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Abstract

The higher order bundles are considered using a vector pseudo-field on, in
an inductive manner. The main ideas of our construction can be used as well in
other cases.

A dual theory between lagrangians and hamiltonians (via Legendre transfor-
mations) is considered, in a similar way as R.Miron. A canonical way to induce
a hamiltonian on an affine subbundle is given, too.
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A theory of higher order Finsler and Lagrange spaces was developped in [17, 10]
using the bundles of accelerations. A dual theory of higher order Hamilton spaces
was recentely studied in [12; 13]. The theory of Finsler and Lagrange submanifolds is
studied in many papers (for example [1, 2, 3, 4, 5, 15, 19, 20, 21, 22, 28]). A theory of
Hamilton submanifolds of order one was also studied by R. Miron in [18, 11] and the
case of higher order is considered in [14]. In these approaches one define an induced
hamiltonian on the submanifold, which is not intrinsic (the induction procedure is
not uniquely defined by the hamiltonian and the submanifold). A canonical way to
induce a hamiltonian (of order one) on a submanifold is given in [30, 31], solving a
problem of R. Miron [18, 11] concerning the possibility to induce a hamiltonian on a
submanifold in an intrinsic way.

The aim of this paper is to induce canonically a hamiltonian of higher order on
a submanifold using the construction given in [32]. In the first section we give a
recursive definition of the k-acceleration bundles (as affine bundles) and we revise
some known constructions and results related to the geometry of the k-acceleration
bundle and its dual [14]. A canonical way to induce a hamiltonian on an submanifold
is given in the second section.
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1 An inductive construction of the higher accelera-
tion bundles

Let M be a manifold of dimension m and 7M = (T'M,n, M) its tangent bundle.
Considering an atlas of M, we denote by () the coordinates on an arbitrary domain
U C M and by (2%, y?) the coordinates on the domain 7 =*(U) C TM (i,j = 1,m). On
the intersection of two open domains of coordinates on T'M, the coordinates change
according the rule

i i’ ami/

T :xi/(xi)’ yl %

o

A surjective submersion E = M is usually called a fibered manifold. An affine
bundle E 5 M is a fibered manifold which the change rules of the local coordinates
on F have the form

7 =z'(a?), 5" = g5 (a?)y” +v*(a?). (1)

An affine section in the bundle F is a differentiable map M - E such that mos = idyy
and its local components change according to the rule 5%(z') = g§(7)5° (27) +v*(27).
The set of affine sections is denoted by I'(E) and it is an affine module over F (M),
ie. for every fi,...,f, € F(M) such that f1 +---+ f, = 1 and s1,...,s, € ['(E),
then fis1+---+ fpsp € I'(E), where the affine combination is taken in every point of
the base. Using a partition of unity on the base M it can be easily proved that every
affine bundle allows an affine section.

A vector bundle E 5 M can be canonically associated with the affine bundle E =
M. More precisely, using local coordinates, the coordinates change on E following
the rules ' = z¢(27), 2% = gg(acj)zﬁ, when the coordinates on E change accoding
the formulas (1).

Every vector bundle is an affine bundle, called a central affine bundle. In this case
v¥(z7) = 0.

The tangent bundle T'M is an affine bundle, but, for k£ > 2, the k-accelerations
bundles T%(M) are affine bundles over T*~1(M). They can be defined inductively as
follows.

