MULTI-TIME DYNAMICS INDUCED BY
1-FORMS AND METRICS

Constantin UDRISTE

Abstract

The main idea of this paper is to show that a pair of semi-Riemann man-
ifolds and a given 1-form generate a multi-time dynamics via a second-order
Lagrangian that is linear with respect to partial accelerations.

Section 1 and 2 recall the notions of jet bundles of order one and order two.
Section 3 builds some first-order and second-order Lagrangians induced by 1-
forms and metrics, and shows that the corresponding PDEs of extremals are
determined by the Otsuki connection obtained from Maxwell (helicity) tensor
field and the associated Christoffel symbols of first kind. Section 4 emphasizes
the possibility of introducing an electric or magnetic multi-parameter dynamics.
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1 First-order jet bundle

Let (T.h) and (M,g) be semi-Riemann manifolds of dimensions p and n. Local
coordinates on the manifolds T, and M will be written

t=(ta)! azli"'lp

z=(z'), i=1,...,n

The components of the metrics A and g, and the associated Christoffel symbols will
be denoted respectively by -
hap,9ijs Hgoyy Gix-
We use the product bundle (T x M, =, T) whose shorthand is 7 and we recall some
basic notions of the geometry of jet bundles [4].
Amapo: W CT — TxM iscalled a local section of the projection = if it satisfies
the condition 7 0 0 = idw. Of course, a section is just the graph of a function from
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the domain W to T x M. If t € T, then the set of all sections of #, whose domains
contain the point t, will be denoted I'y().

Let us describe a local section in the sense of coordinates. If ¢ € I':(=) and (2. z°).
a=1,...,p;i=1,...,n, are coordinate functions around the point o(t) € T x M,

hen
' 12(4(1)) = to(xd(2)) = 1°(2),
2 (4(1)) = 6(0).

Consequently only the last n coordinates ¢' = z* o ¢ are of interest for describing a
local section ¢.

Suppose ¢, ¥ € T'y() satisfy ¢(t) = ¥(t). Let (¢, z') and (t*', z"') be two adapted
coordinate systems around the point ¢(t). If

d¢* _ 6¢‘

5 () = 5 (1),
then , r

d¢* oy

F(f) = '5‘—‘,7(‘)-
This remark justifies the following
Definition. Two local sections ¢,y € I'y(7) are called 1-equivalent at t if

o0 =), =20

The equivalence class containing ¢ is called the 1-jet of ¢ at t and is denoted by j:o.
Let us show that the set of all the 1-jets of local sections of 7 has a natural structure
as a differentiable manifold. The atlas which describes this structure is constructed

from an atlas of adapted coordinate charts on the total space T x M.
Definition. The set

Jir = {jlo|t € T, ¢ € I'y(x)}

is called first jet manifold (bundle).

Definition. Let (U, u), u = (t*,z') be an adapted coordinate system on T x .\f.
The induced coordinate system (U',u') on J'x is defined by

= {jiglé(t) €U}, u'=(t".',70),
where )
. . l
(o) =10), )= F6M), 6 = ao )

zi, : U' — R are called derivative coordinates on U?.

Proposition. Given an atlas of adapted charts (U,u) on Tx M, the corresponding
collection of charts (U, u') is a finite-dimensional C* atlas on Jl

A local changing of coordinates (1%, z*,z%) — (t,z,z%,) is given by

' ' - . . o o o
tﬂ — fﬂ (tﬂ'), I' - z! (:t)’ :t az 8t l

~ 9z' ot Za:
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where
atal aI"
det (-a—t?) #0, det (a'—) %0,

The expression of the Jacobian matrix of this local diffeomorphism shows that J17 is
always orientable.

Definition. A 1-rst order Lagrangian densily of energy on = is a function L €
C>=(J 7).

Now we suppose that the manifold 7" is orientable. A density of energy L produces

the Lagrangian
L = L/\hj|
and the total energy .
E@.W)= [ Lii¢)du,

where dv, = \/Wdtl A ... A dt? denotes the volume element induced by the semi-
Riemann metric k, and W is a relatively compact domain.

Generally, we look for the critical points of the functional E, i.e., the extremals of
the Lagrangian L.

