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1. Introduction
Laser radiation at 3-µm is of great interest in medical and biological applications

because water and hydroxyapatite, which are the major constituents of soft, and,
respectively, hard (bones, tooth enamel) biological tissues, have very strong absorption
in this region.

The most representative of 3-µm lasers is the erbium laser, working on the transi-
tion 4I11/2 → 4I13/2. A peculiarity of this transition is the “self-saturation”: the
lifetime of the terminal laser level is longer than the lifetime of the initial one. De-
spite this limitation, efficient long pulse or cw generation was obtained [1-12]. Various
models have been proposed to explain the absence of the effects of the self-saturation.
Basically, these models could be grouped in two classes, one based on the Excited
State Absorption (ESA) from the terminal laser level [13-15] and the other based on
energy transfer either to impurities or as a cooperative upconversion inside the Er3+

system [3, 16-19]. The presence of efficient laser emission in concentrated systems
favors the last model. A direct experimental proof of the essential role of such an en-
ergy transfer mechanism as cooperative upconversion from 4I13/2 was given in [20-22]
for Er3+: CaF2 and Er3+: YAG, where 3-µm stimulated emission was obtained for
pumping in the terminal laser level.

In concentrated erbium systems, in addition to the upconversion from the ter-
minal laser level, a large variety of other energy transfer processes, favored by the
peculiar energy level scheme of Er3+, could take place and could lower the efficiency
of the driving upconversion mechanism. The main such mechanisms are: upconver-
sion from the initial laser level 4I11/2 [23], cross-relaxation from 4S3/2 [24-26] and
cross-relaxation from 4I9/2 [27,28]. The upconversion from 4I11/2 depletes the initial
laser level, but its negative effect is partially attenuated by cross-relaxation from 4S3/2
[18].

Based on the effective re-circulation of the excitation among the erbium levels,
supraunitary quantum efficiency was predicted [23,29,30]. Till now, supraunitary
quantum efficiency was experimentally demonstrated for several erbium doped crys-
tals: Er: GSGG [7], Er: YLiF4 [10], and Er: YAG [12].

The intrinsic limitations of the 3-µm erbium lasers, working in Q-switch regime,
were discussed in [31]. Due to the specific mechanisms leading to the population in-
version, only a limited fraction of the energy stored as a result of the optical pumping
can be accessed during the giant laser pulse. The energy transfer mechanisms respon-
sible for the high efficiency in long pulse or cw regime are too slow for tens-nanosecond
Q-switch pulses.
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In order to understand how the 3-µm erbium lasers work, mathematical modeling
proved to be a very valuable instrument [18, 29-34]. In the following, we shall try to
explain the main properties of this laser system using a mathematical model, based
exclusively on spectroscopic data, which includes the main energy transfer processes
that take place in concentrated erbium doped crystals.

2. Generation on the Self-Saturated Er3+

Transition 4I11/2 → 4I11/2

2.1. Self-saturation condition

To explain the efficient 3-µm room-temperature laser on 4I11/2 → 4I11/2 tran-
sition we first discuss the “self-saturation condition”. In fact, this condition is not
T2 < T1 but αT2 < β21βT1, where α and β are the Boltzmann population coeffi-
cients of the Stark sublevels involved in the laser transition and β21 is the fraction of
excitation from the initial laser level that reaches, radiatively or nonradiatively, the
terminal laser level [35]. This self-saturation condition can be obtained by writing
the rate equations for the laser levels in the absence of any energy transfer process:

dN2
dt = −N2

T2
+ Rp2N0

dN1
dt = −N1

T1
+ β21

N2
T2

+ Rp1N0,
(1)

where N1 and N2 are the populations of the final and initial laser levels; N0 is the
population of the ground level, 4I15/2; and Rpi are the pump rates.

In the stationary regime, dNi/dt = 0 and N2 = T2Rp2N0, N1 = β21 (Rp1 + Rp2)N0.
The condition for the population inversion between the Stark sublevels is αN2 ≥ βN1

i. e. αT2Rp2N0 ≥ ββ21T1 (Rp1 + Rp2) N0, which, in the case of the most convenient
pumping conditions (Rp1 = 0), becomes

T2

T1
≥ ββ21

α
(2)

Fig. 1. Energy
level scheme of Er3+

and the main energy
transfer mechanisms:
(a) upconversion from
4I13/2, (b) upconver-
sion from 4I11/2, (c)
cross-relaxation from
4S3/2, and (d) cross-
relaxation from 4I9/2.
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The possibility of fulfilling the condition of Eq. (2) depends of the specific tran-
sition (via the Boltzmann coefficients α and β and of the host crystal (T1,T2 and
β21). For example, the condition (2) can be fulfilled by the 2.81-µm transition of
Er: YLiF4 [36] (α = 0.201, β = 0.113, β21 ≈ 0.6, T1= 10 ms and T2= 4 ms (our
measurements)), but for no transition in Er: YAG [37] (T1= 6.4 ms, T2= 0.1 ms). To
explain the efficient cw (or long pulse) operation of the Er: YAG laser [3] cooperative
upconversion or ESA from 4I13/2 must be considered. Also, the effect of reducing
the lifetime of the terminal laser level T1 by codoping with ions as Tm3+ or Ho3+,
which seems to be beneficial from the condition (2), is examined in presence of the
cooperative upconversion.

2.2. Cooperative upconversion
There are two main upconversion (two-ion) mechanisms acting in erbium systems

at high concentrations:
Upconversion from 4I13/2 [Fig. 1(a)]: (4I13/2 → 4I15/2) + (4I13/2 → 4I9/2),

proposed by Bagdasarov et al. [3]. This “positive” mechanism takes out two exci-
tations from 4I13/2 and adds one to 4I11/2 (via the efficient multiphonon transition
4I9/2 → 4I11/2).

Upconversion from 4I11/2 [Fig. 1(b)]: (4I11/2 → 4I15/2) + (4I11/2 → 4F7/2),
proposed in Ref. 23. This “negative” mechanism depletes the initial laser level.

Although the efficiency of a 3-µm depend on the rapport between the two up-
conversion mechanisms, significant for cw (or long pulse) generation is not the ratio
ω22/ω11, where ω11 is the rate of the mechanism (1) and ω22 for mechanism (2), but
the figure of merit p ≡ (β/α)

√

ω22/ω11. In addition to these upconversion mech-
anisms, the rate equations describing the kinetics of the metastable levels of Er3+

include the cross-relaxation from 4S3/2 [24-26] [Fig. 1 (c)] and the cross-relaxation
from 4I9/2 [27,28] [Fig. 1 (d)].

dN5
dt = − (a50 + a51 + a52 + a53 + a54 + w54)N5 − ω50N5N0 + ω22N2

2 + Rp5N0

dN4
dt = − (a40 + a41 + a42 + a43 + w43) N4 + (a54 + w54)N5 + Rp4N0

dN3
dt = − (a30 + a31 + a32 + w32) N3 + a53N5 + (a43 + w43)N4 + ω11N2

1 +
+ω50N5N0 − ω30N3N0 + Rp3N0

dN2
dt = − (a20 + a21 + w21)N2 + a52N5 + a42N4 + a32N3−

−2ω22N2
2 − σ (αN2 − βN1) φ + Rp2N0

dN1
dt = −a10N1 + a51N5 + a41N4 + a31N3 + (a21 + w21) N2 − 2ω11N2

1 +
+ω50N5N0 + 2ω30N3N0 + σ (αN2 − βN1) φ + Rp1N0

dφ
dt = cφ

(n−1+l′/l) [σ (αN2 − βN1)− ρ] + ksea21N2,
(3)

where N0 to N5 are the populations of 4I15/2, 4I13/2, 4I11/2, 4I9/2, 4F9/2, and 4S3/2
levels (thermalized, at room temperature, with 2H211/2). The coefficients aijand
wij are the probabilities of radiative and, respectively, multiphonon (i → j)
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transitions. In the rate equations (3) the cross-relaxation processes are represented
by ω50 (form 4S3/2) and ω30 (from 4I9/2). Pumping is allowed in any level i with
the rate Rpi. In Eqs. (3) σ is the emission cross-section, c, the speed of light, φ, the
photon density inside the laser resonator, and ρ, the total losses for a round trip. In
the last of Eqs. (1) n represents the refraction index of the active medium of length
l, l’ is the length of the laser resonator and kse is the proportionality coefficient for
the fluorescence term which allows starting of the laser emission.

