ON A BLAIR-TANUS” QUESTION
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Abstract

In this paper we present some results of almost Hermitian manifolds of di-
mension four with J-invariant Ricci tensor and we restate some recent published
results.
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Much geometric information is carried by integrals of particular functions over
a compact manifold, especially if such an integral is a critical value of a functional
defined by such integrals on a space of certain geometric objects over the manifold.

The study of the integral of the scalar curvature: A(g) = fM SdV, as a functional
on the set of all Riemannian metrics of the same total volume on a compact orientable
manifold M is now classical (Hilbert 1915).

Let M?" = (M?",g,.J) be a 2n—dimensional (n > 2) almost Hermitian manifold
equipped with the almost Hermitian structure (g, J) and ® the Kihler form of M?2"
defined by ®(X,Y) = g(X, JY), for X, Y € X(M?") (X(M?") denotes the Lie algebra
of all smooth vector fields on M?2"). We denote by V, R , p,Q and S the Riemannian
connection, the curvature tensor (R(X,Y)Z = [Vx,Vy|Z — V(xy]Z), the Ricci
tensor, the Ricci operator (p(X,Y) = g(QX,Y)) and the scalar curvature of M?2",
respectively.

1
We denote by p* the *Ricci tensor of M?" defined by p*(z,y) = §t7"ace of

(z — R(z,Jz)Jy) for z,y,2 € T,(M?"), p € M*". We also denote by S* the
xscalar curvature of M2", which is the trace of the linear endomorphism Q* defined
by 9(Q*z,y) = p*(x,y), for z,y € T,(M?"), p e M?". If M?>" is a Kihler manifold,
then p = p* (and therefore S = S*).

On an almost Hermitian manifold M?" we define the Weyl tensor W

1

W(X,Y)Z = R(X,Y)Z—m[

9(Y, 2)QX — g(X, 2)QY +
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(Y, 2)X — p(X, Z)Y] +
S

e D -1 l9(Y,2)X — g(X, 2)Y],

for all X,Y,Z,W € X(M?").
An almost Hermitian manifold M?" is conformally flat if and only if W(X,Y)Z =
0, or

RXVZ = 5erslolV. 2)QX —g(X. Z)QY +p(V.2)X — p(X.2)Y] +

+2(2n_15)(n_1)[9(Y7 Z)X —g(X,2)Y].

S.I. Goldberg in [8] proved that every almost Kéhler manifold satisfying g(R(X,Y)Z, W) =
9(R(X,Y)JZ, JW) is a Kéhler manifold. In this paper he stated the following con-
jecture:

”A compact Einstein almost Kdhler manifold is a Kdhler manifold 7 .

It is still an open problem in general. Important progress was made by K. Sekigawa
([15]), who proved that the conjecture is true if the scalar curvature is non-negative.

Let M = (M,g,®) be a compact, symplectic manifold with scalar curvature
S, xscalar curvature S* and ®(X,Y) = ¢(X,JY). Studing a variational problem,
D.E.Blair and S. Ianus in [3] proved that an associated (to the symplectic form) met-
ric on M s a critical point of A(g) = [,,SdV and K(g) = [,,(S —S*)dV if and
only if the Ricci operator is J — invariant. They also raised the question of whether
a compact, almost Ké&hler manifold whose Ricci operator commutes with the almost
complex structure must be Kéhler. This question is stronger than Goldberg’s conjec-
ture. J. T. Davidov and O. Mushkarov in [4] gave a 6-dimensional example proving
that the answer of this question is negative in general. Recently, P. Nurowski and
M. Przanowski in [11] constucted an example of non-Kéhler almost K&hler Ricci-flat
space of dimension four. This example is also weakly xEinstein space which is not
+Finstein.

It is worthwhile to discover some additional curvature condition on these manifolds
such that Blair, Ianus’ question has a positive answer.

In [16] we studied almost Hermitian manifolds of dimension 4 equipped with J-
invariant Ricci tensor which also are conformally flat or heve harmonic curvature.

1Quite recently, the author knew through private communication with Prof. T.
Draghici that in [1] (V. Apostolov and P. Gauduchon) a method is provided to obtain
non-Kéhler and non-Einstein Hermitian metrics with J-invariant Ricci tensor on com-
pact 4-dimensional manifolds. These examples, which also appear by V. Apostolov,
G. Ganchev and S. Ivanov in [2], condradict the statement of theorem 3.1 of [16].

