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Abstract. In the framework of geometrized jet bundles of first order, the pa-
per presents the extended Einstein and Maxwell equations with sources, and
generalize the classical Killing equations for the case of adapted Cartan connection,
emphasizing the non-holonomy and presence of torsion.
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1. Einstein equations with sources in J1(T, M)-geometrized framework

Consider two real C∞ differentiable manifolds T and M are (dim T = m, dim M =
n). Let ξ = (E = J1(T, M), π, T × M) be the first order jet bundle of mappings
ϕ : T → M , with local coordinates on E

(tα, xi, yA)(α,i,A)∈I∗ ≡ (yµ)µ∈I ,

with I∗ = Ih1 × Ih2 × Iv and

Ih1 = 1,m, Ih2 = m + 1,m + n, Iv = m + n + 1,m + n + mn, Ih = Ih1∪Ih2 , I = Ih∪Iv.

The indices will implicitly take values as follows:

α, β, . . . ∈ Ih1 ; i, j, . . . ∈ Ih2 ; A,B, . . . ∈ Iv; λ, µ, . . . ∈ I.

Throughout the paper we shall identify a given index A = m + n + n(i−m− 1) + α to
A ≡

(

i
α

)

and yA ≡ x(i
α) = ∂xi

∂tα .

The non-linear connection N = {NA
µ }µ∈Ih,A∈Iv on E provides the splitting [2]

TE = HE ⊕ V E, (1.1)

and the local adapted basis of X (E)

B = {δα, δi, δA}(α,i,A)∈I∗ ≡ {δµ}µ∈I , (1.2)

where we denoted

δα = ∂α −NA
α δA, δi = ∂i −NA

i δA, δA = ∂̇A =
∂

∂yA ,
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and ∂α = ∂
∂tα , ∂i = ∂

∂xi . We remark that these span the modules of local sections,

S(HE) = Span({δµ})µ∈Ih , S(V E) = Span({δµ})µ∈Iv .

The dual basis of B writes as well

B∗ = {δα, δi, δA}(α,i,A)∈I∗ ≡ {δµ}µ∈I ,

where δα = dtα, δi = dxi, δA ≡ δyA = dyA + NA
α dtα + NA

i dxi.
Consider on E a fixed non-linear connection and let ∇ = {Lλ

µν}λ,µ,ν∈I be a linear
connection on E. Then its coefficients relative to the adapted basis (1.2) are given by

δλ(∇δν δµ) = Lλ
µν , ∀λ, µ, ν ∈ I = Ih1 ∪ Ih2 ∪ Iv. (1.3)

and generally form 33 = 27 distinct subsets, according to the three subsets of indices.
The torsion and curvature

T (X,Y ) = ∇XY −∇Y X − [X,Y ],

R(X, Y )Z = ∇[X∇Y ]Z −∇[X,Y ]Z, ∀ X, Y, Z ∈ S(TE)

have the adapted coefficients defined by

δλ(T (δν , δµ)) = Tλ
µν , δλ(R(δν , δµ)δρ) = R λ

ρ µν , ∀ λ, µ, ν, ρ ∈ I.

Within the set of linear connections on E we evidentiate the ones (called N -
connections) which preserve the distributions related to the adapted basis and have
hence just 9 nontrivial sets of coefficients, since

Lλ
µν = 0, ∀ (λ, µ) ∈ (Ih × Iv) ∪ (Iv × Ih) ∪ (Ih1 × Ih2) ∪ (Ih2 × Ih1), ∀ν ∈ I. (1.4)

Among them, a central role is played by the so-called ”Γ-linear h-normal connections”
[4], which depend on the four essential components

∇ ≡ (Lα
βγ , Li

jγ , Li
jk, Li

jA), (1.5)

and whose the other 5 nontrivial components given by

LA
Bγ ≡ L(i

α)
(j

β)γ
= δβ

αLi
jγ − δi

j

∣

∣
β
αγ

∣

∣ , LA
Bk ≡ L(i

α)
(j

β)k
= δβ

α

∣

∣

∣

i
jk

∣

∣

∣ ,

LA
BC ≡ L(i

α)
(j

β)C
= δβ

αLi
jC , Lα

βj = 0, Lα
βC = 0.