The radiative transition probability aij is the sum of the of electric- and magnetic-
dipole probabilities.

aij = Aed
ij + Amd

ij (4)

The radiative lifetime is then given by

T rad
i =

(
∑

aij

)−1
(5)

and probability of the multiphonon transition is

wij =
1

T fl
i

− 1
T rad

i
(6)

where T fl
i is the luminescence emission lifetime at very low Er concentration un-

der weak resonant pump. The necessary spectroscopic data for Er: YAG, at room
temperature, is given in Table 1.

Table 1. Spectroscopic data for Er: YAG, at room temperature.

Initial
level

Terminal
level

Aed
ij

(s−1)
Amd

ij

(s−1)
T rad

i
(µs)

T fl
i

(µs)
wij
(s−1)

4S3/2
4F9/2 0.6 -
4I9/2 60.5 -
4I11/2 31.8 -
4I13/2 446.6 -
4I15/2 1075.5 - 619 16 5.56×104

4F9/2
4I9/2 0.5 3.9
4I11/2 52.9 10.4
4I13/2 63.3 -
4I15/2 1485.7 - 629 1.5 6.65×105

4I9/2
4I11/2 0.6 1.5
4I13/2 45.9 -
4I15/2 178.3 - 4420 0.05 2×107

4I11/2
4I13/2 16.2 12.49
4I15/2 110.8 - 7170 100 9.86×103

4I13/2
4I15/2 97.9 56.3 6484 6500 ∼ 0



Mathematical modeling of 3-µm Erbium lasers 75

The electric-dipole transition probabilities Aed
ij are calculated with the Judd-Ofelt

model [38-40]. The magnetic-dipole transition probabilities (Amd
ij ), between interme-

diary coupled states, were estimated with the expressions given in [41]. An inspection
of Table 1 shows that for Er: YAG wij >> aij except for a10 >> w10. Therefore, we
can consider that multiphonon transitions connect successive levels. In this case, the
equation system (3) becomes

dN5
dt = −N5

T5
− ω50N5N0 + ω22N2

2 + Rp5N0

dN4
dt = −N4

T4
+ N5

T5
+ Rp4N0

dN3
dt = −N3

T3
+ N4

T4
+ ω11N2

1 + ω50N5N0 − ω30N3N0 + Rp3N0

dN2
dt = −N2

T2
+ N3

T3
− 2ω22N2

2 − σ (αN2 − βN1) φ + Rp2N0

dN1
dt = −N1

T1
+ N2

T2
− 2ω11N2

1 + ω50N5N0 + 2ω30N3N0 + σ (αN2 − βN1) φ + Rp1N0

dφ
dt = cφ

(n−1+l′/l) [σ (αN2 − βN1)− ρ] + ksea21N2.
(7)

The cross-relaxation from 4S3/2 plays a very important role in the structure of popu-
lation of the laser levels. For moderate and high erbium concentrations, the excitation
from this level, populated by direct pumping or by energy transfer, is equally distrib-
uted on the laser levels.

The effect of cross-relaxation from 4I9/2, “inverse” to upconversion (1), is a re-
duction of the global efficiency and will be discussed later.

The rate equation system (7) can be further simplified if we take into account the
inequality T1, T2 >> T3, T4, T5, characteristic for the erbium system and the very
efficient cross-relaxation from 4S3/2. Assuming β21 = 1 (the case of Er: YAG [42]),
over the laser threshold, in the stationary regime we have

−N2
T2

−ω22N2
2 + ω11N2

1 − ρφ + R2N0 = 0

−N1
T1

+N2
T2
− 2ω11N2

1 + ω22N2
2 + ρφ + R1N0 = 0

αN2 −βN1 = ρ/σ,

(8)

where R1 = Rp1 + Rp5, R2 = Rp2 + Rp3 + Rp4 + Rp5.
The equation system (8) can be solved exactly for the populations N1, N2:

N1 =
−1+

√
1+4ω11T 2

1 (R1+R2)N0

2ω11T1
,

N2 =
−1+

√
1+4ω22T 2

2 [(R1+2R2)N0−N1/T1]
2ω22T2

(9)

For high pump intensities,

N1 ≈

√

(R1 + R2)N0

ω11
, N1 ≈

√

(R1 + 2R2)N0

ω22
. (10)
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The condition for population inversion, αN2 − βN1 > 0, gives

αN2 − βN1 ≈ α

√

(R1 + 2R2) N0

ω22

(

1− β
α

√

ω22

ω11

√

R1 + R2

R1 + 2R2

)

> 0 (11)

The last square root in Eq. (11) depends only on the pumping conditions (spectral
composition of the pump radiation).

Eq. (11) suggests a figure of merit (formerly introduced in Ref. 43)

p ≡ β
α

√

ω22

ω11
, (12)

which express the condition for population inversion

p ≤
√

R1 + 2R2

R1 + R2
(13)

The very interesting result is that now the condition for population inversion does
not depend of the lifetime of the initial and terminal laser levels, overcoming the
“bottleneck” produced by self-saturation.

The explicit effect of various parameters become apparent on examining the an-
alytic expression of the photon flux density inside the laser resonator, obtained from
Eqs. (8)

φ = N0
ρ

[

R1 + (R1 + R2)
(

1− p2
)]

− 1
ασT 2

− ω22ρ
α2σ2 −

(

β
ραT2

+ 2βω22
α2σ

)

N1 − 1−p2

ρT1
.

(14)

Thus, only the first and the last terms on the right-hand side could be positive,
depending on the pump rates and the figure of merit p [29,30,43]. The first term is
positive if the condition (13) is satisfied; this gives p <

√
2 for R1 = 0 (i. e. for

pumping in one or all of the levels 4F9/2, 4I9/2 or 4I11/2) and p < 1 for R2 = 0
(pumping only in 4I13/2). On the other hand, the last term in Eq. (14) is positive
if p < 1 regardless the pump wavelength. The relative magnitude of these two terms
restricts the possible combinations of the Stark sublevels of 4I11/2 and 4I13/2 for
stationary laser emission for given pump conditions.

The lifetime T2 of the initial laser level enters only in the denominator of the
negative terms of Eq. (14) and should be as large as possible. The effect of the
lifetime T1 depends on p. If p < 1 the last term in Eq. (14) is negative and it is
desirable to have large T1; to the contrary, for p > 1 a shorter T1 increases the photon
flux density [44].

The upconversion parameter ω22 (from 4I11/2) appears directly in two negative
terms and indirectly in the figure of merit p. A small ω22 is always beneficial; it
reduces the emission threshold and extends the range of the laser transitions.
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The parameter ω11 influences the flux density by the intermediate of p and N1.
Generally, a large value of ω11 is beneficial. Nevertheless, for p > 1 there is a compe-
tition between the terms containing N1; when T1/T2 < (α/β)

(

p2 − 1
)

, a lower value
of ω11 may be preferred.

We can define the quantum efficiency of the 3-µm laser transition as the ratio
between the number of quanta generated in the laser cavity and the number of pump
quanta. The upper limit of the quantum efficiency for pumping performed in the level
i is

ηi =
[

R2 + (R1 + R2)
(

1− p2)] /Rpi. (15)

Thus, for pumping in 4S3/2, η = 3 − 2p2, in 4F9/2, 4I9/2, or 4I11/2, η = 2 − p2,
and for pumping in 4I13/2, η = 1 − p2. The result is that laser transitions with
supraunitary quantum efficiency are possible. This is explained by the circulation of
excitation specific to the erbium system.

