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Abstract

The study of higher order Lagrange spaces based on the notion of k-osculator
bundle was made by Radu Miron and Gheorghe Atanasiu in [2] - [5]. The
applications of the Lagrange geometry of order k in Physics and Mechanics are
quite numerous and important [7].

In this paper we introduce the concept of semi-symmetric metrical N - linear
connections on the total space E = Osc*M as a straightforward extension of
that on the 2-osculator bundle [8]. We determine all semi-symmetric metrical
N-linear connections in the k-osculator bundle and we study the group of trans-
formations of these connections and its invariants. This paper is a generalization
of the same subject in the bundle of accelerations [8]. As to the terminology and
notations we use those from [6], which are essentially based on M.Matsumoto’s
book [1].
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1 Group of transformations of N - linear connec-
tions in the k-osculator bundle

Let M be a real n - dimensional C*- manifold and (Osc*M, 7, M),k > 1 its k-
osculator bundle. The local coordinates on the total space E = Osc*M are denoted
by (2%, yM? y@7 .. 4*)) If N is a nonlinear connection on F with the coefficients
Nay'ss Ny Ny ' 55 then let DI'(N) = (L%,,,, C’(l);m,C(z);m, ...,C(k);.m) be an N-
linear connection D on E = Osc*M.
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We consider a metrical d-structure on E, defined by a d-tensor field of the type
(0,2), marked as say g;; (2%, y(V7,...,y®)?). This d-tensor field is symmetric and non-
degenerate.

Given a metrical d-structure g;; on E, we associate Obata’s operators:

(11) Q= 50207 — gs59™), 57 = 5(3205 + 9559™),

where (g%) is the inverse matrix of (g;;).

Obata’s operators have the same properties as the ones associated with a Finsler
space [6].

The elements of the Abelian group 7y = {¢(0,0, B%,,, D

7
4 gm> T (1)jm’
D )jm) € T} are transformations ¢(0,0, BjTYL’D(l)jm’D

D s

rim Do) : DTN) =
(L Cotyims Cyims -+ Coipfm) = DTNY = (Ljns C1yjoms C )y -+ C g jm) given
by:

=N, I L7 — C’(

7
(a) §7 Hgm JW

(a=1,2,..., k).

(1.2) N aim = Clayim = Diayjm:

Proposition 1.1 The transformation of the group Ty, given by (1.2) leads to the
transformation of the torsion and curvature d-tensor fields in the following way:

(13)  Rioa) jm = Ry jm» (@ =12, k),

0 jm T (Binj = Bjm),

— i . k . .
(16) Rh jm — Rh jm 2_: D('y)th(O'y) jm BhsT(O) jm+
D @ k ] s % s
(17) P(a)h jm — P(a)h jm + L D(oz)he Z D(’y)hsB(a'y) jm BhsC((x)jm_
~Bj; %) +D oy bnts F BiiDiarim = Diayim Bl (00 =1,2,.... k),

< i i s i s i i (8)
(1:8)  Sgayn im = Sigayn jm ~ C(3)jmParns + ClaymiLigyhs = Diayny lm” +

() o)
+D gy i D ajni P gyem = PigyhmDaysj — Z D1ynsClapy jm:
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(,6=1,2,....k; 8 < ).

We shall consider the tensor fields:

(1.9) Kyl = Bl = 2 CrphsRiom)jmo

r=1

k )
(110) P(a)h im Jm{ (a)h jm 72:21 C('y);LsB(a'y) jm}7 (a =12, k)’

(L11) Sigapn’im = Ajm{S 5oy’ jm — z ClpisCllly s (0, B=1,2, . ks
B< a0 =0).

Proposition 1.2 By a transformation (1.2) the tensor fields K, ime Playh jm>

(a =1,2,...,k) S(,Ba)hjm’( a,8=1,2,.,k; 8 < a) are transformed according to the
following laws:

(112) Fh jm — Khijm BhsT(O) jim =+ A]m{ Bhﬂm + B‘}SLJBém}a

—~Bi S +Ajm{B (o) _

(1.13) P(a)h jm = P(a)hljm - D(a)lesT(O)sjm

(a) jm

“Dierisim + BisDiyim + Dty Bim}s (a0 = 1,200 k),
< _ i i s i s T i (B
(1.19) S gayn jm = S(gayn jm ~ Liayis () im — DigyhsSiayim + Aim{=Dahs b

D(ﬁ)h] |m +D (1 D(ﬂ)qm + D(ﬁ)th(a)sm} (0, 3=1,2,..,k; 8 < a).

2 Semi-symmetric metrical V- linear connections in
the k-osculator bundle

Definition 2.1 An N— linear connection DI'(N) = (Lt

K Jm)
C(k}); ) on E — ()SC M7 “ith the pr,«operty:

Wjm> Clyjm -+

(21) Gijlm =0, gij|£ﬁ:) :0, (Oé: 1,2,...,/€)
is said to be a metrical N— linear connection on E = Osc*M,k > 2.

