A BANACH SPACE OF NON BOUNDED
FUNCTIONS

THEMISTOKLES ANDREOU

Abstract

In this note a new norm is introduced on spaces of generalized Lipschitz func-
tions. Completeness of these spaces is proved and relations between metric
properties of the metric space and the corresponding normed space of Lipschitz
functions are given.
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1 Introduction

Let S be any set, £ any Banach space and p any nonnegative function on S x S;
let Lr(S,p) denotes the set of all functions = : S — E, such that [|z(s) — z(t)] <
Mp(s,t), (s,t) € S xS, for some M > 0, and let ¢y be any point in S. If [[z],
denotes the smallest nonnegative constant M for which ||z(s) — z(¢)|| < Mp(s,t), for
all (s,t) € S x S holds, then [|z[|* is defined to be

Izl = llz(to)ll + I, - (1)

It is routine to show that ||||;o is a norm on Lg(S,p) and this normed space is
denoted by Lg(S,p)t,-

J.A. Johnson introduced in[2], the normed space of bounded functions z on S such
that [|z(s) — 2(t)|| < Mp(s,t) is endowed with the norm [lz[|° = max{||z|,, [lz[l,,},
where |||, denotes the sup-norm. For distinction this last normed space will be
denoted by BLg(S, p)so, while the same space, endowed with the norm (1) will be
denoted by BLE(S, p)t,-

The above introduced norm (1) permits us to study the more general space of all
functions of this type. When S is a metric space with the metric d, taking p = d we
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have the normed space of all Lipschitz functions x : S — E denoted by Lipg(S,d):, =
Lg(S,d):, and the normed spaces BLg(S,d):, = BLipp(S,d):, and BLg(S,d)s =
BLipg(S,d)s. This last one normed space has been introduced in [3] and has studied
mainly in [2], [4].

Taking p to be a modulus of continuity, we have the space of all functions satisfying
the modulus of continuity. The space of bounded functions satisfying a modulus of
continuity condition, endowed with the norm ||-[|7°, has been introduced in [1].

2 Equivalence of the norms

The above defined norm (1) is independent of ¢ up to equivalence.
Proposition 2.1 Fort; #ty in S, the norms ||||;° and ||HZ1 are equivalent.

Proof. For any © € Lg(S, p), we have

(o)l = lz(t)]| < llz(to) — 2@ < |zl p(to, 1),

hence
[z(o)ll < [z + [z, p(to, t1),
lz(o)ll + [z, < (1 + p(to, t)) (2| + 2],

t t
[zl < (14 plto, t)) [zl -

In the same way, we have
t t
]l < (14 p(to, t1)) 1],

so that the two norms are equivalent.

Remark. The norms H||;‘J and ||HZO on BLg(S, p) are not in general equivalent
as can be shown by taking F = R, i.e. the space of real numbers, p(s,t) = |s — t|, i.e.
the natural metric on R and the family of functions

xn(t) = min{|t|, 1} . l, te R,
n n
for all natural numbers n, and tg = 0.
It can not be found a positive K such that ||z, [|3° < K ||z, " for all n.
However, when sup{p(s,t) : s,t € S} = 6,(5) < oo then Lg(S,p) = BLg(S, p),
and the following holds.

Proposition 2.2 If §,(S) < oo, ||||ZO and ||-||7° are equivalent on Lg(S, p).



A Banach space of non bounded functions 7

Proof. Tt is evident that ||a:HZ° < ||a:||zo7 for every x € Lg(S, p).
On the other hand

[z(s) = x(to)ll < llzll, p(s,t0) < [[z]], 5,(5),

or
=)l < [lx(to)ll + [lzll,, 6,(S), Vs € S;
hence
2]l < llz(to)ll + llzll, 6,(5),
or
2]l oe + [l 6p(S) < (14 6,(S) Iz (to)ll + [l,)
ie.

]l < (1+6,(5)) ll«ll,

3 The case of Banach spaces

Lemma 3.1 Let {x,} be a sequence in Lg(S,p). If for every s € S, lim xz,(s) =
x(s) then
e, < ],

Proof. Let s,t be in S, such that p(s,t) # 0; it holds
[#(s) = 2(@)[| < [|a(s) = za(s)]| + [zn(s) = 2 (O] + [a(t) — x(t)] -
Given € > 0, there is a ng € N such that
€
lz(s) = 2n(s)l] < (s, 1),
for every n > ng; hence for n > ng

[z(s) = 2@ < (e + llznll )p(s: 1)

and thus
lz(s) = 2@ < (e + _Lm_[lzn],)p(s, ).