Let us denote M = T°M, 7 = m; and TM = T'M and consider element I' €

o, 0
F(TM) @zy X (M) defined locally by I' = y’%, where 9 e local fields on M.
Let us associate with every domain 7=1(U) C TM the vector field I‘(Ul) =y aaz" ,
T

0
where —— are local fields on T'M. We call this association a vector pseudofield on

Ox
TM.
Let us suppose that the vector pseudofields ") on T"M and the r-acceleration
bundles T" M have been defined for 1 < r < k — 1 as affine bundles over 7"~ M. We
define T* M by the following change rule of the local coordinates:

i oz i - —1)4
ky(®) :k%y(k) +F8€ 1)(y(k 1) )
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_ .0 _
and 1"8“) = I‘gﬁ D —H{y(k)lmﬂ where Fgc Y is considered as a (local) vector field
on T¥M and U is the domain which corresponds to the coordinates (x?). Notice that
®) _ i 9 4o @ i 0
Iy =y Oz +2y By(Di ot ky dy(—1)i

and on the intersection of two domains corresponding to U and U’, we have:

0

k k k i

v

Indeed, according to the recursive definitions of Fg) and Fg,) we have Fgc,) (x*
Fgf)(xil), ngk/)( (i) = Fgf) (y"Y, for r =1,r —1 and

) =

y _ S0 0
P M) = 0, (97 = Toms thus Ty = 1 @) 55 + T 00 ) 5o o+
(k) () (k—1)i 9 (k) ¢, ()i’ 9 _ k) (k) ¢, ()i’ 9
FU (y )ay(kfl)i/ + FU (y )3y(k)zl FU/ + FU (y )ay(k)ll .

Proposition 1.1 The fibered manifold (T*M, py, T*~1M) is an affine bundle, for
k> 2.

Proof. Let us consider (7, y(MVi, . y®) (21" 4@ y®iYyand (28 40"
y k)i ) as being coordinates on three domains of adapted coordinates on T*M, cor-
responding to U, U’ and U” and having nonvoid intersection.

11

-/ 3 i . v /7 (9 v -/
We have ky®)? = k—ag;i y @i 4 T (y(=Di'y and foy®i" = k—azi, y w4
Fgf, (y*=Di") 1t suffices to prove that
ky(/c)i” _ kaxii/y(k)i _~_F(k—1)(y(k—1)i”).
oxt v
.11 ('“)xi” -/ _ 11 afEi// (9in .
Indeed. ky®i" = 22y (k)i" L plE=1) (k=1)i"y — ZL oy (R)E
naeed, Ry 813” Yy + U (y ) ax(lk/: (1)6.%‘2 Yy —’—/
(k=1) . (k—1)i (k=1)(, (h=1)i"\ _ (=D ki OU " 0T gy
Z—// Z-/ i” (k:fl)ll/ a Z—//
(k=1) 1 (h=1)i"y o dz* O0x* Oz dy _ Oz
'y (y ), since 927 Bt~ Dai and e |

Let ker s = VOT’“M, be the vertical vector bundle of T%M (viewed as a fibered
manifold over T~ M) and I'(VoT*M) be the module of the vertical sections. The
local coordinates on the fibers of VoT*M have the form (Y?) and change according

-/
7

» 0 )
to the rules YV = %Yﬁ If S:TFM — VoT* M is a section, then it has the local
08t 0

.0
formstiandTS—WW

dy(k)i
fibers of VuT* M.

® dy*)J defines an endomorphism on the
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A Liouwille type section is a vertical section S € T'(VyT* M) which T is the identity
on the fibers of VoT#M:; it has the local form

Sty g8 = (0 pi Gy Oy )

By

Proposition 1.2 There is an one to one correspondence between the Liouville type
sections in T(VoT*M) and the affine sections in T*M — TF=1M.

Proof. Let S € T'(VoT*M) be a Liouville section. The change rules of the local
dxt'

0

functions S¢ are S¢ = S*. Taking into account the forms of S and S, it follows

that y(k)i’ + ti,(mi/,y(l)il, . ’y(k—l)i’) — %(y(k)i + ti(xi, y(l)i, o y(k—l)i))_ Since

v 6 i . _ -/ ./ ./ ./ )
ky® =k ;;i yR)i 4 ngk 1)(y(k_1)1 ), it follows that —kt" (z¥,y(M?, ...y =
—kaxi t(zt, y e ,y(k’l)i)—kfgc_l)(y(kfl)i/), thus the local functions (—t*(z?, y(1?,