A class of metrical N— linear connections, which have interesting properties is
that of semi-symmetric metrical N— linear connections.
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Definition 2.2 An N— linear connection DT'(N) = (L;-m, C(l);m’ 0(2);m, s
C(k)j.m) on E is called semi-symmetric if the torsion d-tensor fields T(O)ijm’
S(a)ijm, (a=1,2,....k) have the form:

Ty jm = 721 (T10)50m = Toym5) = 727 Ajm{ T(0)50m 1,
(2.2) _ _ ' _
Sayim = 721 (5(@)i0m = S(@md}) = g Ajm{S(a);00 }s (@ = 1,2, ..., k),

where Ti); = T(O)iji’ S(a)j = S(a)iji’ (a=1,2,..,k).
Definition 2.3 An N— linear connection DTU(N) = (L%, C(l)j’:m, C(Q);m’ o

C(k)§m) on E is called a semi-symmetric metrical N-linear connection, if the relations
(2.1) and (2.2) are verified.

Ifo; = :@17'7 T(a)j = %7 (e =1,2,...,k) and if we apply the Theorem 5.4.3, [7]
we obtain:

Theorem 2.1 The set of all semi-symmetric metrical N-linear connections on E,

which preserve the nonlinear connection N, DI'(N) = (L§m7 C(l);m’
0(2);-7”, '"’C(k);’m) 18 given by
) , 4
L;-m :L;'m —‘,—gj(s;tn _ gjmgzso.s’
(2.3)
0 _ _
O(a)jlm :C(a);m +7()j0m — 9im9" T(a)s (a=1,2,....k),

0 oo 0 o . . )
where. DT (N) = (L;m,C(l);m,Q(z);m,...,C(k);m) is an arbitrary fized semi-
symmetric metrical N— linear connection on E.

On notices that (2.3) gives the transformations of the semi-symmetric metrical
N— linear connections on E, which preserve the nonlinear connection N.

Let t(0j,7(a);) : DI'(N) — DI'(N), (a=1,2,...,k) be a transformation of this
form. It is given by:
Z;'m = L;m + O-j(SZn - gjmgisas7
(2.4)

- i

C((y)]m = C(a);m + T(Oz)j(;in - gjmgiST(a)sa (Oé = 1a 25 ceey k)

Theorem 2.2 The set ’]S‘N of all transformations t(oj, T1yj,T(2)55 - T(k);) Of the
semi-symmetric metrical N— linear connections,on E, given by (2.4), together with
the mapping product, is an Abelian group. This group acts effectively on the set of all
N— linear connections on E.
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By applying the result from §1, one obtains:

Theorem 2.3 By means of transformations (2.4) the tensor fields K,*
P S
(

hgm’

(a=1,2,....,k) are changing by the laws:

a)h im? ~(aa)h jm’s(aa)h jm?

(25) ?h ;m = Khijm + 2Aj7rL{Q§'zUrm}a

(26) Po )hm =Ployn’ hjm + 245 {2V p0yrm s (@ =1,2,..,F),

i

(27) ?(aa)h jm = S(aa)h im + 2Ajm{Q]hT(aoc)Tm} + Z 2QshT oz)rc(;la)sjm7

(,y=1,2,...,k )andC(O‘)7 =0,

(aa) jm

(28)  Staayn jm = Saarn jm T 2Aim{ Taayrm b (@ = 1,2, ..., k),

_ 1 orT0ym _
(29) Orm = Opjm — OrOm + 59rm0 — ——7 (U = grsO’rUs),

(210) Pla)yrm = UT|7(7O:) + T(a)r|m — (OTT(a)m + amT(a)T) + IrmP(a) ™

a)rT(0ym+0rSaym
— e (U)n— rte) ) (p(a) = grsT(a)rUS)7 (a=1,2,... k),

|( a) _ T(a)rS(a)m
b

(211) T(aa)rm = T(a)r T(a)rT(a)m T %grm’r(aa) - n—1

(T(aa) = gTST(a)TT(a)S), (Oz = 1, 2, veny k)
. . . . S .
Using these results we can determine some invariants of the group 7. To this

aim we shall eliminate o;;, p(a)ij; T(aa)i; from (2.5), (2.6), (2.8).

Theorem 2.4 Let n > 2. The semi-symmetric metrical N-linear connection deter-
mines the following tensor fields:

7 7 ir Kgrm
(212)  HyY = Ky + 525 A Q0 (K — 502253,
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i i ir Pla)grm
(213) N(a)h im = P(a)h im + %Ajm{ﬂjh(,])(a)rm - 2((71)31) )}v (O[ = la 27 ) k)a

i i ir 28(aa)grm
(214) M o)p'm = S + gz Aim AL (Saayrm — 325}

aa)h jm
(a=1,2,..., k),
where
Knj = Khijw Playns = P(a)hiji’ Staa)hj =S )hijw K= 9thhj7

(aex

Py = 9" Playnjs Staa) = 9" Saarns» (@ =1,2,....k).

These tensor fields are invariants of the group ’ZS’ N-
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