2.3. ESA from 4I 13/2

ESA from the terminal laser level 4I13/2 was considered as a possible mechanism
for eliminating the self-saturation of the 3-µm erbium laser [13-15]. A noticeable ESA
from 4I13/2 of the xenon lamp pump radiation was evident in Er: LuAG [14]. ESA
cross-sections comparable with ground-sate absorption cross-section were measured in
other crystals, too [45-49]. The effect of ESA on 3-µm emission depends strongly on
the pump wavelength and can be taken into account by proper additional terms in the
rate equations. If the pump wavelength λp > 1.1µm, ESA from 4I13/2 excites levels
up to 4F9/2, avoiding the cross-relaxation from 4S3/2; however, for pump wavelength
shorter than 0.85 µm, avoiding the cross-relaxation from 4S3/2 is activated. Denoting
by Re1 the ESA pump rate for λp > 1.1µm and Re2 the ESA pump rate for λp <
0.85µm, the expression of the photon flux density becomes

φ = N0
ρ

[

R1 + (R1 + R2)
(

1− p2
)]

− 1
ασT 2

− ω22ρ
α2σ2 −

(

β
ραT2

+ 2βω22
α2σ

)

N1

− 1−p2

ρT1
+ N1

ρ

[

Re1 +
(

2− p2
)

Re2
]

(16)

Summing the first and the last terms in Eq. (16), we obtain the “pump term”

ψ =
N0

ρ
[

R1 + (R1 + R2)
(

1− p2)] +
N1

ρ
[

Re1 +
(

2− p2) Re2
]

(17)

The conditions imposed on p to have ψ > 0 are
1. For pumping in 4I13/2, there is ESA to 4I9/2 and p2 < 1 + Re1N1

Rp1N0
.

2. For pumping in 4I11/2, there is no ESA from 4I13/2 and p2 < 2.
3. For pumping in 4I9/2 or 4F9/2, whatever there is ESA from 4I13/2 or not,

p2 < 2.
4. For pumping in 4S3/2, there could be ESA from 4I13/2 to 2H29/2 and

p2 < 1 +
1 + Re1N1/ (Rp4N0)
1 + Re2N1/ (2Rp4N0)

.
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The result is that ESA relaxes in some extent the condition on p when pumping
is performed in 4I13/2 or 4S3/2.

To understand the possibilities of ESA by itself we consider that the only upcon-
version mechanism is ESA (the experimental situation of low erbium concentration).
We consider two cases. In the first case, the pumping is performed in 4S3/2. The rate
equations in the stationary regime have the solutions

N1 =
β21RgN0T1

1 + (1− β21) Re2T1
, N2 =

RgN0T2 (1 + Re2T1)
1 + (1− β21)Re2T1

where Rg is the rate of the pumping from the ground state 4I15/2.
The condition for the population inversion gives

Re2 > − 1
T2

(

T2

T1
− β21β

α

)

(18)

The parenthesis in Eq. (18) becomes positive if the condition of Eq. (2) is satisfied;
in this case (2.81-µm generation in YLiF4) no ESA is necessary for the achievement
of the population inversion. On the other hand, the presence of ESA could relax the
condition (2). Thus, writing the inequality (18) in the form β21β

α < T2
T1

+Re2T2, we see
that higher values of the ratio β/α (i. e. shorter emission wavelengths) are permitted.

In the case of Er: YAG (β21 ≈ 1, Re1 > 0.113
0.201

1
4000= 6400 µs, T2= 100 µs,

β/α ≈ 0.25 for lasing at 2.94 µm) the condition (18) would require Re1 > 0.113
0.201

1
4000 ≈

2.3×10−3 µs−1 = 2300 s−1, a very high value (compared with a typical threshold
value of ∼ 5 s−1. Therefore, in this case, only cooperative upconversion can overcome
the “bottleneck” problem.

For pumping in 4I13/2 the condition for population inversion becomes more drastic:

Re1 >
β
α

1
T2

(19)

This condition can be satisfied neither for Er: YAG nor for YLiF4 (for λ = 2.81
µm, Re1 > 0.113

0.201
1

4000 ≈ 1.4×10−4 µs−1 = 140 s−1, also, a too high value). Therefore,
although ESA could improve the emission characteristics, it can not generally, solve
by itself the self-saturation problem.

3. Figures of merit for 3-µm generation
Dimensionless figures of merit are very convenient to express the role of various

energy transfer processes allowing the efficient generation of 3-µm erbium lasers. They
permit a comparison of different materials candidate for laser emission and could
furnish criteria for searching new materials. We could group these figures of merit
in figures of merit significant for energy transfer processes, figures of merit related to
presence of a sensitizer impurity, figures of merit related to the intrinsic oscillation
threshold, and so on.
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3.1. Figures of merit related to the upconversion processes
In the previous Section we introduced the dimensionless figure of merit p to express

the role of the upconversion processes p ≡ (β/α)
√

ω22/ω11. The importance of this
figure of merit was discussed in details in the previous Section.

3.2. Figures of merit related to the cross-relaxation processes
Other dimensionless figures of merit can be introduced to express the influence of

the cross-relaxation processes from 4S3/2 and 4I9/2.
If the level i is involved in a cross-relaxation process with the participation of the

ground level 4I15/2 (with the population N0 assumed constant for low and moderate
pump intensities) the kinetic equation for this level contains the terms

dNi

dT
= −Ni

Ti
− ωi0N0Ni + . . . = (1 + ωi0N0Ni)

Ni

Ti
+ . . . (20)

We define the “efficiency” of the cross-relaxation process ias

ei =
ωi0N0Ti

1 + ωi0N0Ti
< 1. (21)

In this way we can introduce two figures of merit: e5 for the cross-relaxation from
4S3/2 and e3 for the cross-relaxation from 4I9/2. With these new figures of merit the
rate equation system (8) becomes

−N2
T2

− (1 + e3) ω22N2
2 + (1− e3) ω11N2

1 − ρφ + R2N0 = 0

−N1
T1

+β21
N2
T2
− 2 (1 + e3) ω11N2

1 + (2e3 + e5) ω22N2
2 + ρφ + R1N0 = 0

αN2 −βN1 = ρ/σ.

(22)

Usually, for moderate and high erbium concentrations, e5 ≈ 1 and the photon flux
density becomes [28]

φ = RpN0

ρ − 1
ασT ′2

− ω22ρ
σ2α2

(1−e3)
1−e3(1+p2) −

N1
ρ

[

β
αT ′2

+ 2ω22βρ
σα2

(1−e3)
1−e3(1+p2)

]

−

− N1
ρT1

1−e3−(1+e3)p2

1−e3(1+p2)

(23)

where

1
T ′2

=
1
T2

{

1 +
(1− β21)

[

1− e3 − (1 + e3) p2
]

1− e3 (1 + p2)

}

(24)

and the pump rate Rp has the expression

Rp =
Rp1[1−e3+(1+e3)p2]+Rp2[2(1−e3)−(1+2e3)p2]

1−e3(1+p2) +

+
(Rp3+Rp4)[2(1−e3)−(1+3e3)p2]+Rp5[3(1−e3)−2(1+2e3)p2]

1−e3(1+p2)

(25)
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The high pump limit of the quantum efficiency for various pumping levels is given
in Table 2. A general decrease of the quantum efficiency due to the cross-relaxation
from 4I9/2 is observed.

Table 2. Quantum efficiency (high pump limit) for pumping at different
Er3+ levels.