..,y*=D%)) are the local components of a global section from I'(T*M). Conversely,
for a global section s € T'(T* M) having the local components (s*(x?, y(1?, . .., y(F=1?)),
the local functions (y*) — st (z?, y(V? ... y*=D¥)) on T*M are the local components
of a Liouville type section. O

The composition 7 = my0---om, : TFM — M define a fibered manifold on T* M
on the base M. It is not an affine bundle. The vector bundle VT*M = ker 7% is the
vertical bundle of T%M. The Liouville section is the vertical section defined (locally)

b f‘ =y)i +2y(2)i 0 oy Notice that it is a global section
VE TV gymi T gy v Gy
on VT*M. A special endomorphism on T*M is defined by
J 84 = 0 - J 9 - | = 0 . 0 - | = 0 -
oxt 8y(1)z 8y(1)z 6y(2)z 8y(k—1)z ay(k)z

0
() - o

called the k-tangent structure.
k

A k-(semi)spray is a vector field S € X(T*M) with the property J(S) =I". A k-

(semi)spray S has the local form S = T'(F) 4 §% (gt (M7 g(k))

Gy The change

rule of the local functions S shows that they define a (global) affine section on the
affine bundle T*+1M over the base T*M. Conversely, every affine section on the
affine bundle T*+! M define, using their components, a k-(semi)spray.

Proposition 1.3 There is an one to one correspondence between the Liouville type
sections in T(VoT* M) and the (k — 1)-(semi)sprays on M.

A nonlinear connection on the k-tangent bundle T%M is a left splitting C of the
inclusion VI*M — T(T*M) or, equivalently, a right splitting D of the projection
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T(T*M) — (7*)*T M, which define the horizontal lift. Using local coordinates, one
can consider the coefficients and the dual coefficients of a nonlinear connections. The
coefficients of the nonlinear connection are defined by the condition

D(a) ) ;0 TR

o) " ow Mgy T Niggmr s

An adapted base of the local vector fields on T*M is

[ o o 0 w90 o 0
By = {(;xw syMi J (Mz) T gyk)i T J ((;xz) "oy gyk)i }

The expression of the dual base of By:

By = {5u' = ou', 0y V1, 0y

with respect to the canonical dual base B* = {da?, dyMi, . 7dy(k)i}, in the form:

ozt = dxt
(CO L (1)i i J0d
oy dy\"+ %Jda:
§y(1)i — dy(k)2+ M ;dy(k—l)i + o+
1)
+ M idyWi4 M idat
(k—1) (k)

define the dual coefficients.

In [12]-[14] there is used the Liouville type vector field (called a k-Liouville d-vector
field) on TkM, given by a nonlinear connection on 7%~'M, which has the form

kSR = ey B 4 (k — 1) M ;’,y(kfl)j L M z',y(l)j_
1) (k=1)

We recall breafly the construction of the Legendre and Legendre* transformations
using a Lagrangian and a Hamiltonian respectively.

A lagrangian of order k on M is a continous function L : T*M — IR, differentiable

on TFM (i.e. T*M without the null section). The lagrangian is regular if the vertical

2
Hessian (W) of L is non-degenerate. In this case the vertical hessian defines a
Yy

(pseudo)metric structure on the fibers of the vertical bundle VT*M. In order to have
more generality, we remove in that follows the continuity of L in the points situated
in the image of the null section.

The vector bundle canonically associated with the affine bundle (T* M, py,, T* =1 M)
is the vector bundle gf ,TM, where qx_1 : T¥"'M — M is qx_1 = p1opao---opg_1.
The fibered manifold (T*M, g, M) is systematically used in [?, 10] in the study of the
geometrical objects of order k on M, in particular the Lagrangians of order k on M.
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The total space of the dual g;_;7*M of the vector bundle ¢} 7'M is also the total
space of the fibered manifold (T*~1M x 5, T* M, 7y, M) and is used in [12, 7, 14] in the
study of the dual geometrical objects of order k£ on M, in particular the Hamiltonians
of order k£ on M. In the sequel we denote q;_,T*M = T** M as an affine bundle over
TF1M.

