Harmonic vector fields on extended 3-dimensional
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Abstract. Given two Riemannian manifolds (B, gg) and (F, gr), we give
harmonicity conditions for vector fields on the Riemannian warped prod-
uct B x; F, with f : B —]0,+0o0[, using a characteristic variational
condition. Then, we apply this to the case B = I C R and F is a
three-dimensional connected Riemannian Lie group G equipped with a
left-invariant metric, to determine harmonic vector fields on I x¢ G. We
give examples of harmonic vector fields on G which are not left-invariant
and determine harmonic vector fields on I xy G. We conclude with of
vector fields on I X ¢ G which are harmonic maps.
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1 Introduction

One of the most studied objects in Differential Geometry is the energy functional of
amap ¢ : (M™,g) — (N™, h) between Riemannian manifolds of dimensions m and
n, respectively, given by

B(¢) = | el

where D is a compact domain of M, e(¢) : M — [0,00[ the energy density of ¢
defined by

e(9)(z) = 5 ldgall? = 3 3 hldpe(er). dga(er).

i=1

for x € M, {e;}™, an orthonormal basis of T, M and dg, the differential of the map
¢ at the point x ([1],[5]).

Denote by C*° (M, N) the space of smooth maps from M to N, V¥ the connection
of the vector bundle ¢~ 'TN induced from the Levi-Civita connection V of (N, h) and
V the Levi-Civita connection of (M, g).
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A map ¢ : (M,g) — (N,h) is said to be harmonic if it is a critical point of
the energy functional E(.; D) : C*°(M,N) — R for any compact domain D. Tt is
well-known ([5]) that the map ¢ : (M, g) — (N, h) is harmonic if and only if

m

(1.1) (@) = tr(Vde) =Y _{VEdp(e;) — dp(Ve,e:)} =0.
1=1

where {e;}, an orthonormal basis of T, M. The equation 7(p) = 0 is called the
harmonic map equation. Denote by (T'M, gs) the tangent bundle of (M, g) equipped
with the Sasaki metric gg (cf. section 2).A vector field X on M is a section of the
tangent bundle, and in particular it is a map of M into TM. Its energy E(V,D) on
a compact domain D is given by

1
E(V,D) = %VOI(D) +3 /D IVV||2v, ~ Vol(D) + E*(V).

It was shown in [9] and [12] that if M is compact and a vector field X is a
harmonic map from (M, g) into (T'M, gs), then X must be parallel. Critical points of
the restriction of E' to vector fields, with respect to variations through vector fields are
called harmonic vector fields The corresponding critical point conditions have been
determined in [14] and [16]. It should be pointed out that a harmonic vector field
determines a harmonic map when an additional condition involving the curvature is
satisfied ([6],[8]). The main goal of this paper is to study the harmonicity conditions
for vector fields on the Riemannian warped product M = B x; F. Then we apply
this to the case B = I C R and F' is a three-dimensional connected Riemannian Lie
group G equipped with a left-invariant metric, to determine harmonic vector fields on
I x ¢ G. We give examples of harmonic vector fields on G which are not left-invariant
and determine a harmonic vector fields on I x f G. We also determine the vector fields
on I x ¢ G which are harmonic maps.

2 Preliminaries

2.1 The tangent bundle and the unit tangent sphere bundle

Let (M,g) be an m-dimensional Riemannian manifold and V the associated Levi-
Civita connection. Its Riemann curvature tensor R is defined by

R(X,Y)Z =VxVyZ - VyVxZ — VixyZ

for all vector fields X,Y and Z on M. The tangent bundle of (M, g), denoted by T'M,
consists of pairs (z,u) where x is a point in M and u a tangent vector to M at z.
The mapping 7 : TM — M : (x,u) — x is the natural projection from TM onto M.
The tangent space T\, )T’ M at a point (z,u) in T'M is the direct sum of the vertical
subspace V(g ) = Ker(d7r|(z7u)) and the horizontal subspace H, ., with respect to
the Levi-Civita connection V of (M, g):

T(zyu)TM = H(myu) (5] V(zyu).

For any vector w € T, M, there exists a unique vector w" € H(x,u) at the point
(z,u) € TM, called the horizontal lift of w to (z,u), such that dr(w") = w and a
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unique vector w” € V(g 4,), the vertical lift of w to (x,u), such that w”(df) = w(f) for
all functions f on M. Hence, every tangent vector w € T{, ,)T'M can be decomposed
as w = wh +wy for uniquely determined vectors w1, wy € T, M. The horizontal (resp.
vertical) lift of a vector field X on M to TM is the vector field X" (resp. X?) on TM
whose value at the point (z,u) is the horizontal (respectively, vertical) lift of X, to
(z,u).

