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Abstract

We consider a hyperstructure of the form (L, \};, %), where (L,V,A) is a
lattice and the hyperoperations \};, % are defined as follows: a \Ij b=aVvbVP,
a ?\ b=aAbAQ. If the sets P,Q C L satisfy appropriate conditions, then (L,
\I;, %) is a superlattice. We explore some properties of (L, \I;, %) with special

. . P Q Lo
attention to various types of V and A distributivity.
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1 Introduction

A classical algebraic operation maps two elements from a reference set L to a third
element from L. A hyperoperation, on the other hand, maps two elements of L to a
subset of L. Using hyperoperations, one can generalize the classical algebraic struc-
tures (e.g. group, ring, lattice) to hyperstructures. For example, a hyperlattice [6]
is a structure (L, Y, A) (where Y is a hyperoperation and A is a classical operation)
which generalizes a classical lattice. A superlattice [8] is a structure (L, Y, A) (where
Y, A are hyperoperations) which generalizes both the classical lattice and the hyper-
lattice. In this paper we establish some of the properties of the (P, Q)-superlattice,

P Q
and examine various types of V and A distributivity.
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2 Definition of the (P,Q)-Superlattice

Let us first give the definition of a general superlattice. In fact, we will give two
equivalent definitions. In what follows P(L) will denote the power set of a reference
set L.

Definition 1 A superlattice is a partially ordered set (L, <) with two hyperopera-
tions Y, A, where Y : L x L — P(L), A\ : L x L — P(L), and the following properties
are satisfied for all a,b,c € S.

St a€(aya)n(aia),
S2aYb=bYa,aAlb=0bAa,

S3(avyb)Ye=aY (dYec),(ard)hc=ai(bAc),
Siacayd) LalNlard)Ya],

Ssa a<b=(b€aYbanda€alb),

S5b beavyboracaib)=a<b.

The following definition is equivalent to Definition 1, as has been shown in [§]

Definition 2 A superlattice is a partially ordered set (L, <) with two hyperopera-
tions Y, A, where Y : Lx L — P(L), A : L x L — P(L), and the following properties
are satisfied for all a,b,c € S.

St a€(aya)n(aka),
S2aYb=bYa,aAb=">Aa,

S3(avyb)Ye=aY (dYec),(ard) hc=aA(bAc),
S{acayd) LalNlard)Ya],

S6beaYbs acalbd,

S7 a,beaYb=— a=0",
S8beaYbetcebYc=c€aYec

Next let us define the (P,Q)-superlattice, which has been introduced in [7]. A
(P, Q)-superlattice is a special kind of superlattice, which can be considered as a
generalization of either the P-hyperlattice [4, 5] or the Q-d-hyperlattice’. (P, Q)-
superlattices are constructed on a lattice (L,V,A) in a manner analogous to the
construction of P-hypergroups [3, 9, 11] and P-hyperrings [10].

LA @Q-d-hyperlattice can be defined analogously to a P-hyperlattice but utilizes an operation V

Q
and a hyperoperation A = A.
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In what follows, (L,V,A) will always denote a lattice (with L # () and < will
denote the order of (L,V,A). J(L) will denote the set of ideals of L, and F(L) will
denote the set of filters of L. If L possesses a minimum (respectively maximum)
element of L, this will be denoted by 0 (respectively 1).

Let us select two sets P, Q € P(L) and define the following hyperoperations.

P

Definition 3 For all a,b € L we defineaVvVb=aVvbVP={aVbVp:pec P}
Q

Definition 4 For all a,b € L we define a Ab=aAbAQ={aAbAq:q€E Q}.

L
Remark. In [4] we have shown that if P =L, thenaVb={zx € L:aVb<z}. It

L
can be shown similarly that, if @ = L, then aAb={y € L : y < a Ab}.
Remark. It is easy to see that for P,Q, P1,Q1 € P(L) such that P C Py and Q C @

P Py Q Q1
we have for all a,b € L that avbCaVbandaAbZla ADb.
P Q
An (L, V, A) structure (with arbitrary choice of P, Q) is not necessary a superlat-

tice. Consider the following example.