A hamiltonian of order k on M is a continuous function H : T**M — IR, differ-

entiable on T+ M (i.e. T**M without the null section). The hamiltonian is reqular if
2

the vertical Hessian ( > of H is non-degenerate. In this case the vertical hessian

Ipip;
defines a (pseudo)metric structure on the fibers of the vertical bundle VT**M. In
order to have more generality, as in the case of lagrangians, we remove in that follows
the continuity of H in the points situated in the image of the null section.

If L:TM — ]R is a lagranglan then the Legendre transformation is the fibered
manifold map L : TFM — T’C*M (both on the base T*~1M) defined in local coordi-
oL
Oy k)i (
if L is a regular lagrangian, then £ is a local diffeomorphism. Considering a regular

lagrangian locally, we can suppose that L is a global diffeomorphism.
The Legendre transformation defines an £-morphism of the vertical vector bundles

nates on the fibers by (3*)?) £ (pi = oty () Tt is easy to see that

Vm — VTk*M (called the vertical Legendre morphism) and expressed in local
oL j 0%L
(8y(k)i T Oy(R)iy(R)k ):

coordinates on fibers by (y*®?,Y7) —

Theorem 1.1 Let s : TF~'M — T*M be an affine section and L : TEM — IR be a
regular lagrangian.

Then there is a hamiltonian H : T**M — IR defined by L and s such that the
vertical Legendre morphism is an isometry and the vertical hessian of H does not
depend on the section s.

Proof. Let (x?,y(Mi, . yk=Di) 5 (gt Wi (k=i gi(gi g (i gy (k=1)iy)
be the local form of the section s. According to Proposition 1.2, the section s
defines a Liouville section S : T*~'M — VT*~1M given in local coordinates by
(zi,yi, .. yk=Di) X (i, yVi, . yk=Di gy (b=1)i _ gi(y )i o (k=1)i))  Since
L is non-degenerate it means that £ is a diffeomorphism, thus consider H = £~}
T** M — T*M and denote by S = S o H:T**M — VT*~'M. Notice that H has the
local form

i i —1)i H i —1)i r7i( i i —1)i
(@, y My R ) S (@ y Wy BT H (W y D ),

where
T, L 0L Z i |
H](x,y(l)’.“’y(k D’W( ’y(l) ”,y(k) ) = 1 and
oL 7 A —1)i it i —1)¢
8y(k)]( @ ’ 7y(k 2 7H (Z‘ 7y(1) PR 7y(k 2 7p2)) = DPj
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Differentiating the first formula, we obtain:

0%’L , . .
Gy @y ) (2)
3Hw % [ —1)2 aL 7 7 7
ap (xay(l)a"'7y(k 1)7W(‘ray(l)7"'ay(k) )) = 6u’u-

Substituting y*)7 = H7 (%, 517, ... y*= D7 p) we also have
0L . )
- (p? (1)1
ay(k)uay(k)w (',
OHY
Opy
Then S has the form

7y(k71)27HZ(-TZ;y(1)Zv7y(k)l’pl)) ' (3)

(:L'i, y(l)ia cee 7y(k)2) = 5uv~

i i ~1)i S
(.T 71/(1) 7"'7y(k b 7pi) -
(xzvy(l)l’ cee ay(kil)la Hl(xzvy(l)l’ BREE) y(kil)lapi)’Hl(xzy(l)Zv cee
y(kil)lypi) - Sl(l‘l7 y(l)’b’ s 7y(k71)17pi))'