Further, if E is endowed with a semi-Riemannian metric

G = hαβ(t, x)dtα ⊗ dtβ
︸ ︷︷ ︸

h

+ gij(t, x, y)dxi ⊗ dxj

︸ ︷︷ ︸

g

+ gAB(t, x, y)δyA ⊗ δyB

︸ ︷︷ ︸

g̃

, (1.6)
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with the vertical part given by the Kronecker product

gAB ≡ g(i
α)(j

β) = gij(t, x, y)hαβ(t),

then E naturally admits the Cartan linear connection which is metrical and has,
for m ≥ 2, just 8 nontrivial sets of coefficients for torsion and 7 curvature sets for
curvature. Its essential coefficients (1.5) are

Lα
βγ =

∣

∣

∣

α
βγ

∣

∣

∣ = 1
2hαε(δ{βhε}γ − δεhβγ),

Li
jγ = 1

2gikδγgkj , Li
jk = 1

2gil(δ{kgj}l − δlgjk),

Li
jA ≡ Li

j(k
γ)

= 1
2gil(δ({k

γ

)gj}l − δ(l
γ)gjk),

(1.7)

where we use the notations τ[i...j] = τi...j − τj...i, τ{i...j} = τi...j + τj...i.

Its essential torsion coefficients are given by [4]



























































T (i
α)

γ (j
β) = ∂(j

β)N
(i

α)
γ − δβ

αLi
jγ + δi

jL
β
αγ

T (i
α)

k (j
β) = ∂(j

β)N
(i

α)
k − δβ

αLi
jk

T (i
α)

(j
β) (k

γ)
= δβ

i Li
j(k

γ) − δγ
i Li

k(j
β)

T i
β j = −Li

βj , T i
jA = Li

jA

T A
β γ = δ[γNA

β], T A
β j = δ[jNA

β], T A
i j = δ[jNA

i] ,

(1.8)

and the nontrivial non-holonomy coefficients ωλ
µν are provided by the relations

[δµ, δν ] = ωA
µνδA ≡ TA

µνδA, ∀µ, ν ∈ Ih,

[δµ, δB ] = ωA
µBδA ≡ ∂BNA

µ δA, ∀µ ∈ Ih.

As well, the nontrivial essential curvature N -tensor fields are











































R α
β γδ = ∂[δLα

βγ] + Lε
β[γLα

εδ]

R i
j km = ∂[kLi

jm] + Lβ
j[mLi

βk] + Li
jATA

mk

R i
j γµ = ∂[µLi

jγ] + Lε
j[γLi

εµ] + Li
jATA

γµ, ∀µ ∈ Ih

R i
j µA = ∂ALi

jµ − Li
jA|µ + Li

jBTB
µA

R i
j CD = ∂[DLi

jC] + Lk
j[CLi

kD], ∀µ ∈ Ih

(1.9)
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and


































R (i
α)

(j
β) γδ

= δβ
αR i

j γδ + δi
jR

β
α γδ

R (i
α)

(j
β) µk

= δβ
αR i

j µk, ∀µ ∈ Ih

R (i
α)

(j
β) µA

= δβ
αR i

j µA,∀µ ∈ I,

where we denote by |α, |i and |A the covariant derivations given by ∇δµ , for
µ ∈ Ih1 , Ih2 and Iv respectively.

Then the associated Ricci N -tensor fields are

Rαβ = Rγ
αβγ , Riα = Rk

iαk, Rij = Rk
ijk, RiA = −Rj

ijA,

R(i
α)β = Rk

iβ(k
α), R(i

α)j = Rk
ij(k

α), R(i
α)(j

β) = Rk
i(j

β)(k
α)

,
(1.10)

and the scalar of curvature R = Rh + Rg + Rv, where

Rh = hαβRαβ , Rg = gijRij , Rv = g̃ABRAB .