Example 5 Consider the lattice L of Figure 1.

Figure 1

P Q
(i) If we take P = {0,a}, Q@ = {b, 1}, then we see that (L, V, A) satisfies the properties

of Definition 1, i.e. it is a superlattice.

(ii) If we take P = {¢,d}, Q = {c,d}, then we see that (L, \1;7 2) does not satisfy the
properties of Definition 1, i.e. it is not a superlattice. For example a ¢ a \I; a=aVaV
{¢,d} ={aVe,avd} = {b,1}. Similarly, a ¢ aga =aNaN{c,d} = {aNc,and} = {0}.

P Q
The necessary and sufficient conditions on P, @ for (L,V,A) to be a superlattice
are easily stated in terms of the following two collections of sets.

Definition 6 A(L) ={A € P(L):Vx € L Ja € A such that a < z}.

Definition 7 B(L) ={B € P(L):Vy € L 3b € B such that y < b}.
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It is clear that L € Ay, N Br. Also if L has a 0 and a 1, then (P,Q) € A(L) x
B(L) < (0,1) € P x Q. Furthermore, the following proposition yields the necessary

P Q
and sufficient condition for (L, V,A) to be a superlattice.
P Q
Proposition 8 (L, V,A) is a superlattice < (P, Q) € A(L) x B(L).

Proof. The proof appears in [7]. O

3 Properties of the (P, Q)-superlattice

In what follows we will assume that (P,Q) € A(L) x B(L) (unless explicitly stated
P Q
otherwise). Hence (L, V,A) will be a superlattice.
ops . P Q
Definition 9 A superlattice (L, V, A
(¢,d) € L x L, such that

) will be called proper iff there exist pairs (a,b),

P Q
card(aVb) > 2 and card(cAd)>2 .

Proposition 10 (i) If L possesses a mazimum element 1 and we set P € A(L),

P Q
Q = {1}, then (L,V,A) is a P-hyperlattice.
(i1) If L possesses a minimum element 0 and we set P = {0}, Q € B(L), then

P Q
L,V,A\) is a P-d-hyperlattice.
Y.
(i4i) If L possesses a minimum element 0 and a mazimum element 1, and we set

P Q
P = {0} and Q = {1}, then (L,V,A) is the lattice (L,V,N).

Q
Proof. (i) If @ = {1}, then for all a,b € L we have a Ab=aAbA1l=aAb. Hence
Q
the A is an operation, which yields the required result.
(ii) This is proved similarly to (i).
(iii) This is proved by combining (i) and (ii). O
Proposition 11 For all (P,Q) € A(L) x B(L) and all a,b € L we have: (i) aV b=
P Q
min(a V' b), (i) a ANb=max(a Ab).

Proof. (i) Since P € A(L) there will exist a p € P such that p < a V b. Hence
P P
aVb=aVbVpeaVb. Clearly, for all z € aVb we have a Vb < z, so we have proved
P
aVb=min(aVb).
(ii) This is proved dually to (i). O

P
Remark. It follows that for all (P,Q) € A(L) x B(L) we have that (L, V,
strictly strong superlattice [8].

Q
A) is a
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Remark. A (P, Q)-superlattice, by its construction, preserves <, the original order
of L. From S5a of Definition 1 follows that the < order can be expressed in terms of

P Q
the V, A hyperoperations as follows:
P Q
a<b=(beaVbandacaAbd),

P
(bEa\/boraEa%b)éaSb.

Proposition 12 (i) If L has minimum element 0 and mazimum element 1, then
P Q
(card(P) > 2 and card(Q) > 2) & <(L7 V,A) is a proper superlattice) .