We define H : T** M — IR using the formula

b

H(xiay(l)ia'"ay(kil)iapi) = pj(Hj(xi,y(l)ia"'7y(k71)i7pi) - (4)
Sj(xia y(l)i7 s 7y(k_1)i7pi)) -
L(‘Tiv y(l)i7 R 7y(k_1)i7 Hz($z7 y(l)i7 e ay(k_l)iapi))'
It is easy to see that H is globally defined on T%*M. In order to prove that the

vertical hessian of H is non-degenerate and also that the vertical bundle morphism is
an isometry, it suffices to prove that

OH? ; , 0L / . , _
i, (1) (k—1)i i, (1) (k)i —
(apuapv (x ) y yc y ) ayl (x k) y yc y )) )

OL? ) . N
(3317 y(m’ o ’y(k)z)
Ay oyv

This can be obtained by a straightforward computation, as follows. Using formula
OH , . . . o _
(2), we obtain a—(ajl, y Wiy ) = HI (g8 y W
Dj
yF=17 p;), then using the relations (3) and (2), the above formula follows. It is easy

to see that the vertical hessian of the hamiltonian does not depend on the section s.
O

An inverse construction is performed in the sequel. Starting from a hamiltonian,
a lagrangian on T*M can be constructed.

Given a hamiltonian H : Tk*M — IR and a section s of T*M, the Legendre*
transformation is the fibered manifold morphism H : T**M — T*kM defined by the
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—~1)i H
k 1)17pi)_>

(zf,yMe .y 8—(333, yMi ,y(kfl)J,pj)—l-s’(xJ)). If the hamiltonian is reg-
i
ular; then the Legendre* transformation is a diffeomorphism.
The Legendre* transformation defines an H-morphism of the vertical vector bun-
dles VT *M — VTkM (called the vertical Legendre* morphism) and expressed in lo-

local formula (z?,y(M? ... y(

cal coordinates by (z*,y(M?, ..., y*F=Di p, Py) — (xf, yMi, . yk=Di g—(:cj,y(l)f,
i

; (k—l)_]7 N st (EZ7 (1)17'”7 (k—1)i , pPu .%"77 (1)]7'”7 (k—l)], ).
y p;) +s'(a",y y* ) O (@7, y y p;))

3

Theorem 1.2 Let s : M — TkM be an affine section and H : T**M — IR be a
non-degenerate hamiltonian.

Then there is a lagrangian L : T*M — IR of order k on M such that the vertical
Legendre® morphism is an isometry and the vertical hessian of L does not depend on
the section s.

Proof. The proof is analogous to the proof of Theorem 1.1. In fact we reverse
the order of H and L in the construction of H in the formula (4). We denote by
L=H"':TFM — T" M the inverse of the Legendre* transformation. It has the
local form

(l‘z, y(l)Z’ A 7y(k) ) - ($Z7y(1) R 7y(k 1)27 Ll(xj7y(1)J’ R 7y(k)J))7

where
j j —1)j 8H u u —1)u

Li(x]7y(1)Ja"'7y(k DJ)T(QJ ay(l) 7"'5y(k 1) apu)+
Dj

s,y M,y ) = py and

3H ; ; —_ j u u u

aip_(mjvy(l)ja"'vy(k 1)J,L]’(Qj‘ ay(l) 77y(k) ))+

s,y M,y =y

One defines H : T**M — IR using the formula

L(x',yM", .. "“)i): ()
Li(x],y(w,m )(y — si(ad,yWI, y(k—nj)) _
H(z'y My Ly y(l)j7---,y(’“)j))-

The proof follows in the same manner as the proof of Theorem 1.1. O

2 Induced hamiltonians on submanifolds

Besides the theory of Lagrange and Finsler submanifolds, which is studied by many
authors, (see the Bibliography), an attempt to study the Hamilton submanifolds is
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performed in [18, 11], using an arbitrary section of the natural projection of the
cotangent bundles. In [30] we have shown that there is a distinguished section, which
depends only on the Hamiltonian. It solves a problem from [18, 11], concerning the
possibility to induce in an intrinsic way a hamiltonian on a submanifold. Following a
similar ideea, we show that an analogous result in the higher order.