The natural dual bases

(3 8 @
ote’ 9z’ fri

) , (dt®,dz’,dz})

are not suitable for the geometry of J!=, inducing complicated formulas for changing
of components of geometrical objects under a change of coordinates. For that reason
they are replaced by the adapted dual bases

(= ey, om -t )

5= = oo T HerTrgor 5 = g ~ Citeggn gal

(t?,dz?  62)) = do, — H3,2d dt* + Gjzhdz*).
Using these frames we define on J'# the induced Sasaki-like semi-Riemann metric [7]

Dy = h.npd!a R dt? -+ gl-jd:c" ® dz’ + haﬂg.‘jé:ci. ® 6z’ :

) ) = P . ) )
=k o NP B ol s 65 s - T .
S =R e O G 9 5 ® g7+ hess oz% © b,

2 Second-order jet bundle

Now we define the second jet manifold J27 whose elements are 2-jets j2¢ of local
sections ¢ € T'¢(7). A 2-jet is an equivalence class containing those local sections with
the same value and same first two derivatives at t.
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Suppose ¢,y € T'y(7) satisfy ¢(t) = 4(t). Let (¢,
coordinate systems around the point ¢(t). If

z') and (1@
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z'') be two adapted

6¢: a.,‘bl 32 i _ 32¢‘
()= S(t), pts(t) = ot ()

then . -

ag" . oy 824" 8%y

ato,t (t) - atav (t): 8t°'3ﬂ" ( ) - a.tafatgl (t)

Definition. Twe local sections ¢,y € ['y(7) are called 2-equivalent at t if
_ aél a‘wa a2¢i B a2¢i
¢(t) B ¢(t), (t) - ate (t): 8t HtP (t) S W(t)'

The equivalence class containing ¢ is called 2-jet of ¢ at ¢ and is denoted by j24.

Definition. The set

r= {j29|t € T, ¢ € T'y(m)}

is called second jet manifold (bundle).
Definition. Let (U, u), u = (1°,
The induced coordinate system (U?,u?) on J?7 is defined by

{Jt ¢lé(t) € U}, u?

where
t°(ji¢) = t°(t), = (57 ¢) = 2'(¢(1)),
32¢|

a(J ¢) e ‘-'a(-’t ¢) 6:“6!” (t)

Zap(ii ¢)

= (17, :.", a:f,, ::f,ﬁ),

z') be an adapted coordinate system on 7 x .

The pn functions z¢, : U? — R, and the -np(p+ 1) functions z{, 5 : U? — R are called

derivaiive coordinatles.

Proposition. Given an atlas of adapted charts (U, u) on Tx M, the corresponding

collection of charts (U?,u?) is a finite-dimensional C* atlas on
A local changing of coordinates

(t"’zi’z:'“z:;ﬁ) - (ta"xi" Iﬁ'lzﬁ'ﬁ')
1s given by
1o =ta'(ta), :s" _— (zi)'
! 6::'-‘ 31',“ i
o = Gt i e
r 8z oo 1P oz 8*e ,  o0z' & ot?

i'zj_'_

J2x.

Te'p' = 52i02) o1 oiF ToT8 T G i g T

Bz Bte otp’ od
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det (ata ) £0, det (a” ) S£0;

The expression of the Jacobian matrix of this local diffeomorphism shows that
J27 is orientable iff the manifolds T and M are orientable.

Deﬁmtmn A 2-nd order Lagrangian densily of energy on = is a function L €
Cac(Jzu)

The density of energy L produces the Lagrangian £ = L\/[h] and the total energy

where

E(¢, W) = /w L(524)dv,

where dvy = \/[h|dt! A ... A dtP denotes the volume element induced by the semi-
Riemann metric h, and W is a relatively compact domain in T.

Generally, we look for the critical points of the functional E, i.e., the extremals of
the Lagrangian (.

Open problems. 1) The natural dual bases

ote’ oz’ 6::‘;, 'Ozt

(aaaa
af

) , (dt®,dz', dz}, dmaﬂ)

are not suitable for the geometry of J2 since they induce complicated formulas.