(i) If L does not have either minimum or maximum element, then for all (P,Q) €

P Q
A(L) x B(L) we have that (L,V, ) is a proper superlattice.

P P
Proof. (i) We have 0V 0O =0V 0V P = P; hence card(0V 0) = card(P) > 2

Q Q P Q .
Similarly, 1A 1 =1A1AQ = Q; hence card(1 A1) = card(Q) > 2. Hence (L, V, A) is
a proper superlattice.

P Q
(ii) Assume that for some (P, Q) € A(L) x B(L) the corresponding (L,V,A) is
P
not a proper superlattice. This means that for every a € L we will have aVa = a, or

Q P
aANa=a,or both. But a =aVa=aV P and so we conclude that for every p € P
and for every a € L we have p < a. In particular, for any two p,p; € P C L we will
have p = pV p; = py. It follows that P = {p} and that (since P € A(L)) p is the

Q
minimum element of L. But this is in contradiction to the assumption. Dually, if aAa
we conclude that L has a maximum element, which again leads to a contradiction.
O

A special subset of A(L) x B(L) is J(L) x F(L), i.e. the Cartesian product of
ideals and filters of L. In part (i) of the following proposition we do not initially
assume (P, Q)€ A(L) x B(L). However, (i) states that J(L) x F(L) C A(L) x B(L),

P Q
hence (P, Q) € J(L) x F(L) implies that (L, V, A) is a superlattice. Parts (ii) and (iii)
of the proposition use stronger assumptions to reach more specialized conclusions.

Proposition 13 (i) (P,Q) € J(L) x F(L)=(P,Q)€ A(L) x B(L).
(i1) (Pe A(L) NF(L)) &P = L.
(iii) (Qe B(L) NI(L)) <Q = L.

Proof. (i) In [4] we have shown that P € J(L) implies that P € A(L). To prove
that @ € B(L) we proceed dually. Namely, if Q@ € F(L), then Q VL C @ [1]. Now
take any a € L and any g € Q. Then (a,q) € L x @ and exists a ¢; € @ such that
aVq=q,ie a<q. Hence Q € B(L).

(ii) Now assume that P € A(L) NF(L). Since P € A(L) for every a € L there
exists p € P such that p < a, i.e. aVp=a € PV L; but, since P € F(L) we also have
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PVLCP. Hence a € L = a € P and so L C P. Since obviously P C L, we have
P = L. The converse is obvious.

(iii) This is proved dually to (ii). O

The converse of (i) in the above proposition does not hold, as we can see in the
next example.

Example 14 If L is the lattice of Figure 2, and P = Q = {0,1}, then (P, Q) €
A(L) x B(L), but (P,Q) ¢ J(L) x F(L).

Figure 2

Proposition 15 For all (P,Q) € A(L) x B(L) we have:
(i) QS PVQ, PCPAQ.
(i) If for every (p,q) € P x Q we have p < q, then Q =PV Q, P=PAQ.
(i5i) If L is distributive and P,Q are intervals, then Q = PV Q, P =P A Q.

Proof. (i) Take any q € Q. Since P € A(L), it follows there will exist p € P such
that p < q. Hence g =pV g€ PV Q. Hence Q C PV Q. It is proved dually that
PCPAQ.

(ii) This is easy to prove.

(iii) Now assume that P = [a,b], Q = [c,d]. Then there will exist ¢ € [c,d] such
that b < ¢ < d and p € [a,b] such that a < p < ¢. Hence, since L is distributive, we
will have: PV Q = [a,b] V [¢,d] = [aV ¢,bV d] = [¢,d] = Q [2]. Dually we can prove
that PAQ =P. O

We now introduce a relation < between elements of P(L); < is an order relation
(see for instance [2]).

Definition 16 Take any A, B € P(L); we write A < B iff
(i)Vae A Iy eB:a<b, (i)VoeB FJag€A:a; <b.