Pumping level Quantum efficiency ηi

4S3/2
3 (1− e3)− 2 (1 + 2e3) p2

1− e3 (1 + p2)
4S3/2,4 F9/2

2 (1− e3)− (1 + 3e3) p2

1− e3 (1 + p2)
4I11/2

2 (1− e3)− (1 + 2e3) p2

1− e3 (1 + p2)
4I13/2

1− e3 − (1 + 3e3) p2

1− e3 (1 + p2)

3.3. Figure of merit related to the presence of a sensitizer ion

Another figure of merit (denoted by f in Ref. 29) expresses the modification
of the balance of rate equations due to the presence of the sensitizer Cr3+. The
position of the Cr3+ levels 2E and 4T2 in rapport with Er3+ levels favors the chain of
processes 4S3/2 (Er3+) → 2E, 4T2 (Cr3+) → 4I9/2 (Er3+), which furnishes
an alternative channel for the de-excitation of 4S3/2. In Ref. 29 this figure of merit
was defined as

f =
ω50NEr

ω50NEr + ω′50NCr
, (26)

where NEr and NCr are, respectively, the chromium and erbium concentrations and
ω′50 is the rate of the Er3+ → Cr3+ energy transfer process. Obviously, in the
absence of chromium, f = 1.

In the presence of Cr3+ ions the analytical expression for the photon flux density
becomes

φ =
Rp3N0

ρ
2 (1− e3)− p2 [(1− e3) f + 4e3]

1− e3 + (1− f − e3) p2 − 1
ασT ′′2

− ω22ρ
σ2α2

(1− e3) (2− f)
1− e3 + (1− f − e3) p2

−N1

ρ

[

β
αT ?

2
+

2ω22βρ
σα2

(1− e3) (2− f)
1− e3 + (1− f − e3) p2

]

− N1

ρT1

1− e3 − (1 + e3) p2

1− e3 + (1− f − e3) p2

(27)
where
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1
T ′′2

=
1
T2

1 + (1− β21)
[

1− e3 − (1 + e3) p2
]

1− e3 + (1− f − e3) p2 (28)

and the pumping is assumed only in the 4I9/2 level with the rate Rp3. Only laser
transitions that makes the first term (pumping term) positive are permitted. For e3 6=
0 the efficiency and the range of possible generation wavelengths are reduced. This
loss could be compensated by the presence of Cr3+ (f ¡ 1), extending the emission
toward shorter wavelengths.

3.4. Figures of merit related to oscillation threshold

3.4.1. Intrinsic oscillation threshold
In this section, we introduce new dimensionless figures of merit related to the

oscillation threshold and we discuss the problem of the ”intrinsic” oscillation thresh-
old, characteristic for the 3-µm erbium lasers, working on a self-saturated transition.
Since for this category of lasers the population inversion is created by the action of
the upconversion mechanisms, the activation of these mechanisms costs an amount
of pump energy (power), even in absence of any losses. We will denote this amount
of energy (power) spent in the absence of any losses, as intrinsic oscillation threshold
(IOT).

We have seen that for concentrated erbium crystals the condition (2) for population
inversion is replaced by a qualitatively new condition (11). In this new condition does
not enter the lifetimes of the laser levels and the self-saturation problem can be
overcame. In this case, the relation between the material parameters ω11, ω22 and
the composition of the pumping light (i. e. the ratio of the pump rates R1 and R2)
select the possible three-micron transition (represented by the Boltzmann population
coefficients of the Stark sublevels involved in the laser transition, α and β).

In stationary conditions, the analytic expression of IOT is very simple. In terms
of dimensionless quantities these expressions are

s0 =
2τ

(

1− p2 + τ
)

(1− p2)2
(29)

for pumping in 4I13/2

s0 =
2 (τ − 1)

(

1− p2 + τ
)

(2− p2)2
(30)

for pumping in 4I11/2, 4I9/2, or 4F9/2 and

s0 =
2

(

τ − 1
2

) (

1− p2 + τ
)

(3− 2p2)2
(31)

for pumping in 4S3/2.
In Eqs. (29) we introduced new dimensionless figures of merit: dimensionless

threshold
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s0 ≡ 2ω11T 2
1 RpN0 (32)

and dimensionless lifetime

τ ≡ βT1

αT2
. (33)

Eqs. (29) to (31) allow a discussion about the IOT existence. For pumping in
4I13/2 an IOT always exists (i. e. always s0 > 0, Eq. (29)), regardless the host
crystal. We note that, in given pumping conditions, p < 1. On the other hand, for
pumping in 4I11/2, 4I9/2, or 4F9/2 it is possible to have s0 < 0 (no intrinsic threshold)
if τ < 1. This condition could be fulfilled for Er: YLiF4 but not for Er: YAG. For
Er: YAG (T1 = 6400 µs, T2 = 100 µs, α = 0.2, and β = 0.04) τ = 12.8 >> 1.
The condition τ < 1 is equivalent with condition (2) with β21 = 1. In this case a
population inversion can by built even for low concentrated crystals, where the effect
of upconversion mechanisms is negligible. For pumping in 4S3/2 the condition for the
absence of IOT is even more restrictive: τ < 1/2. We note than for Er: YAG crystals
the IOT always exists, regardless the pumping conditions.

In the presence of losses, we can obtain an analytic expression for the oscillation
threshold (OT). For pumping in 4I13/2, using only dimensionless figures of merit, this
expression is

s = s0 + u
1−p2 +

2t2+(t−u)(1−p2−t+τ)
(1−p2)2 +

+
(t+τ)(1−p2+t+τ)

√
1+2u(1−p2)/(t+τ)2

(1−p2)2

(34)

Similar expressions are obtained in the other pumping conditions.
In Eq. (34), we introduced supplementary figures of merit related to the presence

of losses:

t ≡ 2ω22βT1

α2

ρ
σ

and u ≡ 2ω11T 2
1

(

ω22

α2

ρ2

σ2 +
1

αT2

ρ
σ

)

. (35)

3.4.2. Contribution of the intrinsic oscillation threshold to the oscillation threshold

We calculated the ratio s0/s (i. e. the contribution of the intrinsic oscillation
threshold to the oscillation threshold), function of erbium concentration as well as
function of the total losses. The result of this calculation is presented in Fig. 2. We
note a strong dependence of the IOT contribution function of both concentration and
losses. For usual erbium concentrations (50%), the contribution of IOT is negligible,
but for lower concentrates, the contribution of IOT could be important. The relative
contribution of the IOT for two erbium concentrations (10% and 50%) is given in
Table 3.
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Fig. 2. Contri-
bution of IOT
to OT (s0 /
s) function of
total losses and
erbium con-
centration for
Er: YAG laser,
for pumping in
4I11/2 (4I9/2 or
4F9/2).

Table 3. The relative contribution of the intrinsic oscillation threshold to
the total oscillation threshold in Er: YAG, for two erbium

concentrations: 10% and 50%.

Pump level → 4I13/2
4I11/2 (4I9/2 or 4F9/2). 4S3/2

Er (10%): YAG s0/s = 55% s0/s = 38.5 % s0/s = 46%
Er (50%): YAG s0/s = 4.2% s0/s = 2.5% s0/s = 3%

4. Stationary Regime
In this Section we resume the main aspects of the stationary regime of 3-µm

erbium lasers. We have seen that the population inversion condition (2), expressed in
terms of lifetimes of the laser levels, is replaced, in concentrated erbium systems by
condition (11), expressed in terms of upconversion rates. This qualitative change is
illustrated in Fig. 3. Pumping in the initial laser level is assumed. The slope of the
dependence changes from (αT2 − βT1) N0 < 0, for low pump intensity, to kR1/2

2 > 0
(the proportionality coefficient k can be obtained from Eq. (11)). The oscillation
threshold (OT) as well the intrinsic oscillation threshold (IOT) are shown for two
erbium concentrations: 10% and 50%. For the higher concentration, both OT and
IOT are significantly reduced. The losses are represented by the horizontal straight
line marked ρ/σ.

The existence of the efficient energy transfer processes, recycling the excitation
on the metastable levels of Er3+ make possible efficient stationary 3-µm generation,
despite the unfavorable ratio of the lifetimes. The allowed ratio of the rates of the two
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main two-ion upconversion processes (from 4I11/2 - rate ω22 and from 4I13/2 - rate
ω11) is given by the condition (11). This condition can be relaxed in some extent by
ESA from 4I13/2 (Eq. (16)) and by codoping with sensitizer ions as Cr3+ (Eq. (27)).

