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Abstract

Let (M, g) be a compact Riemannian manifold of dimension n. The aim of
the present paper is to prove that the dimension of the vector space K*! (M, R)
of the Killing vector fields is not a topological invariant.
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1 Introduction

Let (M, g) be a compact Riemannian manifold of dimension n. The study of the ex-
istence of Killing vector fields on the manifold is an important problem of Differential
Geometry.

The aim of the present paper is to generalize the results [6, 7]. We also have proved
that the old conjecture "The dimension of the vector space K'(M, R) of the Killing
vector fields on a compact Riemannian manifold (M, g) is a topological invariant” is
not true.

The whole paper contains five sections. Each of them is analyzed as follows. The
second section deals with the fibre bundles over a compact Riemannian manifold
(M, g) and differential operators on the cross sections of these fibre bundles. The
Killing vector fields can be considered as special cross sections of the tangent bundle
T(M) over (M, g). In the third section we study the dim (K'(M, R)) with respect
to the Riemannian metric g on M. The existence of one-parameter family of trans-
formations on (M, g) which is related to the Riemannian metric g is contained in
the fourth section. The last section gives a negative answer to the above mentioned
conjecture, that is, dim (Kl(M, R)) is not topological invariant.
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2.

Let (M, g) be a compact orientable Riemannian manifold without boundary of dimen-
sion n. We denote by T'M and T*M the tangent and cotangent bundle respectively
over the manifold M. These two bundles are isomorphic with respect to the Rieman-
nian metric g on M. Therefore we only consider the cotangent bundle T*M over M
and the results on it can be transferred on the tangent bundle T'M.

Let C* (T*M) be the cross sections on T*M. We must notice that each exterior
1-form is a cross section on T*M. The Laplace operator A = dd + dd is a second
order elliptic differential operator on C*°(T* M), that is:

A=di+dd : C*(T*M)— C*(T*M),
A=dé+dd: a— Ala) =di(a) + dd(a),
where d and ¢ are the first order differential operators defined by
d: C®(T*M) — C®(A*T*M),
d: C®(T*M) — C*(M),

where C°(A2T*M) and C°°(M) are the cross sections on A2T* M and the differential
functions on M respectively.
These differential operators are related by

(o, 68) = (da, B), Yoo € C®(T* M), VB € C®(A*T*M),
where ( , ) is the global inner product on C*°(AYT*M), ¢ = 1,2 and defined by

(7.6) = / (7, 8)odM (2), Y75 € C(AIT* M),
M

where (v, ), is the inner product on A?T*M induced by the metric g on M and dM
is the measure on M for each x € M .

Let (z1,...,%,) be alocal coordinate system on the chart (U, ¢) and let {e1,...,e,}
be the associated local orthonormal frame on U. If « is 1-form on M, which is a cross
section on T* M, that is @ € C*°(T*M), then o with respect to the local system can
be characterized by

ale)) =a, 1i=1,2,...,n.
The following formulas are known:
(da);j = ef}Vkal, da = —V;al, (1)
(Aa); = =V Via; + b (ViVia! — ViVial) (2)

where
1 if (4,7) is even permutation of (k,1),

l
sfjl =¢ —1 if(i,7) is odd permutation of (k,1),
0  if (i,7) is not permutation of (k,1),
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and
v 1, k=i
fT 0, ifk £

If « is an 1-form, then we have:

1 1
3Alof* = (o, Aa) = [Val* + SQu (o), (3)
where
|| is the local norm of a, (4)
Va|> = V*a'Via; and (5)
Qi(a) = —2Rpa*al. (6)
Let o be an 1-form. To this 1-form we can associate a vector field, denoted by v(«),
which in the local system (x1,...,2,, €1,...,€e,) can be expressed as follows:
v(a) : v(@) = g%ay, (7)

where (g*) is the inverse matrix of (g;x) obtained by the metric g on M. The relation
(7) gives an isomorphism between the vector space

A'(M,R) = D'(M,R) and D;(M,R)

of 1-forms D (M, R) and vector fields D'(M, R) respectively.
Therefore it is equivalent to substitute the notion of 1-form by the notion of vector
field and conversely.