P P
Proposition 17 If a,b € L and a < b, then for all ¢ € L we have: (i) aV ¢ =<bVe,
L Q Q
(ii) a Ne <bAc.
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P
Proof. (i) If € a V ¢ then exists some p; € P such that z = aV eV p <
P P
bVveVp =y € bVe Similarly, if z € bV ¢ then exists some ps € P such that

z=bVecVps Zb\/c\/pgsza\ch. Hencea\ljcjb\ic.
(ii) It is proved dually. O
Remark. The relationship < defined above, generally is not an order relationship
on P(L). It is an order relationship on I(L), the class of intervals of L[2].
Remark. If a,b € L are such that ¢ < b and ¢ € L, then it is possible to have

P P
(avVe)yn(bve)=0and (a % c)n (b ?\ ¢) = (). An example of this follows.

Example 18 Consider the lattice L of Figure 3 and take P = {0,a} € Ap and
Q= {b7 1} € By,

Figure 3

P P P P
We observe that a < 1 and aVa = aVP =aand 1Va = 1VP =1, i.e. (aVa)N(1Va) =

(. Similarly, 0 < b and b/Q\b: bAQ =band O%b =0AQ =0, ie. (b/?b)ﬂ(O?\b) = 0.

P Q
Clearly for a,b € L the form of a V b, a A b depends on the form of P, Q. The
following propositions examine some cases of this connection.

Proposition 19 If (L, <) is a distributive lattice, then for all a,b € L we have
P
(i) P is an interval = a V b is an interval.

Q
(i) Q is an interval = a A'b is an interval.

P
Proof. (i) Assume P = [z,y], then (using [2]) we have a Vb = a VbV [z,y] =

P
[aVbVxz,aVbVyl. But, since Ip € P = [x,y] such that p < a Vb, we will have a Vb
=[aVbaVbVyl.

Q
(ii) Assume Q = [z,w], then (using [2]) we have a Ab = a ADA [z,w] = [a AbA
Q
z,a A b Aw] and, similarly to (i), we get a Ab=[a AbAz,aANb]. O



Congruences of the Nakano superlattice 157

Proposition 20 If (L, <) is a distributive lattice and a,b € L are such that a < b,
then we have

P
(i) P is an interval = (aV c) V (b

o

)= by

c)=a

> <
>0 0
>0

Q
(i) Q is an interval = (a Ac) V ( c.

P P
Proof. (i) Assume P = [z,y], then aVec =[aVeVz,aVeVy] and bVe =
[bVeVabVeVyl. Since L is distributive, we will have

P P
(aVe)vV(bVe)=laVeVa,aVeVylVbVeVaz,bVeVy] =

P
[avVbVeVz,aVbVeVyl=DbVeva,bVeVyl=bVeVz,y=bVe.
(ii) It is proved dually. O

Proposition 21 If (L, <) is a distributive lattice, then:
P
(i) (P is a sublattice) = <Va, beL aVbisa sublattz’ce).

Q
(i1) (P is a sublattice) = (Va, beL aAbisa sublattice).

Proof. (i) Assume that P is a sublattice of L. Take any a,b € L. For any
P
r1,To € aV b there exist p1,ps € P such that 11 = aVbVp; and 2o =a VbV ps.
P
Furthermore, p1 Vps =p3 € P, p1 Apo =p4 € P. Hence z1 Vxo =aVbVps €EaVb

P
and x1 Az = (aVbVp)A(aVbVps)=(aVb)V(pt Aps) = (aVb)Vps €aVb.
(ii) Is proved dually to (i). O

Proposition 22 (i) If (L, <) is a distributive lattice and has a minimum element 0,
then we have:

P
0V 0 is a sublattice < P 1is a sublattice.

(i) If (L, <) is a distributive lattice and has a mazimum element 1, then we have:
Q. ‘ ‘ ,
1 A1 is a sublattice & Q is a sublattice.