This condradiction is due to the use of a result of Hamoui’s paper [9]. In this
paper it is proved that on every Hermitian manifold M it holds:

g(R(X,YV)Z,W) — g(R(JX,JY)JZ, JW)

= 5 G(Vwxny—ynx)ZW)+9(Vv,nw-vwnzd)X,Y)]

Ju—y
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for all vector fields X, Y, Z, W on M. In the proof of this relation there exists a gap
in the begining of the third paragraph (p. 206). Therefore, some of the results of
[16] (Theorem 3.1, Corollary 3.3, Theorem 4.1 and Corollary 4.2) can be restated as
follows.

Theorem 1 FEvery conformally flat, almost Hermitian 4-manifold with J-invariant
Ricci tensor is either a space of constant curvature or a Hermitian manifold.

Corollary 2 Fvery conformally flat, RK-manifold of dimension /4 is either a space
of constant curvature or a Hermitian manifold.

Theorem 3 FEvery almost Hermitian 4-manifold with harmonic curvature and J-
invariant Ricci tensor is either an Einstein manifold or a Hermitian manifold.

Corollary 4 Every RK-manifold of dimension 4 with harmonic curvature is either
an Einstein manifold or a Hermitian manifold.

Acknowledgement

The author would like to thank Professor Tedi Draghici for the useful suggestion.

References

[1] Apostolov V. and Gauduchon P., The Riemannian Goldberg-Sachs theorem, In-
ternat. J. Math.8(4) (1997), 421-439.

[2] Apostolov V., Ganchev G. and Ivanov S., Compact Hermitian surfaces of
constant antiholomorphic sectional curvatures, proc. Amer. Math. Soc.125(12)
(1997), 3705-3714.

[3] Blair D. E. and Tanus S., Critical associated metrics on symplectic manifolds,
Contemp. Math. 51 (1986), 23-29.

[4] Davidov J.T. and Mushkarov O., Twistor spaces with Hermitian Ricci tensor,
Proc. Amer. Math. Soc. 109(4) (1990), 1115-1120.

[5] Draghici T., On the almost Kdhler manifolds with Hermitian Ricci tensor, Hous-
ton J, Math. 20(2) (1994), 293-298.

[6] Draghici T., On some 4-dimensional almost Kdhler manifolds, Kodai Math. J.
18(1) (1995), 156-168.

[7] Draghici T., Almost Kdhler 4-manifolds with J-invariant Ricci tensor, preprint.

[8] Goldberg S. 1., Integrability of almost Kdhler manifolds, Proc. Amer. Math. Soc.
21 (1969), 96-100.

[9] Hamoui A., Curvature identities on Hermite manifolds, Ann. Inst. H. Poincare,

Sect. A (N.S.) 37(2) (1982), 201-209.



242

[12]

[13]

[14]

[15]

[16]

Ph. J. Xenos

Murakoshi N., Oguro T. and Sekigawa K., Four-dimensional almost Kahler localy
symmetric spaces, Diff. Geometry Appl. 6(1996), 237-244.

Nurowski P. and Przanowski M., A four dimensional example of Ricci flat metric
admitting almost Kdhler non-Kdhler structure, Classical Quantum Gravity 16(3)
(1999), L-9-L-13.

Oguro T., On almost Kdihler manifolds of constant curvature, Tsukuba J. Math.
21(1) (1997), 199-206.

Oguro T., On some compact almost Kdhler locally symmetric spaces, Internat.
J. Math. and Math. Sci. 21(1) (1998), 69-72.

Oguro T. and Sekigawa K., Four-dimensional almost Kdhler Finstein and *Ein-
stein manifolds, Geom. Dedicata 69 (1998), 91-112.

Sekigawa K., On some compact Einstein almost Kahler manifolds, J. Math. Soc.
Japan, 39(4) (1987), 677-684.

Xenos Ph. J.; On almost Hermitian 4-manifolds with J-invariant Ricci tensor,

Geom Dedicata 77(3) (1999), 289-295.

Author’s address:

Philippos J. Xenos

Mathematics Division-School of Technology
Aristotle University of Thessaloniki
Thessaloniki, 54006, GREECE



