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Abstract

§1 shows that the electric 1-form, the magnetic 1-form, and the Pointing
1-form defines an almost coquaternion metric structure. §2 analyses the electro-
magnetic dynamics and formulates a Lorenz-Udriste world-force law, §3 studies
the magnetic dynamics around piecewise rectilinear electrical circuits.,

1 Electromagnetic almost coquaternion metric struc-
ture

The volume element defined on R® by the Riemannian metric h is defined as dv =
Vdeth dz' A dz? A dz3. Let n be a p-form and w be a (3 = p)-form, p = 0,1,2,3.
The equation n A w = dv defines the Hodge duality operator * between p-forms and
(3 — p)-forms. A double transformation of a p-form in a 3-dimensional space restores
the original form.

Let U C R® be a domain of linear homogeneous isotropic media. In terms of
differential forms, Maxwell equations on U x R can be expressed as

dD=p, dH=J+6:D
dB=0. dE=-06:B,

where B, D, J (respectively, the magnetic induction, electric displacement and electric
current density) are all 2-forms; H (the magnetic field) and E (the electric field) are
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1-forms; and p (the electric charge density) is a 3-form. The operator d is the exterior
derivative and the operator §; is the time derivative.
The constitutive relations are

D=¢"E, B=u°H,

where the star operator * is the Hodge operator, ¢ is the permitivity, and u is the
scalar permeability.

Let us introduce the Poynting 2-form S = E A H and its Hodge dual *S which is
an 1-form. The 1-forms m = E, n, = H, n3 = *S are linearly independent at every
point of U. Let £, be the dual vector fields, that is,

nﬁ(el) = ‘sni: Eﬂa R = id.

We define
¢¢:E:®m"'fl®'?n

where {a,b,c} is an even permutation of {1,2,3} and g = Y- 7a ® na. We can verify
a

without difficulty that
(¢G:Ea:ﬂa:g)| a=1l2i3

is an almost coquaternion metric structure [18) on R3.

Theorem 1.1 The electric 1-form, the magnetic 1-form and the Poynting 1-form
define an almost coquaternion metric structure on U C R®.

Open problem. Find the physical meaning of the almost coquaternion metric
structure in Theorem 1.1.

2 Electromagnetic dynamics

We start with the Riemannian manifold (U € R® h). The 1-forms E and H are
transformed into vector fields via the Riemannian metric h. We denote these vector
fields by the same symbols E and H.

Suppose E and H are C* vector fields and denote by Q the distribution generated
by E and H. The generic element in Q is the vector field

X(z,t) = u(z)E(z,t) + v(z)H(z,t), z€U, t€R.

A field line of X is called electromagnetic line. More precisely, an electromagnetic
line is a solution of the control (kinematic) system

j_;r = u(1(8)) E(1(s),2) + v(v(s)) H(1(s),1). (1)

The set of all electromagnetic lines is called the electromagnetic phase portrait.
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Let V be the connection induced by the Riemannian metric h. The derivated
dynamical system

%%} = = (u(r(s) E(1(s), 1) + v(2(s) H(x(s),1))

represents the dynamics of the kinematic system (1). Imtroducing the energy f =
$h(X.X), and the external (1,1)-tensor field ' = VX — h~! @ h(VX), and using
an artifice which does not destroy the prolongation, we can replace the derivated
dynamical system by a conservative dynamical system of order 2 fixed by f and F
(20].

Theorem 2.1 The kinematic system (1) can be prolonged to (a potential or nonpo-
tential) dynamical system with n degrees of freedom, namely

%%—ngdf-i-F(dt) | )

We identify the tangent bundle TU with the cotangent bundle 7*U via the Rie-
mannian metric A.

‘Theorem 2.2 1) The trajeciories of the dynamical system (2) are the ezxtremals of

the Lagrangian
dy dvy d7)
L= h(ds da) g( + f(z).

2) The dynamical system (2) is conservative accepting the Hamiltonian
dy dy
g Eh (d ' ds ) @)

Theorem 2.3 (Lorentz-Udrigte world-force law) Let h;; be the local components of
the metric h and IT';., 1,5, = 1,2,3, be the local components of the connection V.
Every nonconstant trajectory of the dynamical system (2), which corresponds to a
constant value M of the Hamillonian, is a reparametrized horizontal geodesic of the
Riemann-Jacobi-Lagrange manifold

(UNE, h=(M+Nh, N'=Ti ! +F* ijk=123),

where
F}‘ - V,-.\" e hikhngQXt

are the local components of the external tensor field F and £ is the set of zeros of the
vector field X.

Particularly, a spatial configuration of piecewise rectilinear electrical circuits I’
produces a magnetic field H on U = R®\T by Biot-Savart-Laplace formula. This
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field satisfies curl H = 0, div H = 0. The dynamics induced by H is characterized by

dy _ _1 Vdy _

o= i, f——Eh(H:H): EE—SPadf,

_ 1, (dy dy _ 1, (dy dy
L"ﬁ"(ﬁ‘ﬂ)”’ ”—5"(@5 -

(U\NE, h=(H+fh).

For simplification of computations we accept h;; = é;; (the Euclidean metric).

