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Abstract
In this note some results are presented on approximation of continuous function
on metric spaces by Lipschitz functions.

AMS Subject Classification: 46J10
Key words: Banach spaces, Lipschitz functions, Approximation of functions, Density
of Lipschitz functions.

1 Introduction

Let S be a metric space, and E a (real or complex) normed linear space. Let BC(S, E)
be the space of bounded continuous functions f : S — FE, supplied with the uniform
norm. Now if S be a locally compact metric space, let Cog (S, E) be the subset of
BC(S, E), consisting of all f in BC(S, E) that vanish in a neighborhood of infinity,
i.e. for some compact subset L of S, (depending on f), f(s) =0forall s € S— L. Let
Cy (S, E) be the subset of BC(S, E), consisting of all f € BC(S, E) that vanish at
infinity, i.e. for every positive number ¢, there is a compact subset K of S (depending
on f and ¢), such that || f(s)|| < e for all s € S— K, and let Lipgg (S, E) be the subset
of Coo (S, E) consisting of Lipschitz functions.

All these sets Coo (S, E), Co (S, E) and Lipgo (S, E), supplied with the uniform
norm, are normed linear spaces and the following inclusions hold:

Lipoo (S, E) C Coo (S, E) C Cy (S, E).

When E = K i.e. the space of real or complex numbers, we write BC(S), Cog (5),
Co (S) and Lipgo (S) respectively.
The following result is proved in [2].

Lemma 1 Let S be a compact metric space and {A; : 1 < ¢ < n} a finite open
covering of S. Then there exists a Lipschitz - partition of unity of S, subordinated to

In the present note, following [1] and [2], we give a few results on the density of
Lipschitz function.
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2 Lipschitz functions
Let S be a locally compact metric space and E a normed linear space.
Theorem 2 Lipg (S, E) is dense in Cy (S, E).

Proof. Let h be in Cy (S, F); then there is a compact set L, such that h(s) =0
for all s € S — L. By [2], given € > 0, there is a Lipschitz function H : L — E, i.e. a
function H in Lipgg (S, E), such that

5
Ih—H| <% )
Now let f be in Cj (S, E). By definition for a given positive e, the set

K={ses:1/6)> 5}

is a compact subset of S. It is well known that there is a function g € Cyo (5), such
that g(s) =1 for every s€e Kand 0 < g<1lonS.
Taking the function h = gf € Cy (S, E) we have

17(s) = H(s) < [1f(s) = hls)]| + [[n(s) = H(s)][ -

But
[1£(s) = h(s)l = [[f(s) = g(s) f ()l = (£ () 1L = g(s)]-
For s € K we have |1 — g(s)| =0, and for s € S—K, || f(s)|| < §and [1 —g(s)[ <1
so that, for every s € S:

1£(s) = A(s)| < 5. (2)

From (1) and (2) follows that for every s € S

3 9
1)~ H)l < S+ 5 ==

and H € Lipgg (S, E), i.e. Lipg (S, E) is dense in Cy (S, E).

3 Products in metric spaces

For i = 1,2,...,n, let S; be a metric space and g; be a K-valued function on S;.
Let S = 51 x S5 x ... x S, be the Cartesian product of all S;. The product g =
g1 X g2 X ... X gy, is a K-valued function on S defined by g(s) = ¢1(s1)g2(82)-.-gn(8n)
for every s = (s1, S2, ..., Sn), where s; € S;, i =1,2,...,n.

We set X V; for the set of all functions of the form g; X go X ... X g, where g; is

i=1
in the function space V;, i = 1,2,...,n.

It is well known that S is a (locally) compact metric space when S;, i =1,2,....,n
are (locally) compact metric spaces.
We prove the following



Density of Lipschitz functions 3

Theorem 3 Let S;,i=1,2,...,n be compact metric spaces and S = S X Sg X ... X S,,.
The set of all linear combinations of functions of the form g1 X ga X ... X g, where g;
be a K-valued Lipschitz function on S;, i = 1,2,...,n, is dense in BC(S).

Proof. 1t is sufficient to establish the theorem for n = 2. The general case then
follows by induction.

Let f be in BC(S), where S = 57 x Sy is compact. Given € > 0, there is an open
covering {A4; : 1 <i < p} of S; and an open covering {B; : 1 < j < ¢} of Sy such that
81,82 € A; and ti,to € Bj imply

1f(s1,t1) = f(s2,t2)[| <e. (3)

Let a;; beavalueof fin A;xB;,1<i<p,1<j<gandlet{g1;:1<i<p}bea
Lipschitz-partition of unity of Sy, subordinated to {4; : 1 <i < p},and {g; : 1 < j < ¢}
be a Lipschitz-partition of unity of S, subordinated to {B; : 1 < j < ¢}.

Define the function F' : S — K by

P g
F(s,t) =Y Z aijgli(s)gzj(t)7 s€eS; te Sy

1=1j=1

then

=17
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3 Fs gni(s)gas (8) — 32 3 aisgni(s)ga; (1

Il
—

= [1£ 2 (o) O(F(5.8) — ai)| <
< 33 aus)any (1) 1 (5.0) — | < 2

This follows from the fact that

Z $)g2;(t Z 91i(s) Z 925(t) =

i M"s

and from
91i(8)g25 () [| f(5,1) — aij|| <e.

This estimate is verified by noticing, from (3), that || f(s,t) — a;j|| < € if (s,t) €
Ai X Bj, and that gli(S)ggj(t) =0if (S,t) ¢ Ai X Bj.

The proof is completed by noticing that gi; X go; is a product of K-valued Lipschitz
functions gi; : S1 — K and g¢o; : So — K.
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4 Products in locally compact metric spaces
When S;, 7 =1,2,...,n are locally compact metric spaces, we have the following result.

Theorem 4 Let S;, i =1,2,...,n be locally compact metric spaces and S = S1 X Sa X
.. X Sy The set of all linear combinations of functions of the form g1 X go X ... X gp,
where g; € Lipoo(S;), is dense in Co(S).

Proof. We first show that the set of all linear combinations of functions of the
form g1 X g2 X ... X gn, gi € Lipoo(S;) is dense in Lipgo(S).

Let f be in Lipgo(S) and L C S a compact set such that f(s) =0 forall s € S— L.
Since f is continuous on L, by theorem 3, can be arbitrarily uniformly approximated
by a finite sum of functions of the form ¢g; X go X ... X g,, where ¢g; : L; — K is a
Lipschitz function on L;, and L; is the projection of L on S;; hence g; is in Lipgo(S;);

i.e. the set of all linear combinations of functions in x Lipoo(S;) is dense in Lipgg(.S).
i=1
By theorem 2, Lipgo(S) is dense in Cy(SS), hence the set of all linear combinations

of functions in X Lipoo(S;) is dense in Cp(S).
i=1
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