Fig. 3. Typical population inver-
sion - pumping rate dependence for
three-micron Er: YAG laser. The
slope of the dependence changes from
(αT2 − βT1) N0 < 0, for low pump in-
tensity, to kR1/2

2 > 0. The oscillation
threshold (OT) as well the intrinsic
oscillation threshold (IOT) are shown
for two erbium concentrations: 10%
and 50%. For the higher concentra-
tion, both OT and IOT are signifi-
cantly reduced. The losses are repre-
sented by the horizontal straight line
marked ρ/σ.

The condition (11) (or (13)), though was obtained in stationary regime, is in fact,
not restricted to this regime. This condition expresses the necessary requirements to
overcome the “bottleneck” problem by recycling the excitation on the erbium levels.

In stationary regime we obtained simple analytical expressions for the photon flux
density (Eqs. (14), (16), (23), and (27)). These expressions allowed a discussion of
the role of various processes in the resulting characteristics of 3-µm erbium lasers
and to find out the intrinsic limitations of these lasers. When possible, dimensionless
figures of merit were introduced.

5. Q-Switch Regime
As we already mentioned in Section 1, 3-µm erbium lasers have many applications

in medicine and biology. In surgery, in order to produce minimal thermal damage of
the adjacent tissues in surgical operations, short pulses (if possible, in the nanosecond
range) are desirable.

The Er: YAG laser, working in Q-switch regime at 2.94 µm (laser transition
4I11/2 → 4I13/2), could satisfy these requirements. Nevertheless, since this laser
transition is self-saturated (i. e., the lifetime of the initial laser level is much shorter
than the lifetime of the final one) efficient generation of short pulses is a quite delicate
problem.

The generation of giant pulses of three-micron Erbium lasers was obtained experi-
mentally, using different Q-switches such as spinning prism [50], electro-optic [51,52],
passive [53, 54] and, more recently, FTIR (Frustrated Total Internal Reflection) [55-
57].

There are few works devoted to the mathematical modeling of the Q-switching
of three-micron Er-lasers, using a simplified two-level model, for which the initial
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population inversion is taken from experiment (small signal, single pass amplification
coefficient) [58]. Though the results of this modeling describe quite satisfactorily
the experimental data, no connection was made between energy transfer processes
governing three-micron lasing of Er laser, pumping conditions, co-doping, and the
characteristics of giant pulse generation, as for cw emission [29,30].

In order to understand the peculiarities and the possibilities of the 3-µm Er lasers
working in Q-switch regime, we construct and use a more general rate equation model,
based exclusively on spectroscopic data, involving the populations of Er3+ energy
levels up to 4S3/2 and three energy transfer processes [31]: up-conversion from 4I11/2
and 4I13/2 and cross-relaxation from 4S3/2. The necessary spectroscopic coefficients,
entering the rate equations, were measured by us or were taken from literature. They
are collected in Table 1 and Table 3. The simulations were performed using the rate
equation system (3).

The Q-switch action was simulated for two cases: idealized (step function) and
more realistic one, with 1.5 µs switching time, illustrating the FTIR device. The
results of the simulations are then compared with data concerning the FTIR Q-
switched Er: YAG lasers, for which more systematic experimental data are available
in literature.

4.1. The FTIR Q-switch

Due to the rather low emission cross-section (Table 4) the pulse build-up time is
long. Therefore, a Q-switch device, based on the FTIR phenomenon is a convenient
choice. The construction of a FTIR Q-switch is schematically depicted in Fig. 4.

Table 4. Emission cross-section an energy transfer rates
for Er (50 at. %): YAG

Parameter Value Reference
σ 2.6×10−20 cm2 [59]
ω11 1.3×10−15 cm3 s−1 [29]
ω22 3.7×10−15 cm3 s−1 [29]
ω50 1.06×10−15 cm3 s−1 [60]

Two prism (undoped YAG, highly transparent in 3-µm domain) are separated by
a 1 µm foil. This separation, superior to the range of manifestation of the evanes-
cent waves, assures total internal reflection of the laser radiation propagating along
the resonator axis (low transmission state of the Q-switch). Applying a tension on
the piezoelectric elements, the YAG prisms are deformed, the separation distance be-
tween the prism is reduced, and the transmission along the resonator axis increases
substantially (high transmission state). In the following we shall simulate this Q-
switch. Then, this Q-switch will be compared with an idealized one (step function).
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Fig. 4. Princi-
ple of the FTIR Q-
switch. prism – un-
doped YAG prism;
piezo – piezoelectric
crystals.

The total loss per round trip, ρ, is expressed as

ρ = −
ln

(

r1r2T 2
Q

)

2l
+ ρ0 (36)

where r1, r2 are the reflectivity of the total (rear) and partial (coupling) laser mirrors,
TQ is the one-way optical transmission of the Q-switch, and ρ0 is the total passive
loss coefficient.

The Q-switch operation is simulated in the Eqs. (3) changing the optical trans-
mission of the Q-switch. This can be done assuming various temporal dependencies
of transmission. The simplest case (idealized) is to consider a step function. How-
ever, we found that the change of the Q-switch transmission can be quite realistically
represented by the expression

TQ (t) = T low
Q +

(

T low
Q − Thigh

Q

)

{[

cos
(

2π
τQ

(t− t1)
)]m

− 1
}

(37)

where τQ and Thigh
Q are, respectively, the values of the transmission in the closed and

open state of the Q-switch and t1 is the Q-switching moment. With two parameters
τQ and m (where m is an even integer), we can control the fronts and the duration of
the maximum transmission interval of the Q-switch. An example of the variation of
the Q-switch transmission for τQ= 16 µs and m= 12, illustrating a FTIR Q-switch,
is given in Fig. 5.

The energy of the giant pulse is calculated with the expression [61]

Epulse =
1
2
h ν l A ln

(

1
2

)∫

pulse
φ(t)dt, (38)

hνl being the energy of a laser photon and A the cross-section of the active element.
The FWHM (Full Width at Half Maximum) pulse-width, τpulse, is calculated in

the so-called triangular approximation, i. e.

τpulse =

∫

φ (t) dt
φmax

, (39)

where φmax is the maximum value of the photon density.
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4.2. Absorbed pump energy
In Eqs. (3) optical pumping is allowed in any level i with a pumping rate

Rpi =
I0σ0iκi

hνi
. (40)

Fig. 5. Illus-
tration of FTIR Q-
switch transmission
(Eq. (32)). T low

Q

= 0.3, T high
Q = 0.95,

τQ = 16 µs, m
= 12. Q-switching
time, tQ ≈ 1.5 µs.

where I0 is the incident power density, σ0i is the maximal cross-section of the pump
band i, hνi is the average pump quantum, and κi is the spectral pump coefficient i.
e. the superposition integral of the spectral dependence g (λ) of the pump source and
the absorption cross-section, of Er3+ in YAG, with the spectral dependence f (λ)

κi =
∫

abs.band.i
g (λ) f (λ)dλ. (41)

In case of monochromatic pump the distribution kp5 is much narrower than f (λ)
and the pumping wavelength is chosen to correspond to the maximum in the function
f (λ). However, in case of polychromatic pump (such as for flash lamp) we must
take into account the contribution of the various pump bands. This can be done
considering the normalized pump coefficients

kpi =
σ0iκi

∑

i
σ0iκi

. (42)

The spectral distribution f (λ) of the flash lamp is very complex; however, in order
to get an idea on the contribution of the various pump levels for Er: YAG, we can
approximate the flash lamp with a black body of 8000 - 12000 K, as in [62]. In Table
5 we give the calculated values of the normalized pumping coefficients kpi for eleven
absorption bands of Er3+ in YAG, for a 10000 K black body. It is evident that about
78 % of the pump energy are absorbed in the 0.355 - 0.565 µm spectral range. Due to
the very rapid multiphonon relaxation of excitation from all the levels placed above
4S3/2 on this last level, we can take Rp5 ≈ 0.78R (t) where R (t) is the total pump rate
of the system. The value of kp5 varies from 0.71 to 0.82 for black body temperatures
from 8000 to 12000 K.