P
Proof. (i) This is obvious, since 0V 0 =0V P =P.
(ii) It is proved dually to (i). O

Corollary 23 (i) If L has a minimum element 0, then we have:
P
(Va, beL aVbisa sublattice) < (P is a sublattice) .
(ii) If L has a mazimum element 1, then we have:

Q
(Va7 beL aAbisa sublattice> < (Q is a sublattice) .
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Proof. Follows immediately from Propositions 21 and 22. [

Proposition 24 For all a,b € L we have

P
Proof. (i) Take any x1, x2 € aVb; then there exist p1, po € P such that 21 = aVbVp,
P
and zo = a VbV py. We have 21 Vg = {(aVbVp1)V(aVbVp)Vp:pée P}
P
={aVbV(piVp2Vp):p € P}; and since P is a sublattice we have x1 V 22 =
P
{aVbV (p1 Vp2Vp):p€ P} C aVb, which finally implies
P P P P
(aVb)V(aVb) CaVb. (1)
P
Now take any x € a V b. Then there exist p,p; € P such that x = a VbV p and
p1 < aVbVp. Hence x = aVbVp = (aVbVp)V(aVbVp)Vps € (aVbVp)V(aVbVp)V P

= (a\/b\/p)\lj(a\/b\/p) - (agb)g(a\sb) which implies

aVbC(aVb)V(avb) 2)

From (1) and (2) we have that (a 5 b) 6 (a \I; b)=a \}j b.

P
Furthermore, if x € a V b, then there exist p € P and ¢ € @ such that x =
aVbVp <q. Hence aVbVp = (aVbVp)A(aVbVp)Ag € (aVbVp)A(aVbVp)AQ

Q P Q P

= (aVbVp)A(aVvbVp) C(aVDb)A(aVbd).

(ii) This is proved similarly to (ii). O

The inclusion in the above proposition can be proper, as can be seen in the fol-
lowing example

P Q P
Example 25 Consider the distributive lattice of Figure 4. Here we have (dVe)A(dVe)
P

={e, bk, 1,1} D {k, 1,1} =dVeZ.

Example 26
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Figure 4

Proposition 27 (L,V,A) is distributive iff

Ver=aV
For all a,x,y € L we have: an aQy SzT=y
aNr=alNy

P P
Proof. (i) Let L be distributive. Pick any a,x,y such that a Vz = a V y and
Q Q
a Az =aAy. Then there exist pi1,p2 € P and ¢1, g2 € @ such that

aVz=aVyVp, aVy=aVazVps, (3)

aNx=alNyAq, aNy=aAzxAqs. (4)

From (3) we obtain aVy <aVzand aVz < aVy,ie aVz=aVy;similarly, from
(4) we obtain a A 2 = a A y. From these and distributivity we obtain x = y.
(ii) On the other hand, assume that for all a,z,y € L the implication

P P Q Q
(aVz=aVyandaAz=aAy)=>z=y (5)

is true. Now choose any a,x,y € L such that aVx =aVy and a Az = a A y; then
P P Q Q

we will also have aVa =aVy and a Ax = a Ay and so from (5) follows that z = y.

In short, for all a,z,y € L we have:

(aVz=aVyand aAz=aAy)=x=1; (6)

but, as is well known (6) is a necessary and sufficient condition for distributivity of
L. 0O

4 Distributivity

In this section we examine the distributivity of the \I;, ?\ hyperoperations. Since
the outcome of each of these hyperoperations is generally a set, several forms of
distributivity can be introduced. Let us first introduce the following definitions of
distributivity for a general superlattice.

Definition 28 A superlattice (L, Y, A] is called weakly A-distributive (also denoted
by w-A-d) iff
(a X (bYe)N((aAbd)Y (aAic)) # 0

it is called weakly Y-distributive (also denoted by w-Y-d) iff

(aY (bAe)N((aYb)A(aYc)) #0.
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Definition 29 A superlattice (L, Y, A] is called feebly A-distributive (also denoted
by f-A-d) iff
(ax(dYe)C((ard)Y (aic));

it is called feebly Y-distributive (also denoted by f-Y-d) iff
(aY (bre) C((aYbd)A(aYc)).