Then we have the following result:

Theorem 1. a) Within the framework of first-order geometrized jet spaces en-
dowed with arbitrary nonlinear connection, vertical Kronecker-type metric and Cartan
linear N -connection the Einstein equations with sources are















Rαβ − 1
2Rhαβ = κTαβ

Rij − 1
2Rgij = κTij

RAB − 1
2RgAB = κTAB ,







0 = Tαi, 0 = TαA,
Riα = κTiα, RAα = κTAα

RiA = κTiA, RAi = κTAi,
(1.11)

where T = Tµνδµ ⊗ δν ∈ T 0
2 (E) is the energy-momentum tensor field and κ is the

cosmological constant.

b) The equations (1.11) satisfy the conservation laws

Eµ
ν|µ = κT µ

ν|µ, ∀µ ∈ I = Ih1 ∪ Ih2 ∪ Iv,

where Eµν = Rµν + 1
2RGµν is the Einstein N -tensor field and the indices are raised

by means of the metric G on E.

We note that the explicit expressions of (1.11) were for the first time provided in
[4].

2. Special cases. Maxwell equations with sources.
Regarding the energy-momentum tensor field, we distinguish several special ex-

tended cases:
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I. The case of electromagnetic field source, when

Tµν = FµρF ρ
µ −

1
4
GµνF ρπFρπ.

Here the deflection tensor fields provided by the covariant derivatives of the Liouville
field C = yAδA via

dA
µ = δA∇δµC, µ ∈ I, A ∈ Iv,

give raise to the electromagnetic 2-form

F = FAµδyA ∧ δyµ, (2.12)

explicitely given by its nontrivial components







































FAβ ≡ F(i
α)β = 1

2

(

hαγgiky(k
[γ)

)

|β]

FAj ≡ F(i
α)j = 1

2 d(

[i
α

)

j]
=

= 1
2 y([i

α

)

|j] = 1
2

(

y(k
γ)hαγgk[i

)

|j]
,

FAB = 1
2 g̃[ACdC

B] = 1
2 g̃[ACyC

|B].

(2.13)

where the raising/lowering of the indices was performed using the metric G, as follows

F̃ = F µ
A δµ ⊗ δA, Fα

A = hαβFAβ , F i
A = gijFAj , FC

A = gCDFAD.

The energy-momentum tensor fields have the essential coefficients given by














Tαβ = FAαFBβ g̃AB − 1
4hαβF∗

Tij = FAiFBj g̃AB − 1
4gijF∗

TAB = FACFBD g̃CD − 1
4gABF∗















Tαi = FCαFDig̃CD

TαA = FCαFDAg̃CD

TiA = FCiFDAg̃CD

where F∗ = FACFBD g̃AB g̃CD.

The 2-form F is subject to the two sets of the Maxwell extended equations















































F(i
α)k|γ = 1

2 [d(i
α)β|k + d(i

α)mTm
βk + d(i

α)CTC
βk − (T j

γi|k + Lj
kCTC

γi)y(j
α)]

F(i
α)(k

β)|γ = 1
2 [d(i

α)β|(k
γ) + d(i

α)mTm
β(k

γ) + d(i
α)CTC

βk − (∂(k
γ)T

j
γi + Lj

kCTC
γ(i

β))y(j
α)]

S
ijk

F(i
α)j|k = − 1

2 S
ijk

(Lm
iCy(m

α ) + d(i
α)C)TC

jk

S
ijk

F
(i
α){j|

(

k}
γ

) = 0, S
ABC

FAB|C = 0
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and














gBCFBα|C = −4πJα

gBCFBi|C = −4πJi

gBCFAB|C + gijFAi|j + hαβFAα|β = 4πJA,

with J = Jµδµ ∈ X ∗(E) the adapted electric current, and where we denoted by S the
cyclic summation of the corresponding indices below.

II. In the case of a perfect fluid with the extended velocity vector field
V = Vµδµ ∈ X (E), the energy-momentum N -tensor field is given by

Tµν = (P + ρ)VµVν + pGµν ,

where ρ is the mass-energy density, p is the pressure and, in the 4-dimensional Lorentz-
metric case V satisfies the condition ViVi = −1. In particular, for p = 0, is obtained
the case of cosmologic dust (presureless fluid).