The total energy absorbed effectively by the Er: YAG crystal during the pump
duration, ∆t, in case of polychromatic pumping is given by
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Eabs =
11
∑

i=1

kpihνi

∆t
∫

0

R (t) dt. (43)

This equation assumes that the incident pump power density I0 is the same in
all the points of the sample. However, in the case of the strongly absorbing systems,
such as concentrated Er crystals, marked departures from the uniform pump picture
could take place.

Table 5. Spectral pumping coefficients of Er: YAG for pumping with
Xenon flash lamp approximated with a black body with T = 10000 K.

Absorption transition Wavelength range (µm) kpi
4I15/2 → 4G9/2, 2K15/2 0.355 – 0.375 0.1309
4I15/2 → 4G11/2 0.375 – 0.390 0.2940
4I15/2 → 2H9/2 0.400 – 0.420 0.0364
4I15/2 → 4F3/2 +4 F5/2 0.435 – 0.465 0.0500
4I15/2 → 4F7/2 0.480 - 0505 0.0970
4I15/2 → 2H211/2 0.515 – 0.540 0.1473
4I15/2 → 4S3/2 0.540 – 0.565 0.0225
4I15/2 → 4F9/2 0.640 – 0.680 0.1219
4I15/2 → 4I9/2 0.780 – 0.860 0.0167
4I15/2 → 4I11/2 0.940 – 1.030 0.0275
4I15/2 → 4I13/2 1.440 – 1.580 0.0553

4.3. Losses of the absorbed energy

Not all the absorbed energy can be used in the laser emission: part of it is lost
either non-radiatively by electron-phonon interaction (and this is transformed into
heat) or in radiative processes.

4.3.1. Non-radiative losses

In crystals with high phonon energies (such as the oxides) the very efficient
electron-phonon interaction leads to an almost complete non-radiative relaxation of
excitation between close levels. Thus, as shown before, in case of the garnet crystals,
almost all the energy absorbed in levels placed above 4S3/2 relaxes non-radiatively
on this level; in many of these crystals the level 4I9/2 is quenched too. Because of
this only a few well-separated levels could store the energy during the pump pulse
(the levels 1 to 5 from Eqs. (3)). The fraction of pump energy lost by multiphonon
relaxation from the levels above 4S3/2 is given by
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E(1)
nrad =

11
∑

i=6

kpihνi5

∆t
∫

0

R (t) N0 (t) dt (44)

where hνi5 (with i = 6 to 11) correspond to the energy difference between the pump
level and 4S3/2 (pump quantum defects).

The energy stored in Er: YAG active medium is the sum of the potential energies
stored in the five metastable levels 1 to 5. The non-uniform (Boltzmann) population
of the Stark sub-levels imposes the definition of “thermal center of gravity” EB

i :

EB
i ≡

∑

j

Eij
exp [− (Eij − Ei1) /kBT ]

∑

l
exp [− (Eil − Ei1) /kBT ]

(45)

where Eij is the jth Stark sub-level of the level i, kB is the Boltzmann constant, and
T , the absolute temperature. The energy stored in a cm3 of active medium at the
moment of time t is

Estored (t) =
5

∑

i=1

Ni (t)hνB
i . (46)

Part of this stored energy can be lost during the time interval ∆t by non-radiative
processes, the main contribution coming from:

(i) the multiphonon relaxation from the metastable levels 1 to 5:

E(2)
nrad =

∆t
∫

0

[

5
∑

i=2

Ni (t)wi,i−1hνi,i−1

]

dt (47)

(ii) the loss due to up-conversion processes ending above the level 4S3/2: such
a process is the co-operative up-conversion ω22 from level 4I11/2 (labeled by 2 in
our model) which ends up on the level 4F7/2 (labeled by 6) from which it relaxes
completely on 4S3/2:

E(3)
nrad =

∆t
∫

0

ω22N2
2 (t) hν65dt. (48)

(iii) the energetic balance of the energy transfer processes ending below 4S3/2.
Using the thermal centers of gravity, defined above, we have:

-an energy excess in the up-conversion from 4I13/2:

∆Ee = 2× EB
(4I13/2

)

−
[

EB
(4I9/2

)

+ EB
(4I15/2

)]

≈ 778cm−1

which corresponds to generation of heat;
-an energy deficit in the cross-relaxation from 4S3/2:
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∆Ed =
[

EB
(4S3/2

)

+ EB
(4I15/2

)]

−
[

EB
(4I9/2

)

+ EB
(4I13/2

)]

≈ −533cm−1

leading to an “absorption” of heat.
Thus, we can define another contribution to the non-radiative losses

E(4)
nrad =

∆t
∫

0

[

ω11N2
1 (t) hνe − ω50N0 (t)N5 (t)hνd

]

dt (49)

where hνe, hνd, are, respectively, the excess and deficit energy per act.
The total main non-radiative losses (in J / cm3) are thus

Enrad =
4

∑

k=1

E(k)
nrad. (50)

It is important to note that E(1)
nrad is included in the total losses only during the

flash lamp pumping interval, while the other processes act also after the pump pulse.

4.3.2. Radiative losses

During the optical pumping and giant pulse generation a fraction of the absorbed
energy is lost as spontaneous emission from the metastable levels. The energy lost by
radiative transitions / cm3 of active medium, during the optical pumping is

Erad =

∆t
∫

0







5
∑

i=1

Ni (t)





∑

j<i

aijhνij











dt (51)

where aij and hνij are related to the radiative transition i → j; the same ex-
pression can be used for the radiative losses during the generation of the giant laser
pulse.

4.4. Results of Q-switch simulation

4.4.1. Radiative and nonradiative losses during optical pumping

In our simulations we have used square pump pulses of various lengths, ∆t. The
Q-switch is open at the end of the pump pulse, when the maximal value of the pop-
ulation inversion is reached. Two types of Q-switches were considered: an idealized
Q-switch, with the switching time tQ= 0 (step function) and a FTIR Q-switch, with
tQ= 1.5 µs (see Fig. 5). In both cases, the maximum transmission was Thigh

Q = 0.95.
The effect of changing the maximum transmission can be included in ρ0 (Eq. (36))
and a separate discussion of the influence of the passive losses on the emission charac-
teristics will be presented bellow. The spectral composition of the pumping light was
either monochromatic or corresponding to a black body with absolute temperature
T = 10000 K. For square pumping pulses we could consider that the variations of
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temperature, and, as a consequence, the change of the spectral composition of the
emission of the flash lamp are not important.

The radiative losses / cm3, as well the non-radiative ones (heat), produced during
the optical pumping, function of the absorbed energy are presented in Fig. 6a and
Fig. 6b, respectively, for monochromatic and flash lamp pumping. For the pump
pulse length we have chosen the usual value ∆t = 200 µs [55,56]. For flash lamp
pumping, the non-radiative losses, due to the multiphonon relaxation of the high
Er3+ energy levels on 4S3/2, E(1)

nrad, were included. We see that the radiative losses
are negligible in rapport with the non-radiative ones. Obviously, the losses during
the optical pumping are larger for longer pump pulse lengths, and, therefore, shorter
pump pulses are preferable. Only small changes in the dependence of the non-radiative
losses in rapport with the spectral composition of the pumping light are noted (Fig.
6b). The radiative losses are inferior to 0.08 % of the absorbed energy.

Fig. 6. Radiative and
non-radiative losses (in J /
cm3) function of absorbed en-
ergy, for monochromatic and
flash lamp (approximated by
a 10000 K black body) pump-
ing: a - radiative losses; b -
non-radiative losses. The ra-
diative losses can be neglected
in rapport with non-radiative
ones.

