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Abstract

The study of higher order Lagrange spaces based on the notion of k-osculator
bundle was made by Radu Miron and Gheorghe Atanasiu in [2] - [5]. The
applications of the Lagrange geometry of order k in Physics and Mechanics are
quite numerous and important [7].

In this paper we introduce the concept of semi-symmetric metrical N - linear
connections on the total space E = OsckM as a straightforward extension of
that on the 2-osculator bundle [8]. We determine all semi-symmetric metrical
N-linear connections in the k-osculator bundle and we study the group of trans-
formations of these connections and its invariants. This paper is a generalization
of the same subject in the bundle of accelerations [8]. As to the terminology and
notations we use those from [6], which are essentially based on M.Matsumoto’s
book [1].
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1 Group of transformations of N - linear connec-
tions in the k-osculator bundle

Let M be a real n - dimensional C∞- manifold and (OsckM,π,M), k ≥ 1 its k-
osculator bundle. The local coordinates on the total space E = OsckM are denoted
by (xi, y(1)i, y(2)i, ..., y(k)i). If N is a nonlinear connection on E with the coefficients
N i

(1) j , N i
(2) j ,...,N

i
(k) j , then let DΓ(N) = (Li

jm, C i
(1)jm, C i

(2)jm, ..., C i
(k)jm) be an N -

linear connection D on E = OsckM .
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We consider a metrical d-structure on E, defined by a d-tensor field of the type
(0,2), marked as say gij(xi, y(1)i, ..., y(k)i). This d-tensor field is symmetric and non-
degenerate.

Given a metrical d-structure gij on E, we associate Obata’s operators:

(1.1) Ωir
sj = 1

2 (δi
sδ

r
j − gsjg

ir), Ω∗ir
sj = 1

2 (δi
sδ

r
j + gsjg

ir),

where (gij) is the inverse matrix of (gij).
Obata’s operators have the same properties as the ones associated with a Finsler

space [6].
The elements of the Abelian group TN = {t(0, 0, Bi

jm, D i
(1)jm, D i

(2)jm, ...,

D i
(k)jm) ∈ T } are transformations t(0, 0, Bi

jm, D i
(1)jm, D i

(2)jm, ..., D i
(k)jm) : DΓ(N) =

(Li
jm, C i

(1)jm, C i
(2)jm, ..., C i

(k)jm) → DΓ(N) = (L
i

jm, C
i

(1)jm, C
i

(2)jm, ..., C
i

(k)jm) given
by:

(1.2) N
i

(α) j = N i
(α) j , L

i

jm = Li
jm − Bi

jm, C
i

(α)jm = C i
(α)jm − D i

(α)jm,

(α = 1, 2, ..., k).

Proposition 1.1 The transformation of the group TN , given by (1.2) leads to the
transformation of the torsion and curvature d-tensor fields in the following way:

(1.3) R
i

(0α) jm = R i
(0α) jm, (α = 1, 2, ..., k),

(1.4) T
i

(0) jm = T i
(0) jm + (Bi

mj − Bi
jm),

(1.5) S
i

(α) jm = S i
(α) jm + (D i

(α)mj − D i
(α)jm), (α = 1, 2, ..., k),

(1.6) R
i

h jm = R i
h jm −

k∑
γ=1

D i
(γ)hsR

s
(0γ) jm − Bi

hsT
s

(0) jm+

+Ajm{−Bi
hj|m + Bs

hjB
i
sm},

(1.7) P
i

(α)h jm = P i
(α)h jm + Ls

mjD
i

(α)hs −
k∑

γ=1
D i

(γ)hsB
s

(αγ) jm − Bi
hsC

s
(α)jm−

−Bi
hj |(α)

m +D i
(α)hm|j + Bs

hjD
i

(α)sm − D s
(α)hmBi

sj , (α = 1, 2, ..., k),

(1.8) S
i

(βα)h jm = S i
(βα)h jm − C s

(β)jmD i
(α)hs + C s

(α)mjD
i

(β)hs − D i
(α)hj |(β)

m +

+D i
(β)hm |(α)

j +D s
(α)hjD

i
(β)sm − D s

(β)hmD i
(α)sj −

k∑
γ=1

D i
(γ)hsC

(γ) s
(αβ) jm,
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(α, β = 1, 2, ..., k;β ≤ α).

