STRUCTURE EQUATIONS IN INVARIANT
FRAMES

Marius Paun

Abstract

The study of higher order Lagrange spaces founded on the notion of bundle
of velocities of order k has been given by Radu Miron and Gheorghe Atanasiu
in [2]. The bundle of accelerations correspond in this study to k=2.

The notion of invariant geometry of order 2 was introduced by the author in
[4]. In this paper we shall give the structure equations of a N-linear connection
in the bundle of accelerations in invariant frames.
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1 General Invariant Frames

Let us consider the bundle E = Osc?>M, a nonlinear connection N with the coefficients

N* , N’; | and the duals MY, MY
n @ o @

The invariant frames adapted to the direct decomposition:
Tu(Os*M ) = Ny(u) @ Ny(u) ® Va(u), VucE,

willbe ® = (%, eWi @l ) and the dual ®* = ( fO0, pMa @y
The duality conditions are:

A)i B)a i
< Wi P s = i (A,B=0,1,2).
In this frame the adapted basis has the representation:
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and the cobasis are:
Szt = e(O)Zégs(O)a; 5y(1)i _ 6(1)353(1)0‘; 5y(2)i — 6(2)353(2)0{

We have the relations:

<6(‘i),5s<3>5> = %68 . (A, B =0,1,2).
S «@

This representation lead us to an invariant frames transformation group. The
frame change according expressions:

A)i 4 (A)i (B) 2, —(B)B
E( )ot = Cg (x7y(1)7y(2))7e Ié] ; f 7 = Cﬂf 7

and the group is isomorphic with the multiplicative nonsingular matrix group

0&
Ch P 0
0 Cf ;)
0 0 Cf
An invariant N-linear connection D has in the frame R the coefficients:
0A 56(A)m . .
_ (A 8 0)i (A)j _
Ly, = Y% <5s<0>a + e@ieMIm ), (A=0,1,2),
(A)ym
BA e . .
Y A B B)i (A)j m _ .
Cho = Y% 5s(Ba ePBlie!V) cm |, (A=0,1,2; B=1,2).

(B)

Definition 1 If the vector field X € x (E) has the invariant components X (D)

B
= 0,1,2), then we denote by |,( |) the h— and vp covariant invariant derivative
A =0,1,2), th d b,
operators (B =1,2), i.e.:
(A)a 0A
(o _ 90X & A
Xy = Sor + Les X AW, (1)
(B) § X (Aa BA
Ao « A
x ) s W+ Lp[‘}X( )e.

The definition of the Lie bracket leads us to consider of the non-holonomy coeffi-
cients of Vranceanu:

5 5 S8 N LS N w0
Se(Aa ’ 5 ((BB| aB 5o(0)y af s (1)y af s (2)y’
65( ) 55(( ) (AB) 55( )Y (AB) 65( )Y AB) 55( )Y

(A,B=0,1,2; A<B).
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2 Torsion and Curvature d-tensor Fields
The torsion tensor of the N-linear connection D on E:
T(X,Y) = DY — DyX — [X,)Y], VX,V € x(&),

in the invariant frame R , has a number of horizontal and vertical components corre-
sponding to D" | D¥* and DV? respectively.

Theorem 2.1. The torsion tensor of a N-linear connection D in the invariant frame
R is characterized by the d-tensor fields with local components

T, (00) (00) @
o = L T Las = W
(00)
o (4) ’
R Ba — W’Yﬁa
(04)
(00)
¥ (10) (0)
K Ba — _C’Y _ W’Y
() pe Je
(1) (01)
v (01) 1)
P Ba — LY + w” o ,
(11) Ba B
(01)
P’Y (2)
Ba — W’Y
(12) Pa
(01)
v (20) (0)
K j62e — - _ w?
@) fe -
(2) (02)
(1) (1)
Pvgoé — W’Y _ W’Y ,
(21) ap Ba
(02) (01)
(02) (2)
P’Y[-}a — L’Y _ W’Y
(22) Ba Bo
(02)
o (11) (11) (1)
(1) (1) (11)
(2) (2) ’
v _ y
Q Ba w Ba

(21) (11)
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Theorem 2.2.
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(2)
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(2)
¥
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(22)

The components given by Theorem 2.1 are the invariant components

of the d-tensor fields of torsion of the N-linear connection D

The curvature tensor field R of the N-linear connection D on Osc?(M) has the

expression

R(X,Y) = [Dx, Dy| Z — Dxy 2.

Theorem 2.3.