3.

Let o be an 1-form. This is called Killing 1-form, if its covariant derivative Va is a
2-form, that means:

Va e C (N°T*M). (8)
In the local system (x1,...,2n, €1,...,e,) Va can be expressed as follows:
Viaj + VjOéi = (VO()Z‘J‘ + (Va)ji =0. (9)

If we apply Ricci’s formula for «, then we have:
Vi Vial =V Vial = —a”Rl,, = —a¥ Ry, . (10)

From the relations (9) and (10) we obtain that the 1-form a = («;) satisfies the
equations:
¢*V;Via; + R/ a, = 0. (11)
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Hence, if we consider the second order elliptic differential operator D on the cross
sections on A'(M,R), that means:

D : C®(AYM,R)) — C=(AY(M,R)),

D:a — D(a), (12)
which in the local system (z1,...,2,, ,e1,...,e,) can be expressed as follows:
D(a); = ¢’*V; Vi + RYa, = 0. (13)

The Kern(D), that is
Kern(D) ={a € C>® (A'(M,R)) |D(a) =0}
consists of the Killing 1-forms. Since
A (M,R) = D;(M,R) = D'(M,R),

we conclude that the vector space K!(M,R), where K'(M,R) is the vector space of
the Killing vector fields on M, is isomorphic onto Kern(D), that is

K'Y(M,R) = Kern(D).
For any point « € M, we define:

p(z) = Sup {R(ma) = Rypafal|a unit vector in TIM} and (14)
r = max{p(x)|r € M}. (15)

Theorem 3.1 Let (M, g) be a compact orientable Riemannian manifold of dimension
n without boundary. If p(x) < 0 and if there exists a point g € M such that p(xg) < 0,
then Kern(D) ={0}. Ifr =0, then

dim (Kern(D)) = dim (K'(M,R)) < n.

Proof. It is known that

(o, Aa) = i (Aa); (16)
which by means of (2) and Ricci’s formula
Vi Vial = Vi Vial = —aR!,, = —a” Ry, (17)
takes the form:
(a, Aar) = —2Q1 (). (18)

The formula (3) by means of (18) becomes:

1 3
SAlaf? = Va2 - SQi(a) (19)
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If we integrate (19) on M we obtain:

2 [ |Val?dM = -3 [ Qi(a)dM
Jre

which by virtue of (6) takes the form:

/\Voz|2dM: 3/Rklakal dM.

Since we have:

[Val? >0,
p(x) = (Ruatal) <0, Voe M\ {zo} and p(zo)

we conclude that
Val> =0, a,,

which implies « = 0 on M and therefore
dim (Kern(D)) = dim (K'(M,R)) = 0.

If r = 0, the formula (21) becomes:

/\va|2dM :3/Rklakal dM,
M

<0,
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(25)

which implies |[Va|? = 0 and therefore Voo = 0, that means « is a parallel vector field.
Hence every Killing vector field on M is parallel. We take the curve ¢(¢) in M whose

tangent at each point x € ¢(t) is the vector «, . Therefore we obtain:

=c(t) = Z fit)e

and since a(t) is parallel we conclude that the functions f;(¢) are constants and hence

dlm(K1 MR)S

4.

An one-parameter group of differential transformations of M is a mapping

F:RxMw— M, F : (t,P)— F(t,P) = ¢(P)
which satisfies the following conditions:

(i) For each t € R, ¢; is a transformation of M,
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(ii) For all t,s € Rand P € M, @s1+(P) = ¢ (0s(P)) .

It is known that each one-parameter group of transformations induces a vector
field X as follows. Let P be a point of M. We denote by Xp the tangent vector of
the curve f(t) = ¢t(P), when ¢ € R. This is called the orbit of P at P = ¢(P). The
orbit f(t) = p¢(P) is an integral curve of X starting at P.