We shall consider the tensor fields:

(1.9) K i
h jm = R i

h jm −
k∑

γ=1
C i

(γ)hsR
s

(0γ) jm,

(1.10) P i
(α)h jm = Ajm{P i

(α)h jm −
k∑

γ=1
C i

(γ)hsB
s

(αγ) jm}, (α = 1, 2, ..., k),

(1.11) S i
(βα)h jm = Ajm{S i

(βα)h jm −
k∑

γ=1
C i

(γ)hsC
(γ) s
(αβ) jm}, (α, β = 1, 2, ..., k;

β ≤ α; C(α)
(αα) = 0).

Proposition 1.2 By a transformation (1.2) the tensor fields K i
h jm, P i

(α)h jm,

(α = 1, 2, ..., k) S i
(βα)h jm, (α, β = 1, 2, ..., k;β ≤ α) are transformed according to the

following laws:

(1.12) K
i

h jm = K i
h jm − Bi

hsT
s

(0) jm + Ajm{−Bi
hj|m + Bs

hjB
i
sm},

(1.13) P i

(α)h jm = P i
(α)h jm − D i

(α)hsT
s

(0) jm − Bi
hsS

s
(α) jm + Ajm{−Bi

hj |(α)
m −

−D i
(α)hj|m + Bs

hjD
i

(α)sm + D s
(α)hjB

i
sm}, (α = 1, 2, ..., k),

(1.14) S i

(βα)h jm = S i
(βα)h jm − D i

(α)hsS
s

(β) jm − D i
(β)hsS

s
(α) jm + Ajm{−D i

(α)hj |(β)
m

−D i
(β)hj |(α)

m +D s
(α)hjD

i
(β)sm + D s

(β)hjD
i

(α)sm}, (α, β = 1, 2, ..., k; β ≤ α).

2 Semi-symmetric metrical N- linear connections in
the k-osculator bundle

Definition 2.1 An N− linear connection DΓ(N) = (Li
jm, C i

(1)jm, C i
(2)jm, ...,

C i
(k)jm) on E = OsckM , with the property:

(2.1) gij|m = 0, gij |(α)
m = 0, (α = 1, 2, ..., k)

is said to be a metrical N− linear connection on E = OsckM,k > 2.

A class of metrical N− linear connections, which have interesting properties is
that of semi-symmetric metrical N− linear connections.
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Definition 2.2 An N− linear connection DΓ(N) = (Li
jm, C i

(1)jm, C i
(2)jm, ...,

C i
(k)jm) on E is called semi-symmetric if the torsion d-tensor fields T i

(0) jm,

S i
(α) jm, (α = 1, 2, ..., k) have the form:

(2.2)
T i

(0) jm = 1
n−1 (T(0)jδ

i
m − T(0)mδi

j) = 1
n−1Ajm{T(0)jδ

i
m},

S i
(α) jm = 1

n−1 (S(α)jδ
i
m − S(α)mδi

j) = 1
n−1Ajm{S(α)jδ

i
m}, (α = 1, 2, ..., k),

where T(0)j = T i
(0) ji, S(α)j = S i

(α) ji, (α = 1, 2, ..., k).

Definition 2.3 An N− linear connection DΓ(N) = (Li
jm, C i

(1)jm, C i
(2)jm, ...,

C i
(k)jm) on E is called a semi-symmetric metrical N-linear connection, if the relations

(2.1) and (2.2) are verified.

If σj = T(0)j

n−1 , τ(α)j = S(α)j

n−1 , (α = 1, 2, ..., k) and if we apply the Theorem 5.4.3, [7]
we obtain:

Theorem 2.1 The set of all semi-symmetric metrical N-linear connections on E,
which preserve the nonlinear connection N, DΓ(N) = (Li

jm, C i
(1)jm,

C i
(2)jm, ..., C i

(k)jm) is given by:

(2.3)
Li

jm =
0

Li
jm +σjδ

i
m − gjmgisσs,

C i
(α)jm =

0

C i
(α)jm +τ(α)jδ

i
m − gjmgisτ(α)s, (α = 1, 2, ..., k),

where D
0

Γ (N) = (
0

Li
jm,

0

C i
(1)jm,

0

C i
(2)jm, ...,

0

C i
(k)jm) is an arbitrary fixed semi-

symmetric metrical N− linear connection on E.