L
* LI PO 4 8 o

= 3:“ "}‘4“1 +Aa(ﬂ) +Aa(g-y)a

5 e 0 8 a a
atﬂ+53:_f+A'(ﬂ)ax 4iGs )

= A;
ﬁ'r

fr = AGY 55+ AGY 3 4 5+ AG )5

6z,
5 RLVIeR. 6
E-S:T: =A ) Bi"f TA(aﬂ)Ja J +'A( ,6)(:)_—_+ o'

al ‘r

§t° = dt° + B;”dz’ + B(])Pdz! + B(}*)Pda? ,

Tas

§z) = B,7dt" +dz’ + B(]Y dz* + B(}* ) dz¥,
by = By(5)dt" + Bi(})dz* + dzd + B(J*)det,
627, = Bs(}y,)dt’ + Bi(}, )dz* + B(})(}), )dz} + dz,
Find the components A4, B such that

6 & 6 ) &
(F’F’E';ﬁ?;)’(ét 6z', 6zt Jz:aﬁ)
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be dual bases.
2) Using the previous dua.l frames, study the Sasaki-like semi-Riemann metric

Sy = hapbt® @ 61° + gijbz° ® 627 + hoPg;;6zt, @ bz + hoThPAg;;82% 5 @ 627,

on J2r.

3 (First order and second-order) Lagrangians
induced by 1-forms and metrics

First we remark that the derivative a.long a local section,

6 i
8P e T

is a distinguished tensor on J!7.

Suppose w = (w;) is an l-form on M representing n potentials. Its covariant
derivative V;w; can be decomposed into skew-symmetric part (Mazwell or helicity
tensor field) and symmetric part (deforniation rate tensor field),

(ij,' -+ V',-wj )

B3| =

1
Vjwi = myj; + nij, my; = 'i(vj‘*-’i - Viwj), nij =

n(n+1 ’
The deformation rate tensor field n = (n;;) represents ——(2—+—) potentials.

The semi-Riemann metric g = (g;;) and the deformation rate tensor field n = (n;;)
produce a new tensor field a of componets

aij = gij + Nij.

The preceding mathematical objects define the following Lagrangian densities of
energy:

1) second-order general deformation densily of energy,

1)
La = h“ﬁw,-a—?a: + hﬁﬁa”*a Tg;

2) second-order deformation densily of energy

L, = h*Pu; +h°’pnux :cﬁ,

‘B
3) first-order gravilational density of energy (used in the theory of classical har-
monic maps) o
Lg = haﬁg,‘jlﬁ;x‘é.
These verify
Lo=1Ln+ L.
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Also, we remark that L, and L, are linear functions with respect to the second-order
derivatives (partial accelerations), as is sometimes required in Mechanics [3].
The second-order deformation density of energy is zero along a local section ¢

which is an integral manifold of the distribution generated by the given 1-form w =
(wi). Indeed,

wizh =0
implies
n”x°z’+w’3ﬂ =0,
and hence
La(ji¢) = 0.

In this case the dimension p depends on dimension n and on the rank of Mawwell
tensor.

The second-order general deformation density of energy L, determines the energy
functional

(1) E(6;W) = /W La(526)dva,

where W is a relatively compact domain in 7.
- Theorem. The ertremals of the energy functional (1 ) are described by the PDEs

s 1 aau 301- 1 da 21 1 6%;, 8% 620.4‘;
pedi . |1 i . YelY & J
9ih™ a5 3 [2 (6::5 + B 3::*) 2 (6:'6::5 t 52704F 3::58x") +

1/ 0 ; 0 x 8 . "y . ‘_
+3 (a‘;(-; k) + E‘;‘(wi W)= @(W;G};))] h ﬁ;{'z; =gk 1H£7% -

Proof. We use the second-order Lagrangian

é s
= (h“ﬂw,ﬁz + h*a;z,z%)\/|h|.