Definition 30 A superlattice (L, Y, A] is called A-distributive (also denoted by A-d)
iff
(ax(dYe)=((arbd)Y (aAc));

it is called Y-distributive (also denoted by Y-d) iff
(aY (bre)=((aYbd)A(aYc)).
In the following, consider a distributive lattice (L, V,A) and choose sets P,Q C
P(L) such that (L, \P;, %) is a superlattice. The distributivity of (L, V, A) is connected

P Q
to the various forms of distributivity of (L,V,A), as will be seen by the following
propositions.

P P Q
Proposition 31 For all (P,Q) € A(L) x B(L), (L, \/,?\) is both w-V-d and w-A-d.

Proof. Take any a,b,c € L, then there exist p € P satisfying p < b, and ¢ € Q
satisfying a < q. Hence we will have that a A (bV ) =aA(bVeVp) =aAn(bVeVp)

Q Q Q P
AgE€an(bVeVp) ANQ =aA(bVeVp) CaA(bVeVP)=aA(bVe). On the other

P Q P, Q
hand, (a Ab)V (aAc) € (anb)V(ane) C (aAb)V (aAc). Since L is distributive,
we will have a A (bV ¢) = (a Ab) V (a A ¢). In short, we have shown that

an(bVe)e (@R (bYe))N(aib)V(ahe)

Q
and so we have shown that the (P, @)-superlattice is w-A-d. It can be shown dually
P
that it is also w-Vv-d. O

Proposition 32 For all (P,Q) € A(L) x B(L) we have:

() if LAPAQC P, then (L, ) is f-A-d:

P Q Q
(i) if L has a minimum element 0 and (L,V,A) is f-A-d, then LAP ANQ C P;
P Q P
(i) if LV PV Q C Q, then (L,V,A) is f-V-d;
P Q P
() if L has a mazimum element 1 and (L,V,A) is f-V-d, then LV PV Q C Q.

Q P
Proof. (i) If a,b,c € L and = € a A (bV ¢), then there exists a pair (p,q) € P X Q
such that

x=aANbVeVvp)ANg=(aAbAgV(aNcAq)V(aApAq)E
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P Q. P Q
(anbAQ)V(aNeAg)VP=(aAbAq)V(aNcAqg) C(aAd)V (aAc).
P Q Q
(ii) Now assume that L has a minimum element 0 and (L, V, A) is f-A-d. Then, for

every x € L we have

Q P Q
zA(OVO0)=Upepz Ap=2APAQ.

On the other hand,
Q P, Q P P
(zAO)V(xA0)=(xA0AQ)V(xAOAQ)=0V0=P. (7)

Q, P Q P Q
From (7) and the fact that t APAQ =2z A(0V0) C (zA0)V (zA0), it follows that
x AP AQ C P;since this is true for any z € L, we conclude that LA P AQ C P.
(iii) and (iv) are proved dually. O

Corollary 33 Let P € J(L). Then we have the following.
P Q Q
(i) If for all (p,q) € P x Q we have p < q, then (L,V,A) is f-A-d.

P Q Q
(i) If P,Q are intervals, then (L,V,A) is f-A-d.
Similarly, let Q € F(L). Then we have the following.

(ii) If for all (p,q) € P x Q we have p < q, then (L, \};, ?\) 18 f—@—d.

() If P,Q are intervals, then (L,\I;,%) 18 f—\};—d.

Proof. (i) Since for every pair (p,q) € P x @ we have p < ¢, it follows that
PAQ = P. Since P is an ideal of L, it follows that LAPAQ = LA P C P. Now we
can apply Proposition 32 to obtain the desired conclusion.