On notices that (2.3) gives the transformations of the semi-symmetric metrical
N− linear connections on E, which preserve the nonlinear connection N.

Let t(σj , τ(α)j) : DΓ(N) → DΓ(N), (α = 1, 2, ..., k) be a transformation of this
form. It is given by:

(2.4)
L

i

jm = Li
jm + σjδ

i
m − gjmgisσs,

C
i

(α)jm = C i
(α)jm + τ(α)jδ

i
m − gjmgisτ(α)s, (α = 1, 2, ..., k).

Theorem 2.2 The set
s

T N of all transformations t(σj , τ(1)j , τ(2)j , ..., τ(k)j) of the
semi-symmetric metrical N− linear connections,on E, given by (2.4), together with
the mapping product, is an Abelian group. This group acts effectively on the set of all
N− linear connections on E.
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By applying the result from §1, one obtains:

Theorem 2.3 By means of transformations (2.4) the tensor fields K i
h jm,

P i
(α)h jm, S i

(αα)h jm,S i
(αα)h jm, (α = 1, 2, ..., k) are changing by the laws:

(2.5) K
i

h jm = K i
h jm + 2Ajm{Ωir

jhσrm},

(2.6) P i

(α)h jm = P i
(α)h jm + 2Ajm{Ωir

jhρ(α)rm}, (α = 1, 2, ..., k),

(2.7) S
i

(αα)h jm = S i
(αα)h jm + 2Ajm{Ωir

jhτ(αα)rm} +
k∑

γ=1
2Ωir

shτ(α)rC
(γ) s
(αα) jm,

(α, γ = 1, 2, ..., k) and C
(α) i
(αα) jm = 0,

(2.8) S i

(αα)h jm = S i
(αα)h jm + 4Ajm{Ωir

jhτ(αα)rm}, (α = 1, 2, ..., k),

(2.9) σrm = σr|m − σrσm + 1
2grmσ − σrT(0)m

n−1 , (σ = grsσrσs),

(2.10) ρ(α)rm = σr|(α)
m + τ(α)r|m − (σrτ(α)m + σmτ(α)r) + grmρ(α)−

− τ(α)rT(0)m+σrS(α)m

n−1 , (ρ(α) = grsτ(α)rσs), (α = 1, 2, ..., k),

(2.11) τ(αα)rm = τ(α)r|
(α)
m − τ(α)rτ(α)m + 1

2grmτ(αα) −
τ(α)rS(α)m

n−1 ,

(τ(αα) = grsτ(α)rτ(α)s), (α = 1, 2, ..., k).

Using these results we can determine some invariants of the group
s

T N . To this
aim we shall eliminate σij , ρ(α)ij , τ(αα)ij from (2.5), (2.6), (2.8).

Theorem 2.4 Let n > 2. The semi-symmetric metrical N-linear connection deter-
mines the following tensor fields:

(2.12) H i
h jm = K i

h jm + 2
n−2Ajm{Ωir

jh(Krm − Kgrm

2(n−1) )},
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(2.13) N i
(α)h jm = P i

(α)h jm + 2
n−2Ajm{Ωir

jh(P(α)rm − P(α)grm

2(n−1) )}, (α = 1, 2, ..., k),

(2.14) M i
(αα)h jm = S i

(αα)h jm + 4
2n−3Ajm{Ωir

jh(S(αα)rm − 2S(αα)grm

3(n−1) )},

(α = 1, 2, ..., k),

where

Khj = K i
h ji, P(α)hj = P i

(α)h ji, S(αα)hj = S i
(αα)h ji, K = ghjKhj ,

P(α) = ghjP(α)hj , S(αα) = ghjS(αα)hj , (α = 1, 2, ..., k).

These tensor fields are invariants of the group
s

T N .
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