3 Computer simulation of magnetic phase portrait
and of magnetic geometric dynamics around a
spire of coil

For practical reasons, we consider the magnetic field H of components

Y y z z
H:: e + - -
ri(ri—2z) ro(ro—2) ri(ra—y) ra(rs—y+0b)
z z
- +
ra(ra—y) ra(ra—y+9)
z+a r—a z =
H. = - - o+
Y oor(ri—2) ra(ra—z) ri(ra-z+ a) r4(ra—z—a)
z—a zT—a y—2» z+a
Hz —r + + -
ra(r3—y) ra(ra—y+b) ra(rs—z+a) ri(ra—y)
r+a y—2>4

—r4(r4 —y+b) - r4(ry —z —a)

defined on R®\T, where the configuration I is assimilated to a spire of coil (T is a
four times bended electrical circuit as in Fig. 1).
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Figs. 2a - 2d illustrate the magnetic kinematic around coil spire, Fig. 3 the energy
diagram, and Fig. 4 the magnetic kinematic determined by a local minimum energy
point.
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Fig. 4

Since curl H = 0, we have

Theorem 3.1 The nonclassical magnetic dynamics around ' is described by the po-
tential dynamical system with three degrees of freedom

dz _of dy_of d:_0of
di? ~ 9z' dt? ~ Gy’ dt? 9z’

where f = i(h’;" + H: + H?) is the energy of the magnetic field H.
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The system in Theorem 3.1 is equivalent to the first order differential system

dz - Eg_. dz _ du_0f dv af dw Bf
a-" ac" &Y T &y =%

For the computer simulatior of solutions of the dynamical system in Theorem 3.1
we need to calculate the partial derivatives of f, and implicitely the derivatives of 4.
These are

0H, _ v z +af Yy

8z ri(rn -2 K ~Sr

— : - :
r3(rs —v)?

a
r’(rg - 2)2 . T (27‘3 - z)

'2r3 -

z r—a
N+ g (i =y + )

z ZTa ) o z z+a _ )
* "2("4 - y)? 4 \2"‘ ) r}(r.. -y+8)? r (2re -y +9);
OH z+a z y—-b
==k o - : -
y ri(r = 2)? (2” 0+ ri(ra—z+a)? ry i =ute)
£—-a z y—»b _
+ Are—2F r (2r: z) - =~ [ o R (2r4 = & = a);
OH, z-a z z—a z
= - —(2rs —y) - . - b
0z ri(rs - y)? "3( rs=v) ri(rs — y + b)2 ,.3(2"! y+b)
y—-»b z z+a
- oy ;;(?r; -z+a)- ;W (2r4 -y
r+a z y—0b -
r}(n —y+b)7 ;:(21'4“”“}'5)'}' 7'2(?‘4—3.'—07’ . ;(2?4-—2—11),
2
oH, r(r—-z)- (= +a) (2r, —:) . r—a
Oz e Tz(l"l _ z)z rg(ra —z+ d)’ ’ s (2"3 - T+ a)
ra(ry —z) — (: (2?: -z) " N
- r3(ra - 3)2 r}(n —z—a)? ' rs (2r4 -z —a);

2
o, xia r;(r;-—:c+a)—:—3(2r3—z+a)
oz ~ ri(rs —z +a)?
2
rq(n—:—a)—-z—(?r.—:—a)
s

r3 T ri(rs—z—a)? ;
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2
4
35. _ ra(ra—y+b) - 3(2": -y+9b)
I ri(rs — y +b)?
2
ra(ra—y+8) - E;(?r. —y+b)
AT Ay
z? Bt
ra(rs — y) — ;;(2"3 -y) ra(ra-y) - Z(Qn -y
" = ’
ri(rs — y)? ri(ra—y)?
and consequently
af 0H 0H OH
= =% ke —_—
=g Ty T

of OH. OH, 8H,

oy - "oy i i 3 oy TSy
8f _ ., 0H. . OH, . 0H,
%: - T8z H’ Oz Ly bz

The computer simulation for the dynamics around coil is now in preparation. To
simulate the geometric dynamics we are advanced in establishing a new laboratory
endowed with special powerful computer network. For the moment being and to
check our ideas, we have used the field generated around a linear wire. The procedure
requires the following functions

Xl(fsy.l’:“'”'w)'—‘ LN X:(x,y,z,u,v,w):u; Xs(z:b':z-“r”:w)= w;

zy? z z*
x LI | s - - !
y Y z’y

Xs(t, v, z2,u,v, w) - (z: e yz)z - 2(32 & yz)a - 2(32 o+ yl)-'!’
Xe(x}y!ziu!vlw) =0

To carry out our experiments, we have used the iteration as a natural process for
computers. To display the images found in this text, we developed software based
on adaptive Runge-Kutta type methods. Of course, these programs are by no means
optimal in terms of both runtime and usability. Rather, they should serve mainly as
guidelines for the reader who wishes to develop software for experimentation purposes.

Breefly, our algorithm performs the following main steps:

[STEP 1. Given the second order system in Theorem 3.1 and the matrix
of initial conditions which corresponds to the number of particles whose
dynamics is studied. Find the matrix of solutions and their projections
in three dimensional space.

STEP 2. Set the interval and the integration step.

STEP 3. Apply Runge-Kutta adaptive method and plot.
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The dynamics illustrated in Fig. 5 is obtained by using the following three initial
conditions:

0 0.5 0 2 01 01
0 0.5 1 2 0.1 -0.1
-0.544 -0839 05 -0839 0544 ©
/

Fig. b

In other words, Fig. 5 presents three trajectories in the magnetic dynamics having
a common point:
- one helix which corresponds to a strictly positive constant value of the Hamilto-
nian;

- one circle which corresponds to zero value of the Hamiltonian;

- one helix which corresponds to a strictly negative constant value of the Hamil-
tonian.
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