SYGNOMIAL TYPE LAGRANGIANS

Livia Bercu

Abstract

This paper studies the sygnomial type Lagrangians and their extremals. The
main results are:

- the only minimal surfaces of sygnomial form are the planes and the regions
of the plane.

- there exist sygnomial type Lagrangians whose extremals are described by
the classical Laplace equation.
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1 Euler-Lagrange PDE of Sygnomial Lagrangians

Definition. An expression of the form

m e

i=1

= 3
a [16"),
i=1 :

where (z',2%,...,2")€R", ¢; €R, a;; €ER,Vi=1,m, j = 1,7 is called sygnom. If
the coefficients c; are positive numbers, then the expression above is called posinom.
If a;; € N we obtain polynomials.
We search the extremals of the sygnomial type Lagrangians

q
L f S fy) = ) eyt Frfoifo)e
i=1

on a compact domain D C R?.
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We write the Euler-Lagrange PDEs

feseici fritmi f24N 71 f1API (2@ — Dninj + ni(n = 1)+

+nj(n; — 1)) + 2faycic; frotms f¥ni=? upi=i,

((a = 1)pinj + (@ — 1)pjni + nipi + njp;) + fyycic; fritm™s.

2457 (P2 (9(a — 1)pip; + pilpi — 1) +pi(p; — 1))+

Heicj fritmi=1 (240 PitPi((o  1)ymyn; + (@ — 1)mjni+

+min;i + mjn; + (o — 1)mip; + (a — 1)m;p; + mip; + mjp;) =0,
for all 4, j from 1 to g¢; satisfying

(a = 1)ain; + (a — 1)ajn; + ain; + ajn; =0
{ (o = 1)bipj + (a — 1)b;p;i + bipi + bjp; = 0.

(1)

2 TIllustrative Examples

Example. 1. The Euler-Lagrange equation of the Lagrangian is L = (c; f7¢ ff-’)"

l'l.'+ﬂ,'-1

E 2 ¥ cici[2(a — Vninj + ni{n; — 1) + nj(nj — 1))+
+2fzy f2 T P e [(@ — D)nips + (@ — 1)njpi + nap; + njp; )+
+fyu S P iei[2(a - 1)pips + pilpi — 1) + pi(pj — 1)] = 0.

This is a generalization of the minimal surfaces equation. Therefore, we can search
surface which are solutions of sygnomial type. Particularly, we have

Proposition. The planes and the regions of the planes are the only sygnomial
minimal surfaces.

q
Proof. We look for, z = f(z,y) = Z ¢iz® y?, ¢ > 1, like solution of the minimal
i=1

surfaces PDE. Then the coefficients a;, 5; satisfy

(036} a2y +a}6F -~ 0 = 0
a}BiBr — ajBiBr — ajorBi3 + ajarB — ajorfj =0
aj(a;j —1)=0
\ Bi(B; —1)=0,

whole considering ¢; # 0 Vi = 1,¢. From the two last relations we see that a; € {0,1}
and 3; € {0, 1}, so we have as solutions the regions of the planes. For ¢; >0 we get
semiplanes.

Remark. It follows that there are no minimal surfaces of the form z = f(z,y) =
In(az + By), where az + Sy > 0, and the only solutions of minimal surfaces described
by z = f(z,y) = aeP**°Y are the semiplanes as well.
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Example 2. Let us consider a Riemannian manifold (R?, g) and (9ij); j=17 the
matrix of the components of the metric g. We want to find the metric for which the
Euler-Lagrange equation derived of a sygnomial Lagrangian is a generalized Laplace
equation, g% fis = 0.

L(z,y,f, fe. fy) = :z:‘“g,,;f'lf2 + 2%y f2 leeds to ain; + ajn; =0, i.e. az =0 and
similary b; = 0, and f:-(2f2 + f"’) + fw(fz + 2fy) = 0.

We choose g!! = 2f2 +f2 1=, gm_‘f,+2_f2 andg"det(g.,) T
Then, excepting the case of the const.ant function f, we obtam the metric
R
. 2f2+ f§
1
0 - f2 2
f2+2f;

which is nondegenerate, symmetric and positive definite
Remark. We cannot obtain a Monge-Ampére equation from the Euler-Lagrange
equation of a sygnomial type Lagrangian, since there are no terms containing f:: fyy
or f2,. :
l\fany physical processes depend on time and happen in a space at least two
dimensions. That is why, we consider a real function f : D - R, D C R?® and the
sygnomial Lagrangins

L(I, 78 fzafy;fi) = Zrixaiyhtcif:ifgiffi, sEN".

i=1
The associated Euler-Lagrange equation is
fezrini(ng = 1) 772 B f1 4+ fyyripi(pi — DT 2 0+
(2) +frrigi(g — VRN 2 2fzyrinipi f2 —-lfp.-lfs'-
+2frrinigi f7 1 £ f"'1 +2fyriap S T =0,

From the conditions

rin:a; = 0
ripib; =0
rigic; = 0,

satisfied for all i = 1,5, we note that we cannot have, in the same term of the sum, a
certain variable and the partial derivative of the function f with respect to the same
variable. Without loss of generality, we can put r; = 1,Vi=1s .

Example. 3. We use the canonic Riemannian metric g;; = §;;, Vi.j = 1,3, and
the Lagrangian L = y*t° f2 4 £°3¢° f2 4 g% y® f2. Then, relation (2) implies

f:r L fyy * f!t = 01

which is ordinary Laplace equation.
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Example 4. Now we build a generalized Laplace equation too, using a semi-
Riemannian metric. If we consider L = f2+ f; f,, then the relation (2) becomes f,. +

1 0 0

. L 1

fty = 0. Thie PDE can be written g fi; = 0, where (gu)uﬂ‘.s =100 3

1

0 3 0
1 0 0
comes from a semi-Riemannianmetric | 0 2 0
0 0 -2

Example. 5. We consider the Lagrangian

L(z,u,t, f, fer fyr f1) = 1O F2 fy + 92 fo fR 4+ 2 £2 £

and the associated Euler-Lagrange equation

Jecfy + Fyyfo + fuafe + 2fayfo + 2f1cft + 2f1y fy = 0

We regard the coefficients fz, fy, ft,2fz,2fy,2f: as the entries of the matrix

fy = fi
(gij)i,j=1','5 =| f: fr fy
fo fy Je

of determinant g = 3f; f, fe — f2 — f3 — f2. This metric is non-degenerate if and only
if fz, fy, fu are different from each other and f; + fy + fi # 0. In this case,

NS AR A
(Qij).'.,'gﬁ = ; fify - 2 fe =1 fefi- fyz
f:fy"f:z fe.fl _.fl? f!fy_fg
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