If E 5 M is an affine bundle then an affine subbundle of E is an affine bundle

E' 5 M’ such that E' ¢ E and M’ C M are submanifolds, 7’ is the restriction of 7
and the affine structure on the fibers of E’ is induced by the affine structure on the
fibers of E.

Consider M’ € M a submanifold and denote by ¢ : M’ — M the inclusion.
Consider some coordinates on M, along M’, adapted to the submanifold M’. It means
that the coordinates have the form (z°) = (%) gt U () and the
points in M’ are characterized by 2® = 0, (V)& = m/ + 1, m. Using these coordinates
on T M, the inclusion i* : T* M’ — T*M has the local form (z®,yMe, ... y*)) —
(xa7 & = 0, y(l)a’ y(l)& =0,... 7y(k)(x7 y(k)& _ 0)

We consider also a section s : T*~1M — T*M which, in general, may not restricts
to a section s’ : TF~'M’ — T*M’. If the section s : TF~'M — T*M restricts to a
section s’ : TF=1M' — T* M’ we say that s is adapted to the submanifold M.

There are some local coordinates (z*) on M’ and (z®,y™M*, ... y*)*) on TFM’
which extend to local coordinates (z?) = (x%,2%) on M and (2%,y%) = (2%, 2%,
yWea yMa - yRa ()& on TFM respectively, such that the points in M’ and in
T*M' are characterized by the conditions #® = 0 and 2% = y(V& = ... = yKa =
respectively. (4,5, k,...=1,m, m=dimM, a,3,...=1,m/, & B0,... ¢ m' + 1,m,
m' = dim M’.

We consider also local coordinates (z*,,y™Me, ... y®*=D p.) on TF M’ and (2,
y(l)i’ o 7y(k71)i7pi) — (xa’ ,y(l)a7 y(l)&, L ’y(kfl)av y(kfl)a,pa,pa) on Tk*M, which
are adapted to the vector bundle structures and to the submanifolds structures. The
local form of the section s is (2%, y1?, ... y*k=D8) 5 (g7 o Mi  gy(k=1)i gi(gi (1)
oo,y B0 wwhere 5% (2, 0) = 0.

The local form of the Legendre* transformation H is

i=1m a=m'+1,m

oH
Op;

(‘Tz7y(1)17"'7y(k_1)z7p'b) - (',I:Z7y(1)z7"'7y(k_1)z7 (‘Tj7y(1)j)"'7

and we denote 4 (zd,yMI, ... 734(’“*1)5,;[7]-) = Hi(x7,yMi . 7gJ(’“*l)J,]Qj). The local

3
forms of the inclusions i : M’ — M, I : T* M’ — T*M and of the canonical projection

I* : TFM — T**M' are

() N (z,0), (:Uo‘,y(l)o‘, . ,y(k)o‘) =R (xa70,y(1)o‘, 0,..., y(k)o‘,O),

and

A I _
L& 7paap07) - (xa7y(1)a’.“7y(k Uavpa)a

(xa’xa7y(l)a’y( 7'..,y(k“71)a

y=Da
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respectively.
Let H : T"*M — IR be a regular hamiltonian, thus the Legendre* transforma-

—_~

tion H : TF*M — fk\J_\/f is a diffeomorphism. We denote by (z?, y(Mi ... 4y —

——

(zf,y Dty Lty yR))) the local form of £ = H~' : TFM —

—~—

Tk* M, the inverse of the Legendre* transformation.
We have that W/ = Lo I(T*M’) is a submanifold of T** M.

Proposition 2.1 The restriction of I* to W', Iy W' — Tk<M' is a diffeomor-
phism.