The curvature tensor field R of a N-linear connection D in the

invariant frame R is characterized by the following d-tensor fields on Osc*(M):

5 (00) (00) (00) (00)
oL SL¥.
R %50 = 5% FROL + LI,L7, ~ L1 L%, —
(o)w (00) (13} (10) (23} (20)
i ®
-Wg, LY, + Wi, Cr, o+ Wi, CF,
(o0) (00) () ©00) (@
(10)
s C?
VB (00) (10) (10)
P %50 (1) SL?, n (00)  (00) s
(17) B = —5:00a 5.0F T C’Yﬂ L, — L1, Cnﬂ _
(1) (1)
©  ©o ® o @ @
® ®
-Wg, LI, + Wi, Cr, + Wi o CF,,
o oy )
(20)
P 5 C'fﬂ (00) (20) (00) (00) (20)
a (2) SLY, W 0
(%ﬂ T e -3+ Cly Lg, - L1, Cfsy —
(2) )
© oo ® o @
® © o
-Wg, LY, + Wi, CL, + Wi, C5,,
(©2) 02 02 @
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(10) (01)
& c? 5 Cﬂaa
S ¢ (;Y)ﬁ (1)/) (12) (10) (10) (lg)
(171),@@ ~ T esa -+ O Cr, — Cl, Chy —
(1) (1) (1) (1)
(13) (10) (21)b (20)
v ®
- W@a C"/"/’ B Wﬂa C'yw )
(11 1) (11) 2)
(22) (10)
s C s C¥
S, (;)/8 @ @0 19 a0 @)
(;1)ﬁa = Tase ~s@s T 0%3 Chro — CI, Cnﬁ —

(2) (1) (1 (2)
(€] (10) (2) (20)

P ® h ®
- Wi O — Wi, O
(12) (1) (12) (2)
(20) (20)
s C s C¥
g ¥ (;)" o 0 (@) @0 @)
(272)@1 T T s™a ~@a T Cwﬂ Cia — Cla Cnﬁ -
(2) (2) (2) (2)
(23} (20)
@
—wy, CF,

(22) (2)

Theorem 2.4. The components given by Theorem 2.3 are the invariant components
of the d-tensor fields of curvature of the N-linear connection D.

Theorem 2.5. The essential components in the frame R of the curvature tensor
field R are those given by Theorem 2.3.

3 Structure Equations

Let (C,c), c: I — Osc?M , C = Im ¢ be a smooth curve parametrically given on
Osc>M and let ¢ be the tangent field.

Proposition 3.1. The covariant differential of the vector field X in the frame R is:

A A A)a A
DX = {<5x< : 5508 4 X 5sVB 4 X 5s<2>ﬁ) + XA Lfﬂ)} 0

§5(0)8 0s()B 0s(2)8 T fs(Aa’

(A=0,1,2, summation on A), where:

(A) (0A) (14) (24)
W, = LS5 050P €9y s+ oy 55PP

1 (2)
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(4)
The 1-forms w(f; will be called invariant 1-forms of connection for the N-linear
connection D. They depend only on D.

Theorem 3.1. The exterior differentials of the 1-forms 6sV® are given by:

(0) (0)
d(Es0) = 1 W3, 050 A gs0F 1 W3 55O A 558 4
(00) (01)
(0)
+ W3, 350 A s,
(02)
;W (1)
dos')7) = o W5, 05O NGO+ W, 35O A 65 4
(00) (01)
1) 1 W
+ Wi, 050 A 558 4 — W] 55 ngsDF 4
(02) >y
©)
+ W3, 6550, (2)
(12)
;@ ()
dos®7) = o W5, 05O N a5+ Wi, 55O A 65 4

(00) (01)

@) . ®
+ Wi, 05O A58 4 — W] sshengsDF 4

(02) (11)
) . @

+ Wi, dsonss®8 4 5 Wi 65 p §52)8, (3)
(12) (22)

Using the invariant 1-forms of connection for the N-linear connection D we prove
the following fundamental theorem:

Theorem 3.2. The structure equations of the N-linear connection D on the total
space E in invariant frames are

(Ao s, o oo
d(0s*VY) — ds"VPAWY = = QY (4)
(A) 4 @ (A)

dw%) — WA, = = Q%, (5)
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(4)
(A=0,1,2), where the 2-forms of torsion Q% are given by:

0 1
Q=2 T%, 55O NGO 4 Ko 65D AgsMT - Ko 5508 A s,

(0) (1) (2)

1
0= 3 R 5508 A 5507 4 P 5508 A 55D 4 P, 5508 A 55(2)v7
(01) (11) (21)

1 Saﬂv §sWB A 55D 4 Kob7 5B A 58(2)7,
(1) (2)
@ 1 0 0 0 1 0 2
[ —— Raﬁw 5508 A 5507 4 POZM 5508 A 55D 4 POZM 5508 A gl )v7
(02) (12) (22)
1
3 Q% 65V NG+ Qo 5P A 554
(21) (22)
1 ga 5.8 5\ 5527
3 S By 0s A ds\ 9T,
(2)
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