4.4.2. Stored energy
Regardless the pumping wavelengths, all the energy levels of Er3+, from 4I13/2 up

to 4S3/2, are populated during the optical pumping. In this model the contribution of
higher energy levels of Er3+ in YAG, as for example, 2P3/2, are not taken into account,
though, up-conversion processes, which can populate this level, were experimentally
evidenced [64]. In fact, at high Erbium concentration the luminescence of 2P3/2 level is
strongly quenched, but the cross-relaxation mechanisms are not yet clear. Therefore,
we will use for the stored energy (in J / cm3) Eq. (46). Due to the radiative and
non-radiative losses, the energy storage efficiency (i. e., the ratio between the stored
and absorbed energy) depends of the intensity and duration of the pumping pulse.
We show this dependence in Fig. 7, where the total absorbed energy / pumping pulse
was kept constant (= 20 J /cm3). The energy storage efficiency is higher for shorter
pumping pulses. For example, for ∆t = 100 µs, this efficiency is ∼ 33 %, but becomes
only ∼ 15 %, for ∆t = 500 µs. In experiment the pumping pulse duration is limited
by the constructive characteristics of the flash lamps, the laser threshold for the Er:
YAG laser being quite high. We must note that in this simulation the change of the
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color temperature of the flash lamp plasma for higher current densities, required by
short pumping pulses, was not taken into account.

4.4.3. Giant pulse generation

The FTIR Q-switch proved to be a convenient solution for three-micron Er lasers,
mainly due to the lower voltage required in rapport with the conventional Pock-
els cells. Therefore, in our calculations we shall simulate the Q-switch function by
changing the Q-switch transmission according to Eq. (37), with T low

Q = 0.30, Thigh
Q =

0.95 and a Q-switching time of 1.5 µs (see Fig. 5), that corresponds to the FTIR
device described in Ref. [55,56]. The Q-switch is opened at the end of the pumping
pulse, when the population inversion, for square pump pulses, reaches its maximum.
The results are then compared with an idealized situation, with the Q-switching time
tQ= 0 (step function). If not specified otherwise, we will consider the following pa-
rameters: pumping (flash lamp) 200 µs square pulse, a volume of the active medium
(Er (50 at. %): YAG) of 1 cm3, with length l = 8 cm and cross-section A = 0.125 cm2

(as used in Ref. 56), and a resonator length, l′ = 27 cm. The mirrors reflectivity is
R1 = 1 (rear mirror) and R2 = 0.78 (coupling mirror), and the passive loss coefficient
is, ρ0= 0 cm−1. For an active medium of 8 cm length, the value of the transmission
Thigh

Q = 0.95 corresponds to ρ0= 0.0064 cm−1.

Fig. 7. Efficiency of the energy
storage in the active medium func-
tion of the pumping pulse duration
(flash lamp pumping, square pulses).
The pumping rate, R (t) was chosen
to have the same absorbed energy (in
our example, 20 J / cm3) for vari-
ous pumping pulse duration (100, 200,
300, 400, and 500 µs). The continu-
ous solid line represents a fitting with
a third degree polynom.

4.4.3.1. Q-switch efficiency.

Two different approaches were used in calculating the energy generated during
the giant laser pulse: (i) with Eq. (38), (ii) considering the variation of the stored
energy in the active medium (Eq. (46)) during the giant laser pulse and subtracting
the radiative and non-radiative losses. We must note that the losses produced during
the giant pulse can not be neglected, especially near laser threshold. An illustration
of input-output characteristics is given in Fig. 8 for the FTIR Q-switch.
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Fig. 8. Input - output characteristics
for a FTIR Q-switch with T high

Q = 0.95,
switching time tQ= 1.5 µs. The active
medium has 1 cm3 volume (l = 8 cm, A
= 0.125 cm2). The resonator length is
l′ = 27 cm and the mirrors reflectivity
are, respectively, R1 = 1, R2 = 0.78.
Epulse - giant pulse energy calculated
with Eq. (6); ∆Estored - variation of the
total stored energy (Eq. (14)) during
the giant pulse generation; Eloss - total
(radiative and non-radiative) losses.

A comparison between the FTIR and the idealized Q-switch, for various resonator
lengths, is given in Fig. 9. The rather good performances of the FTIR Q-switch,
especially for longer resonators, are explained by the low value of the emission cross-
section leading to long build-up times (function of the resonator length, the build-up
time could vary between 0.5 an 2 µs). For both FTIR and idealized Q-switches, shorter
resonators lead to lower laser thresholds and lower efficiencies. A “saturation” of the
efficiency is observed for long resonators.

Fig. 9. Comparison between the output
characteristics of FTIR (open symbols) and
the idealized (solid symbols) Q-switches, for
various lengths of the laser resonator, l′. Due
to a long pulse build-up time the efficiency
difference between the FTIR and the ideal-
ized Q-switches is not drastic, especially for
long resonators.

The influence of the spectral composition of the pumping light on the emission
characteristics is shown in Fig. 10. Two types of pumping were simulated: monochro-
matic pumping in any of the levels 4I13/2, 4I11/2, 4I9/2, 4F9/2, and 4S3/2 and flash
lamp pumping (approximated by a 10000 K black body). The emission efficiency for
monochromatic pumping respects the same trends as for cw emission [29], i. e. the
highest efficiency is obtained for pumping in the initial laser level and the lowest for
pumping in the terminal one. The even lower efficiency in the case of flash lamp
pumping is explained by the multiphonon degradation of the energy absorbed in the
bands situated at higher energies than 4S3/2. The influence of the passive losses on
the emission efficiency is given in Fig. 11
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4.4.3.2. Pulse-width.
The FWHM pulse-width, τpulse, was calculated with Eq. (39). Generally, for

shorter resonator lengths, shorter giant pulses and higher peak power values are ob-
tained. As shown in Fig. 12, the dependence τpulse versus Epulse is practically in-
dependent of the spectral composition and the pump efficiency, i. e. the parameters
usually less known in experiment. Furthermore, this dependence is very sensitive to
the total passive losses (Fig. 13) and to the resonator length (Fig. 14). Therefore,
this type of dependence could be very convenient to compare the experimental and
theoretical results.

4.4. Discussion concerning the results of Q-switch simulation
For usual pumping pulses duration (200 - 300 µs, for Er: YAG Q-switched laser)

we could consider the levels populations close to the stationary values, especially for
high pump intensities. On the other hand, our analysis shows that thought the role of
the energy transfer processes is essential for the realization of the population inversion,
their influence on the evolution of populations, during the giant pulse generation, can
be neglected. Thus, the problem of Q-switching Er: YAG lasers can be separated
into two distinct moments: (i) the construction of the population inversion during
the optical pumping, when the energy transfer mechanisms are essential; (ii) the giant
pulse generation, when the evolution of the photon density inside the laser resonator
takes place practically independent of the existence of these energy transfer processes.
Therefore, for not very short pumping pulses, within a rather good approximation,
some of the main conclusion of the cw regime [29] could be applied to the Q-switch
regime. Thus, the efficiency should be highest for pumping in the initial laser level,
4I11/2 and lowest for pumping in the terminal laser level, 4I13/2, as confirmed by the
present calculations (Fig. 10). We note that for shorter pumping pulses (≤ 100 µs),
the inverse of the rates of the energy transfer processes are comparable with pumping
pulses duration: (ω11N1)−1 ≈ (1.3 x 10−21 cm3 µs−1 x 1019 cm3)−1 = 77 µs,
(ω22N2)−1 ≈ (3.7 x 10−21 cm3 µs−1 x 1019 cm3)−1 = 27 µs, where, near the laser
threshold, N1 ≈ N2 ≈ 1019 cm3. In this case the populations could be far from
the stationary values and the conclusions of the cw theory could be not longer valid.

Fig. 10. Influence of the spectral com-
position of the pumping light on the ef-
ficiency of giant pulse generation (FTIR
Q-switch). As for cw Erbium lasers, the
highest efficiency is obtained for pumping
in the initial laser level, 4I11/2. The lowest
efficiency, obtained for flash lamp pump-
ing, is explained by degradation in heat of
the pumping energy absorbed in Er3+ en-
ergy levels, higher than 4S3/2.
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Fig. 11. Output char-
acteristics of the Er: YAG
laser (FTIR Q-switch) func-
tion of the passive losses, ρ0,
for T high

Q = 1. The value ρ0

= 0.0064 cm−1 represents the
losses induced by T high

Q = 0.95.