Proof. We have: L is a diffeomorphism, I* is a surjective submersion and [

is an injective immersion. The local form of I* o £ o I is (z,yMe, ... yFo) —
(2, yMe, . yE=De Loz, 0,y 0,...,y®* 0)), thus it is a local diffeomor-

phism. In fact I* o Lo I is a diffeomorphism, since it sends the fibre T*M’, in the
fibre Tk*M',, for every € T*~'M’ and L is a diffeomorphism when it is restricted
to the fiber, thus I G/V' is also a diffeomorphism. O

Taking into account of the local form of the Legendre* transformation and of the
local coordinates, it follows that the points of the submanifold W’ have as coordinates
("IJ(X, 07 y(l)a7 0) AR ’y(k_l)a’pa’ Qa(ma7 y(l)a7 MR
y*=De p.)) in T** M, where

oH « « —1Da « «@ -1
a(ﬂf 707y(1) aoa"'?y(k 1) 7pa7Q6¢(m 79(1) 7"'7y(k 1) 7poc)) +
s@(xa,O,y(l)a,O7...,y(k_l)a) =0. (6)

Differentiating this equation with respect to p,, we get:
0%H 0%H 8@5 B

+ - 0.
OpaOpa  OpzOps  Opa

0*H
Denoting by h®? = , we suppose that the matrix
B B apaap,ﬁ
h = (ho?) a.f=m7iTm is non-degenerate; if this condition holds, we say that the

Hamiltonian is non-degenerate along the affine subbundle E’ (notice that this con-
dition automatically holds when the vertical hessian of the Hamiltonian defines a

positive quadratic form). Considering the inverse h~! = (hag)a,s=mrtim it follows
that 90

R L 7

Denote I = Ier_//l : Th*M' — W' c Tk*M. Using the above constructions, we

obtain the following result.

Theorem 2.1 The map I is a section of I* which depends only on H and s. If the
section s is adapted, then the map I depend only on the hamiltonian H.
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—_~—

We define H' = Ho I : T**M’ — IR and we consider the vertical Hessian of H':

0*H'
v o, (L)Y (k=1)y
<6p(y5p5(x Y s Y 7p’7))

a,B=1,m’

—_~—

in every point of Tk*M’.

Proposition 2.2 a) If the Hamiltonian H is non-degenerate along the submanifold
W', then H' is a regular Lagrangian.

b) If the Hamiltonian H has a positive definite metric along the submanifold W',
then H' is a reqular Lagrangian with a positive defined metric.

Proof. We use local coordinates. We have H'(z®,yMe, ... y*=Da p)
= H(2*,0,yM>0,...,y* D2 0,p,, Qa(z?,yM8 ... yF=1B8 ps)). Using formula
(6) it follows that:

OH' _

8]) (zﬁa y(l)ﬁa cee 7y(k l)ﬁvpﬁ):

OH 5 18 (k=1)3 e (k=1)
%(m aoay 707"'7y 7OapB7QB(x Y s Y 7p’y))'

Differentiating this formula with respect to pg, then using formula (7), we get:

82 H' PH  0Qs 0°H

- = hP — ph 00,
Opadps  Opadps = Ops Opadpa A

We use now the following Lemma of linear algebra.

Lemma 2.1 Let A be a symmetric matriz of dimension p, B a symmetric and non-
degenerated matriz of dimension q and C a p X q matriz such that the symmetric
C

-1
CI'L} B ) of dimension p + q is non-degenerate. Denote ( 4 C ) =

matrix ( ct B

( ?; }Z, ), where X, Y and Z have the same dimensions as the matrices A, B and

C respectively.
Then the matriz A — C - B~YC? is invertible and its inverse is X.

Turning back to the proof of the Proposition 2.2, consider the matrix h = (h¥/) =
heB  pab
( poB B > Using the Lemma 2.1, it follows that the matrix

(n*7 = 1 hah™)

a,B=1m’

- . s . h ha
is invertible and its inverse is (hag), where ( af b ) =

ha7 h&7
hed et T S
( hef - pos ) -
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