III. In the case of source given by the Klein-Gordon field Φ, we have

Tµν = Φ|µΦ|ν −
1
2
(GπρΦ|πΦ|ρ + m2Φ2)Gµν ,

where m is the mass, and the field Φ satisfies the condition GµνΦ|µ|ν = m2Φ [10].

IV. In the case of the radiation field, we get

Tµν = Φ2KµKν ,

where the N -vector field K = Kµδµ ∈ X (E) obeys in the Lorentz case the condition
GµνKµKν = 0.

3. Killing equations in J1(T, M)-geometrized framework

In the process of searching solutions for the Einstein equations, the simplifying
assumptions usually refer to symmetries of solutions or eigenvectors of the gravita-
tional field. In the first case, roughly speaking, the symmetries provide charts in
which the components of the metric G are independent of one or more coordinates.
Rigorously, this happens when there exist a (Killing) vector field ξ = ξµδµ, such that
the associated Lie derivative operator, given, e.g., by

LξUµ
ν = ξρUµ

ν|ρ − Uρ
ν ξµ
|ρ + Uµ

ρ ξρ
|ν , ∀µ, ν ∈ I,∀ξ ∈ X (E).

vanishes on the metric tensor filed G, i.e., LξG = 0. The Killing fields form a Lie
algebra, as consequence of the property L[ξ,ζ] = [Lξ, Lζ ]. The Killing equations
rewrite

(LξG)µν ≡ ξ(Gµν) + Gσ{µ(δν}ξσ − ωσ
ρν}ξ

ρ) = 0, ∀µ, ν ∈ I,
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Theorem 2. The Killing equations expressed with respect to the Cartan canonic
connection of the geometrized first-order jet bundle endowed with Kronecker lifted
metric have the form



















































ξ{α|β} = 0

ξ{α|j} = −gkj(T k
αmξm + T k

αCξC)

ξ{α|A} = −g̃ABTB
αµξµ

ξ{i|j} = −gk{j(T k
i}αξα + T k

i}CξC)

ξ{i|A} = −gijT
j
Amξm − g̃ABTB

iµξµ

ξ{A|B} = −g̃C{ATC
B}µξµ.

(3.14)

Proof. Using T ρ
µν = Lρ

[µν] − ωρ
µν , the Killing equations gets the equivalent form

Gσ{µξσ
|ν} + Gσ{µTσ

ν}ρξ
ρ = 0, ∀µ, ν ∈ I.

The metricity of the Cartan connection, the splitting I = Ih1 ∪ Ih2 ∪ Iv 3 µ, ν and
(1.8) povide the claim. 2

Corollary 1. Provided that the nonlinear connection N and the metric G satisfy
the relations



















δβ
αgikδγgkj = 2δi

j

∣

∣
β
αγ

∣

∣

δ{jgk}i = δigjk,

δ({k
γ

)gj}l = δ(l
γ)gjk,

the structure (E, N, G) admits v-torsionless Killing equations:














ξ{α|j} = −gkjT k
αmξm

ξ{i|j} = −gk{jT k
i}αξα

ξ{α|β} = 0, ξ{α|A} = 0, ξ{i|A} = 0, ξ{A|B} = 0.

Corollary 2. a) For s = 1, (3.14) provide the Killing-Yawata equations for the
Sasaki lift, with autonomous field ξ.

b) For s = 1 and ξ = ξmδm ∈ Span(δµ)µ∈Ih2
, the third equation of (3.14) is the

classical Killing equation on M ,

gi{jξi
|k} ≡ gijξi

|k + gikξi
|j = 0.

Conclusions. In the framework of first-order geometrized jet bundle, were pre-
sented the Einstein and Maxwell equations with sources, which extend the classical
Riemannian ones, and special particular cases were pointed out. The extended Killing
equations were derived, and the presence of torsion and non-holonomy emphasized,
for the case of canonic Cartan connection on J1(T, M). The existence of Killing fields
providing symmetries for the Kronecker-type metric structure represents the subject
of further concern.
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