As pointed in [29], the 2.94 µm laser transition of Er in YAG, for long pumping
pulses or stationary pumping, is characterized by a subunitary figure of merit p =
(β/α)

√

(ω22/ω11)= 0.43. In this case, the value of the terminal laser level lifetime,
T1, should be kept as large as possible for efficient lasing [44]. For the Q-switch regime
our simulations show the same tendency: the reduction of T1, though could help the
formation of the laser pulse, it reduces the population inversion and the overall result
is negative. On the contrary, for transitions with p > 1, the reduction of T1 is twice
beneficial: it improves the population inversion and helps the formation of the giant
pulse. This improvement is illustrated in Fig. 15 by simulating the Q-switching the
Cr: Er: YAG (co-doped with Ho3+ or Tm3+) laser, working on the 2.70 µm transition
(α ≈ 0.25, β ≈ 0.27, p = 1.85), with an emission cross-section, σ ∼ 7.5 x
10−20 cm2, as estimated from the published fluorescence spectra [62]. We note that,
according to the mathematical model for cw regime [29], laser transitions with p >

√
2

are made possible by co-doping with ions as Cr3+, which introduce a concurrent de-
excitation channel for 4S3/2, that changes the mechanisms of population inversion.
Thus, in Ref. 29, the presence of Cr3+ ions is marked in the rate equations by a
supplementary figure of merit f ≡ ω50N0N5/ (ω50N0N5 + ω′50NCrN5) where ω′50 is
the rate of the supplementary de-excitation channel and NCr is the concentration of
the Cr3+ ions. In the absence of Cr3+ ions, f = 1. An inspection of the rate equations
(3) shows that the presence of Chromium changes the term ω50N0N5 to ω50N0N5/f
only in the first and the third of Eqs. (3), but preserves it unchanged in the fifth one.
In our example (depicted in Fig. 15 for the idealized, step function, Q-switch) we
have chosen f = 0.1. The strong reduction of the lifetime of the terminal laser level,
4I13/2, will result, eventually, to a normal four level laser system. We note that in this
case, the depletion of the 4I13/2 population by transfer to impurities introduces a new
source of non-radiative losses, not considered in Eq. (50). Furthermore, the depletion
of the 4I13/2 population should reduce the overall emission efficiency in rapport with
the case when the energy stored in the 4I13/2 level is re-cycled by up-conversion (e.
g., 2.94 µm emission). This is illustrated in Fig. 15: the 2.94 µm emission (shown
with solid symbols) has an efficiency slope significantly higher, for the same laser
configuration, than the 2.7 µm one.

In contrast with the radiative losses, the non-radiative ones constitute an impor-
tant factor in degrading the energy stored in the active medium. We found that
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for 200 µs flash lamp pulses, 50÷70 % of the absorbed energy is transformed into
heat. We note that both up-conversion mechanisms, from 4I13/2 and 4I11/2, being
followed by rapid multiphonon relaxation, which make them practically irreversible,
are important sources of heating. Besides, another important source of heating is the
multiphonon transition 4I11/2 ∼> 4I13/2. Recently [65], the experimental study
of the heating of Er: YAG active medium during optical pumping was used as an
alternative method to the spectroscopic and laser ones, to check the rate equations
models and the published spectroscopic data.

Fig. 12. FHWM
pulse-width, τpulse,
versus pulse energy,
Epulse, for various
spectral compositions
of the pumping light
(FTIR Q-switch).

In our model the complex Stark level structure was simplified to those of the
thermal centers of gravity. In this simplified model the energy transfer processes
appear as off resonant. (An analysis of these energy transfer processes shows that
resonance is assured by transitions between particular pairs of Stark sublevels). We
took into account these off-resonances by introducing a new term, E(4)

nrad in the non-
radiative losses.

A rather unexpected result is that non-radiative losses are not negligible, even
during the generation of giant laser pulses. Near the laser threshold the variation of
the stored energy leads almost entirely to heat. A comparison of the results of our
analysis for the 2.94 µm FTIR Q-switched emission of Er: YAG laser with published
experimental data [55,56] show that the theory presented here gives a good qualita-
tive description of these data. However, generally, the experimental giant pulses are
less energetic that this mathematical model predicts. Using the FHWM pulse-width,
τpulse, versus pulse energy, Epulse, representation, giant pulses with energy less than
100 mJ and shorter than 100 ns, for comparable laser configurations and active me-
dia, can be obtained only for passive losses ρ0 > 0.02 cm−1. Taking into account the
very strong absorption of the water at 2.94 µm, water vapor traces present in the at-
mosphere could introduce, for long resonators, rather high passive losses. On the other
hand, the rate equation model requires a population inversion at the laser threshold,
significantly higher than the experimental value (estimated to approx. 1.2x1018 cm3,
from Ref. [56]). Therefore, to explain the discrepancy between the experiment and
theory we should look for the possible non-uniformity of the population inversion in-
side the active medium, resulting in a non-homogeneous distribution of the emission
intensity across the emitting surface of the laser rod. In fact, hot spots in the near
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field image of the Er: YAG emission have been observed, even when special attention
was paid to assure very uniform pumping conditions. This non-uniformity could be
equivalent with a reduction of the effective emitting surface area.

Fig. 13. τpulse versus Epulse, curves
for various passive losses, ρ0 (FTIR
Q-switch, l′ = 27 cm, T high

Q = 0.95).
The full symbols represent experi-
mental results obtained in a com-
parable laser configuration [55].

Fig. 14. τpulse ver-
sus Epulse curves for var-
ious resonator lengths l′

(FTIR Q-switch, T high
Q =

0.95, ρ0 = 0).

A major cause for non-uniform distribution of the population inversion could be
the non-uniform pump intensity due to the strong absorption in concentrated Er sys-
tems; this effect could be accentuated by non-uniform heating of the active medium
under pump. Also, under certain wavelengths of pumping, the excited state absorp-
tion could influence the populations of the excited levels.

Fig. 15. Influence of the re-
duction of the terminal level
lifetime, T1, for a 2.7 µm Cr:
Er: YAG laser output (open
symbols). For comparison,
with solid symbols, is given
the 2.94 µm emission charac-
teristic, in a similar laser con-
figuration.
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5. Conclusion
Efficient 3-µm generation of erbium lasers on the self-saturated transition 4I11/2 →

4I13/2 is made possible by energy transfer processes that are very active at high activa-
tor concentrations. The population inversion condition, which depends at low erbium
concentrations of the lifetimes of the laser levels and can be fulfilled in only a few cases
(as, for example, 2.81-µm lasing in Er: YLiF4) is replaced at higher concentrations
by a new one, that depends only of the upconversion rates.

For the stationary regime of emission, our mathematical model, based on analyt-
ical formulae for population inversion, photon flux density, and quantum efficiency,
explains in an unitary manner the main characteristics of erbium lasers.

The role of various interactions that influence 3-µm lasing in erbium systems is
expressed by appropriate dimensionless figures of merit that can be determined from
spectroscopic measurements. Our rate equation model can also accommodate the
presence of sensitizer ions, represented by specific figure of merit. These figures of
merit can be used as criteria for searching new materials for 3-µm generation.

The same mathematical model was used for simulation of the Q-switch regime
of 3-µm erbium lasers. The FTIR Q-switch, though characterized by microsecond
switching times, proves to be very convenient for 2.94-µm Er: YAG lasers due to
the rather long pulse build-time. For usual pump duration (200-300 µs) the main
conclusions for the stationary regime are still valid. Thus, for the construction of
the population inversion the energy transfer mechanisms are essential, but during
the giant pulse generation these processes are “frozen”. This fact leads to major
limitation of the efficiency of the 3-µm erbium lasers in Q-switch regime.
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