Since € can be taken arbitrarily small, it follows

lz(s) = 2@l < Clim_{lza]|,)p(s,?).

This last inequality obviously holds for any (s, t) in Sx S hence [|z|[, < lim_[[z,][,.
n—oo

Now we can prove the following.

Theorem 3.2 If E is a Banach space then Lg(S, p)t, is a Banach space too.
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Proof. We have proved completeness. Let {z,, } be a Cauchy sequence in Lg (S, p)t,;
given € > 0, there is a ny in N such that

€
[l — xq”tpo <3 VP, q = no;

it follows that for any s € S, {z,(s)} is a Cauchy sequence in E and hence it has a
limit, denoted by z(s).

Since {z,} is a Cauchy sequence in Lg(S,p)s,, the subset {||917n||20 :n € N} is
bounded; hence nlingo 5], < 0o and after lemma 3.1, ||z[|, < oo, i.e. @ € Lp(S, p)t,-

On the other hand, for a fixed k € N, {x} —x,} is a Cauchy sequence in Lg(S, p)+,
and it is convergent pointwise to x; — x; hence

ke — 2, < lim_ [y~ ],
Choosing a k > ng, it holds

9
o — 2l < 5

and |lxg — x||f3° < ¢; thus klim |lzk — as||tp0 = 0 and the space Lg(S, p):, is complete.
c— OO

4 The case of metric spaces

Now, let S be any metric space. Two metrics d; and dy on a space S are called
boundedly equivalent if and only if there exist positive numbers K7 and K5 such that

Kldl(s,t) < dQ(S,t) < Kgdl(s,t), s,t €8.

Choosing p(s,t) to be a metric d on S, Lg(S,d):, denotes the space Lipg(S,d)s,
of all Lipschitz functions on S. In the next few results, relations between metric

properties of the metric space S and the normed space Lipg(S, d);, are given,
Let 0 : S xS — R be the function defined by

o(s,t) = sup { (s) — a(t)| : = € Lipn(S,d)sy, ol <1}
this function defines a metric on S and we have;

Proposition 4.1 The metrics d and o are identical on S.

Proof. Let x be in Lipg(S,d)s,, such that |z]|® < 1; it follows [|z|, < 1 or
lx(s) — z(t)]] < d(s,t) and hence o(s,t) < d(s,t) for every s,t € S. Now, let e be in
E with |le|]| = 1; then for an s € S the function =, : S — E defined by

s(u) = [d(to, s) — d(u, s)le, u € S;

xs is obviously in Lipg(S,d):, and ||gcs||td0 <1.
We have

a(s,t) > |lzs(s) — 2s(t)|| = [[d(to, ) — d(s,s)] — [d(to, s) — d(t, s)]|[le]| = d(s, 1), Vs,t € S.
Thus o(s,t) = d(s,t).
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Lemma 4.2 Let dy, dy be two metrics in S. If Lipg(S,dy) = Lipg(S,ds) then Hx||f1°1

and Hfr||fi°2 are equivalent norms.

Proof. The space L = Lipg(S,dy) = Lipg(S,dsz) endowed with the norm ||||Z°17 as
well as with the ||HZ°27 is complete; it follows that L is also complete, when is endowed
. t ¢ ¢
with the norm|[-[|"* = max{{|-{|g, , [I-ll4, }-
Because of ||||fi°1 < |I-|"® and ||||fi°2 < I, ||HZ°1 and ||||fi°2 are equivalent with the

||/ hence equivalent to each other.

Theorem 4.3 Let dy, dy be metrics on S; then
Lipg(S,d1) = Lipg(S, ds) (2)

and
Kidy < dy < Kada, (3)

where K1, Ko are positive constants, are equivalent.

Proof. Let L, ||Hﬁl°1 and H||fi°2 be as in lemma 4.2; let 01, o2 be the metrics of
proposition 4.1 corresponding to d; and ds respectively. From (2) follows that there
are K7, K5 such that

t t t
K, |12l < Jl2llf, < Ka |2y, Ve € L.

We have
oa(s.t) < sup{|a(s) — a(t)]| v € L, Ky JJo] <1
< K%sup {Hx(s) —z(t)| :z € L, ||gg||f1°1 <1,
hence

KlUQ(S,t) S Ul(s,t).
In the same way we obtain
01(87t) S KQUQ(S,t).

Thus
K102(Sat) < Ul(sat) < K202(87t),

or
Kidy < d; < Kads.

That (2) follows (3) is obvious.
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