The inverse is also true, that means a vector field X on M determines an one-
parameter group of differentiable transformations of M. We consider a local coordi-
nate system (z,...,x,) in a neighborhood U of P, such that

.’El(Po) == .’En(Po) =0.

The vector field X on U can be written:

0 0
X =Mz, .., x0)— 4+ AN (21, .., Tp)—. 26
(1‘17 y L )al'l + + (.171 € )8$n ( )
We construct the following system of ordinary linear differential equations:
dfi % n .
E:)\ (fl(t),,f (t)), Z:].,...,n. (27)

By the fundamental theorem of systems of linear differential equations, there exists a
unique set of functions

=y, mn), . = (2, ), (28)

defined for x = (z1,...,2,) with |2;| < d, i = 1,...,n and for |t| < e, which form a
solution of this system for each fixed x and satisfy the initial conditions:

0,2y, .. xy) =2, i=1,...,n. (29)

The set ¢; = {fl = flt, w1, xn), ., O =f”(t7x17...,acn)}for |t| < € and for
all (z1,...,2,) € U, such that:

U={(z1,...,x)||zi] < 6,0 =1,...,n},

defines a local one-parameter group of local transformations on I. x U, which can be
extended to an one-parameter group of transformations on the manifold M.

If the vector field X on the Riemannian manifold (M, g) is Killing, with respect
to the metric g, then the one-parameter group of differentiable transformations are
isometries with respect to the Riemannian metric g.

From the above we have proved the theorem:

Theorem 4.1 Let (M, g) be a compact orientable Riemannian manifold of dimension
n without boundary. If p(x) < 0 and if there is a point xo € M such that p(z¢) < 0,
then there exists no one-parameter family of isometries on M.
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If r =0, then every Killing vector field X is parallel, that means:

X =cie1+--+cnen, (30)
where 5 5
= ey = — 31
“ Oxry’ c O, (31)
and cy,...,c, are real constants. The system of ordinary linear differential equations
(27) takes the form:
dft df? agm
A 4= e 2=y, 32
dt C1, dt C2, ) dt c ( )
which by integration gives:
frt, oy, . xp) =cit + ki, ..o, Mt T, xn) = cat + K (33)
where ki, ...,k, are constants of integrations.

If we take under the consideration the conditions (29), then we obtain:
FHO 2, ) =k =2, 0,2, xn) = Ry = T, (34)
Therefore the 1-parameter group of local transformations is defined by:
{ert+x1,...,cnt + s} (35)
Each transformation has the property:
or U U, o (x1,..00,20) — (1t + 21,0 cpl + X4), (36)

which is an isometry.
From the above we have the theorem:

Theorem 4.2 Let (M, g) be a compact orientable Riemannian manifold of dimension
n without boundary. If r = 0, then there are no one-parameter families of isometries
determined by (36).

5.

Let (M, g) be a compact orientable Riemannian manifold of dimension n. Let H!(M,R)
be the vector space of harmonic 1-forms on (M, g). Then the dim H*(M,R) = by,
is the first Betti number, which is a topological property of M, that means , it is
independent of the Riemannian metric g on M.

There was the following conjecture.

Conjecture 5.1 Let (M, g) be a compact Riemannian manifold of dimension n.
Let KY(M,R) be the vector space of the Killing vector fields on (M, g). Is the
dim K'(M,R) a topological invariant?
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This conjecture is not true. This is a consequence of the following theorem.

Theorem 5.1 The dimension of K'(M,R) is not a topological invariant on the com-
pact manifold M.

Proof. There are constants 3(n) > v(n) depending only on the dimension n of
the compact manifold M ([3]) such that M admits a complete metric g with Ricci
curvature p(g) satisfying the inequalities:

—B(n) <plg) < —(n). (37)

The inequalities (37), by means of (8) imply dim (K'(M,R)) = 0. This is valid for
every compact manifold M. Hence dim (K LM, R)) = 0 for a metric g, satisfying the
inequalities (37), is not a topological invariant. O

Theorem 5.2 Let M be a compact manifold without boundary. There is a Rieman-
nian metric g on M such that there exists no one-parameter family of isometries on
M with respect to the metric g.