(ii) Since P, @ are intervals, then from Proposition 15 we have P A Q = P and we
can apply part (i) of this proposition.

(iii) and (iv) are proved dually. O

L L. Q P
Corollary 34 The (L,V,A) is f-A-d and f-V-d.
Proof. Taking P = L, Q = L and applying parts (i) and (iii) of Proposition 32,
we immediately obtain the desired conclusion. [J

Q
The next proposition concerns A-distributivity.

Proposition 35 (i) If the lattice L does not have a minimum element, there exist
P Q Q
no (P, Q) pair such that (L,V,\) is a proper A-distributive superlattice.
(ii) If the lattice L has a minimum element 0, then for every (P,Q) pair such
P Q Q P Q
that (L,V,A) is a A-distributive superlattice, we have P = {0} (i.e. (L,V,A) is a
Q-d-hyperlattice).
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P Q
Proof. (i) Assume that there is a pair (P, Q) € A(L) x B(L) , such that (L, V, A)

is a proper superlattice which is also A-distributive. L.e. for all a,b,c € L we have

AR (bYVe)=(aRb)V(aR o) (8)
But we also have
AR (bYe)=an(bVvevP)AQ )
and
(a%b)\lj(a%c):(a/\b/\Q)\/(a/\c/\Q)\/P. (10)

From (8-10) follows that
aN(bVeVPIANQ=(aADAQ)V(aNcNQ)V P =

aV(@aNbVeVPIANQ)=aV(aAbAQ)V (aAcAQ)V P. (11)
Now
aV (a,/\ (b\/ cV P) A\ Q) = Uxea/\(bvcvp)/\Qa\/l’ = {a} (12)
Similarly,

a \/ (a /\ b/\ Q) \/ (a /\ C/\ Q) \/ P == (Uxe(a/\bAQ)\/(a/\c/\Q)a \/ SU) \/ P =a \/ P. (13)

And from (11), (12) and (13) it follows that a = a V P. Using a = a V P and referring
to the proof of part (ii), Proposition 12, we conclude that P = {p}, which means that
p will be the minimum element of L; but this is contrary to the hypothesis and we
have reached a contradiction.

(ii) Now assume that L has a minimum element 0 and take any (P, Q) pair such

P Q Q
that (L, V, A) is a proper superlattice is a A-distributive superlattice. Duplicating the
argument of part (i), we conclude that P = {0}. O
Remark. If L has a maximum element 1, and @ = {1} and card(P) > 2, then

a g b=aAband (L,\Ij,%) is a proper P-hyperlattice. But in [4] we have shown
that a proper P-hyperlattice cannot be A-d. If, on the other hand, L has a minimum
element 0, and P = {0} and card(Q) > 2, then we have a proper Q-d-hyperlattice,
which may also be A-d, as will be seen from the following proposition.

L L
Proposition 36 L is distributive iff (L,V,A) is a A-distributive L-d-hyperlattice.
Proof. The proof is analogous to Corollary 2.3 of [4]. O

Proposition 37 (i) If the lattice L does not have a mazimum element, there exist

P Q P
no (P, Q) pair such that (L,V,\) is a proper V-distributive superlattice.
(ii) If the lattice L has a mazimum element 1, then for every (P,Q) pair such
P Q P P Q
that (L,V,A) is a V-distributive superlattice, we have Q@ = {1} (i.e. (L,V,A) is a
P-hyperlattice.)
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Proof. The proof of this proposition is dual to that of Proposition 35. [

Remark. If L has a minimum element 0, and P = {0} and card(Q) > 2, then

P P Q
aVb=aVband (L,V,A) is a proper Q-d-hyperlattice. A proper @Q-d-hyperlattice
cannot be V-d (the proof is dual to the proof concerning P-hyperlattices [4]). If L has
a maximum element 1, and @ = {1} and card(P) > 2, then the (P, Q)-superlattice

P
is a proper P-hyperlattice, which may be V-d.
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