-symmetric con-
nection is symmetric.

By (3.8), we have

RjsFl
s = (n − 2)pjpsFl

s = (n − 2)pjpl = Rjl.(21)

Then, we have proved

Theorem 2. The invariant (3.11) in case of remarkable connection has the form:

Rijkl −
1

n − 2
[Rjk(gil − Fil) − Rjl(gik − Fik)(22)

+Ril(gjk − Fjk) − Rik(gjl − Fjl)].

The tensor (3.13) equals to the Weyl’s conformal curvature tensor of the underlying
pseudo-Riemannian space.

4. A nearly F -connection

It is easy to see that a natural metric quarter symmetric connection is not an F -
connection. Namely,

∇kFij = −piFkj − pjgik − pjFik + pigjk.(23)

Now, we want to find conditions for a remarkable connection to be a nearly F - con-
nection, that means

∇l∇kFij −∇k∇lFij = 0.(24)

(4.2) is equivalent to
−Rs

iklFsj − Rs
jklFis = T s

kl∇sFij .(25)

The right-hand side of (4.3)equals to zero by a straightforward calculation. Then,
using (3.1), we obtain

−Rs
iklFsj − Rs

jklFis = gki(
◦
∇l pj + plpj)(26)

−gli(
◦
∇k pj + pkpj) + gkj(

◦
∇l pi + plpi)
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−glj(
◦
∇k pi + pkpi) + Fki(

◦
∇l pj + plpj) − Fli(

◦
∇k pj + pkpj)

+Fjk(
◦
∇l pi + plpi) − Fjl(

◦
∇k pi + pkpi) = 0.

As the generator pi is supposed to be a gradient, then the tensor
Mli =

◦
∇l pi + pipl is symmetric. Transvecting (4.4) by F kj and using the fact that pi

is an eigenvector for the structure, we obtain

(n − 2)(
◦
∇l pj + pjpl) = 0,

or
◦
∇l pj = −pjpl.(27)

Then
◦
∇a pa = 0 and, using (3.4), K = 0.. Using (3.4) again, we obtain

Kij = 0.(28)

So, we have proved

Theorem 3. If a remarkable natural metric quarter-symmetric connection is nearly
F , then the underlying pseudo-Riemannian space is Ricci-flat.

In such a case, Weyl’s conformal curvature tensor of the underlying Riemannian space
reduces to its curvature tensor and we have, by (3.13)

Rijkl −
1

n − 2
[Rjk(gil − Fil) − Rjl(gik − Fik)(29)

+Ril(gjk − Fjk) − Rik(gjl − Fjl)] = Kijkl.

Taking into account (3.8), we can prove by a straightforward calculation:

Theorem 4. The curvature tensor of a remarkable natural metric quarter-symmetric
connection which is nearly F is skew-symmetric in first pair of indices, invariant
under changing places of first and second pairs of indices and satisfy the first Bianchi
identity.

Also, there holds

Theorem 5. The curvature tensor of a remarkable metric quarter-symmetric con-
nection which is nearly F , never vanishes.

In the case of the curvature tensor vanishing, the Ricci tensor would also vanish
and so would the generator by (3.8).

If the generator is not an eigenvector for the structure ([5]), the Ricci tensor of
such a natural metric quarter-symmetric connection can never been symmetric and
its curvature tensor can never satisfy the most common curvature conditions, given
in Theorem 5.

Finally, there holds

Theorem 6. A remarkable natural metric quarter-symmetric connection on a hyper-
bolic Kaehlerian space can be a nearly F connection if there exists an eigenvector for
the structure which is a gradient, with covariant derivative of the form (4.5), for the
Levi-Civita connection.
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