Proof. There exists a metric g on M such that its Ricci curvature p(g) satisfies
the inequalities:

—6(n) <p(g) < —(n),
where 5(n) > 7(n) are constants depending only on the dimension n of M. Hence

there is not a Killing vector field on (M, g). From this we conclude that there exists
no one-parameter family of isometries of (M, g). O

Theorem 5.3 Let M be a compact manifold of dimension n > 3. We consider a
Riemannian metric g on M with the property p(g) < 0. Then the group of isometries
I(M) of (M, g) is finite.

Proof. There exists no one-parameter family of isometries of (M, ¢g). From this
we conclude that I(M) is finite. This geometric restriction is sharp ([3]). If M is
a compact manifold of dimension n > 3 and G is a subgroup of Dif f(M), then
G = I(M), where I(M) is the group of isometries on M with respect to a metric g
with the property p(g) < 0 if G is finite.

Let (M, g) be a differential manifold of dimension n. We denote by H(M) the
space of all Riemannian metrics on the manifold M. The set H(M) can be become a
metric space with metric d defined by:

d: HM)x HM)— Ry, d: (g1,92)+ d(g1,92),

where d(g1, g2) is the minimal distance between (M, g1) and (M, go) for all isometric
embeddings in any metric space M. O
It has been proved the following theorem ([3]):

Theorem 5.4 Let (M, g) be a compact manifold. The subset A(M) of H(M) with the
property A(M) = {g € H(M) |g Riemannian metric with Ricci curvature p(g) < 0}.
Then A(M) is dense in the set of all metrics H(M) with respect to the metric d.
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Now, we can prove the following theorems:

Theorem 5.5 Let M be a compact manifold of dimension n. There is an infinite
number of metrics, whose set denoted by A(M) such that dim K'(M, g) = 0, Vg €
A(M). As a matter of fact A(M) is dense in the set of all metrics H(M) with respect
to the metric d.

Proof. Let g be a Riemannian metric with negative Ricci curvature. Then we
have:
dim K'(M, g) = 0. (38)
Since g € A(M) and the subset A(M) is dense in H (M) with respect to the above
mentioned metric d we conclude that (38) is valid for all metrics of A(M). O

Theorem 5.6 Let M be a compact manifold of dimension n. There is a set, denoted
by A(M), of infinite number of Riemannian metric on M such that the group of
isometries I(M, g) for every g € A(M) is finite.

Proof. 1t is known that, for every metric g on M with the property dim K*(M,R) =
0, the group of isometries of (M, g) is finite. From this and Theorem 5.4 the theorem
follows. O

References

[1] P. H. Berard, Spectral Geometry. Direct and Inverse Problems, Lecture Notes in
Mathematics, 1207 Springer-Verlag, Berlin, 1986.

[2] R. Brooks, A Construction of Metrics of Negative Ricci Curvature, Journal of
Differential Geometry, 29, 1989, 85-94.

[3] J. Lohcamp, Negatively Ricci curved Manifold, Bulletin of A.M.S., Vol. 27, 288-
291.

[4] Gr. Tsagas, A Relation Between Killing Tensor Fields and Negative Pinched Rie-
mannian Manifolds, Proc. A.M.S. Vol. 22, 1969, 476-478.

[5] Gr. Tsagas, Some Properties of Negative Pinched Riemannian Manifolds of Di-
mension 5 and 7, Journal of Differential Geometry 3, 1969, 523-530.

[6] K. Yano and S. Bochner, Curvature and Betti Numbers, Princeton University
Press, 1953, Princeton.

[7] K. Yano, On Harmonic and Killing Vector Fields, Ann. Math. 55, 1952, 38-45.
Authors’ address:
Gr. Tsagas and Ch. Christophoridou

Aristotle University of Thessaloniki

School of Technology, Department of Mathematics and Physics
Thessaloniki 540 06, Greece.