Since £ = L\/[h], the Euler-Lagrange equations

oL d oc 8?2 ac

dz* ~ Bte 9=k * S0 ozk , =0

can be written

oL _ o oL & 8L _
dz* bt dzk * 619617 9zt
oL 1 8*/]h] oL 2 9y/Ih] 8 oL

T Mg T e 62k, T Jin ote o0 4zt
o I af | I af

(2)

=0,
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where

= ~/lh Bt“ ' /1h] 5to9tP ~ OtP
Explicitly,

L = h*Puw;(zlp - H;'ﬁzf; + G;;:C{;I;;) + h*Pajizi 2,

and consequently

C. Udrigte

% haﬁaw;(zaﬂ H 2y + Giizhazp)+
3G daji ;
+ hPwi— Fohe haﬂaja: zhzp,
oL Bv,. o B, 2l 4 9hPa, 2t
53;_k=_h w;,Hp.,+2h Wingﬁfﬁ‘!' QkITq,
o
oL
Bmk =h"ﬁwk,
aff
5 oL OnPY o py OHBy | pyire Wk
s = e Hh Mgl W
i af . Ow; 8G
_ 2___‘9;0 wiGly — 20 S Gzl — b S ] —
ohob Oaki .l
— 2h ’Bw, k,zaﬁ 2 Bt aklxp_2haﬂa J I‘L—‘
— 2hPayzl,,
& 0L _ 3h“‘6 ha,awk i
o1P 63&3 — atg ozt Zgs
0 8L 9*h*P +23h"5 Owy s
e ok, ~ oot ow o
2 ;
b onen L0k iy penOit

_ 0zidzi Pe ozt ~ ¥
Replacing in (2), after a long computation, we find the PDEs

i Qi) _1(98 2
gkih®Pzl g + [ (aa"’ + aa". a’) (B;f(viwk)'*‘ 37 (VEWi)=

ozt ozJ Ozk 2

5 _
- 'g’;}'(viwj))] h“ﬂza:: — grih® H] gl = 0,

which coincide to those in Theorem.
The pure gravitational potentials are given by

1
aij = gij + §(ijs + Viw;j).
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Denoting b,‘j = V,".u‘j, we define I’;,,-,— = Qgji — bkj;', where

— dax; LOa _Bay\ o 1(0by  Ob _ ab,-,-)
= ozf T 6zi 8zt ) M T 2\ oz T 8z Ozt

are respectively the Christoffel symbols of a;; and b;;. Tt is veriﬁgd that

Tiji = gji + myji,
where g;;; are the Christoffel symbols of the metric gij and myj; are the Christoffel
symbols of the Maxwell tensor (helicity)

m;, = -—(V wi — Viwj).

Consequently, we obtain the followmg
Corollary. The ertremals of the energy functional (1) are described by the PDE's

¢
3 k. pa
h® 63I + M*;;hoP 2 :cfe_

where (¢*'m;j, M*;;) is the Otsuki connection [9)].
The preceding extremals may be interpreted like p-dimensional sheets in a multi-
time dynamics generated by the 1-form ' and the semi-Riemann metrics h and g.

4 Electromagnetic multl-parameter
dynamlcs :
Let L C R = U be a domain of linear homogeneous isotropic media. Maxwell s

equations on U x R reflect the relations between the characteristic objects of electro—
magnetlc fields. The objects are:

Fou fl /m] electric field strength

H {A/mi ! magnetic field stre.ngtb :
J iA/m? " electric curent densily

£ (As/Vm] permitivity

I [(Vs/Am] permeability

D=z«E [C/m’j=[As/m? electric displacement (fluz)

B=pxH [T ={l"s/m?] magnetic induction (fluz)

In terms of differential forms. E. H are differential 1-forms, J, D, B are differential
2-forms. p is a differential 3-form. and the star operator * is the Hodge operator. If
d is the exterior derivative operator. and &, is the time derivative operator, then the
Maxwell’s equations for static media are

dE=-6.B. dH=J+8D, dD=p, dB=0
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(coupled PDEs of first order).

The local components E;, i = 1,2,3, of E are called electric potentials, and the
local components H;, i = 1,2,3, of H are called magnetic potentials. Since the
electric field E, and the magnetic field H are 1-forms, each generate a multi-parameter
dynamics (in the sense of Section 3) if we add the semi-Riemann manifold (7', k), and
the semi-Riemann manifold (U x R, g), where g is a Lorentz metric (for example, the
Minkowski metric).
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