The tangent bundle TM of a Riemannian manifold (M, g) can be endowed in a
natural way with a Riemannian metric gg, the Sasaki metric, depending only on the
Riemannian structure g of the base manifold M. It is uniquely determined by

(2.1) 9s(X"Y") = gs(X",Y") = g(X,Y)om, gs(X",Y")=0

for all vector fields X and Y on M. More intuitively, the metric gg is constructed
in such a way that the vertical and horizontal subbundles are orthogonal and the
bundle map 7 : (T'M,gs) — (M,g) is a Riemannian submersion. We denote by
X (M) the set of globally defined vector fields on the base manifold (M, g). In the
sequel, we concentrate on the map V : (M, g) — (T'M, gs). The tension field 7(V') of
V:(M,g) — (T'M,gs) is given by [6]

(2.2) 7(V) = (=S(V))" + (-AV)”,

where {e;}™, is a local orthonormal frame field of (M, g), S(V) = Z R(V.,V,V)e;

i=1
and AV = V*VV = Z{vveieiv — V., V.,V}. Consequently, V defines a harmonic
i=1
map from (M, g) to (T'M, gs) if and only if
(2.3) tr[R(VV,V)] =0 and V*VV =0.

A smooth vector field V' is said to be a harmonic section if and only if it is a
critical point of E¥ where E"V is the vertical energy. The corresponding Euler-Lagrange
equation is given by

V*VV =0.

2.2 Warped Products

Let (B™,gp) and (F™,gr) be Riemannian manifolds with f : B — ]0,4+00[ a
smooth function on B. The warped product M = B x; F' is the product manifold
B x F equipped with the metric g = 7*(gp) & (f o m)?0*(gr); where 71 : M — B
and o : M — F are the usual projections. Then (B, gp) is called the base, (F, gr)
is the fiber and f the warping function of the warped product, 7=*(p) = {p} x F are
the fibers and o~ !(q) = B x {q} the leaves. The vectors tangent to leaves are called
horizontal and those tangent to the fibers vertical, hence for all (p,q) € M

Tpg)(BXF) = Topq({p} x F) @ Tp.q(B x {q})
T(p,q)({p} x I') @ T(p,q)({p} X F)l
Tip,q) (B % {Q})l ® Tp.q) (B x {q}).
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A vector fields X on B x F are horizontal vector if dm(, 4)(X) = X, and
dopg(X) =0 thatis X €T, (B x{g})*t and dmr o (X)=X,.
A vector fields X on B x F are vertical vector if dr, 4(X) = 0 and
dopg(X) =X, thatis X €T, ({p}x F)* and dog, (X) = X,.

If X € T,B and ¢q € F then the horizontal lift of X to (p,¢) is the unique vector
X* in Ty ¢y (B x F) such that dm, (X*) = X, and dog, o (X) =0

If X € T,(F) and ¢ € F then the vertical lift of X to (p,q) is the unique vector
X*in T(p7q) (B X F) such that d7l'(p7q) (X) =0 and dO’(%q)(X) = Xq

Lemma 2.1. [13] Let (B™,gg) and (F",gr) be Riemannian manifolds with

f B — ]0,4+00[ a smooth function on B. Let X1,Y1 be vector fields on B and
Xo,Ys wector fields on F. Let V,VZ V¥ be the Levi-Civita connections of (M, g),
(B,gB) and (F, gr) respectively, then

1. gradM(f on) = (grad®(f),0);

2. Vix,,0(Y1,0) = (VE,Y1,0);

3. V(0,x,)(0,Y2) = (0, VX, Y2) — fg" (X, Ya)grad®(f o)
= 0.V, Ys) -

?9((0’)(2),(075/2))97“ad3(f°77)
4' V(O,Xz)(}/lao) = }qj(cf)(oaXQ)
9. Vix,,0(0,Y2) = Xl;f) (0,Y2);
1

6. grad™(hoo) = —(0,grad"h), for h:F —R.

12
Lemma 2.2 ([13]). Let (B™,gg) and (F", gr) be Riemannian manifolds, with

f B — RY a smooth function on B, X1,Y1,Z; vector fields on B, X3,Ys, 25
vector fields on ', V,VE the Levi Civita connections of (M, g), (B, gg) respectively,
and R, RB RY the Riemannian curvature tensors on (M,g), (B,gg) and (F,gr)
respectively, then

L R((X170)7 (Yho)) (Zho) = (RB(Xlayl)Zl,O)
2. R((X1,0),(Y1,0))(0,22) =0
3. R((O7X2)a (07Y2)) (Zla 0) =0
f
b R(0,%), (11,0)) (2,0) = — 20020 (g )

f
5. R((X1,0),(0,Y2)) (0, 22) = —fg" (Y2, Z2) (V¥, grad®(f),0)

6 R((O,XQ» <0,Y2>) (0. 2) (mRF(Xz,YQ)Zz) Cgrad® () (gF(Xz,szo,m—

gF(Yz»Zz)(OaXz)>

where H' (U, V) = U(V(f)) — (VBV)(f) for U,V € X(F) is the Hessian of f.



96 F. Koudjo, E. Loubeau and L. Todjihounde

3 Harmonic vector fields on warped products

In this section, we determine the harmonicity conditions for vector fields on the warped
product M = B x; F with f: B —]0, +o0[.
Let {€j}i=1 .. m be an orthonormal basis of (B, gp) and {ej'}i=1 . » an orthonormal
basis of (F,gr). Then {e;}i=1, .. m4n is an orthonormal basis of (M, g) with

1
e; = (€},0) fori=1,..,mand e;1,, = —(0,€;) fori = 1,...,n. Hence, fori =1,...,m

and Using the lemma 2.1, We have

Ve = (VEe0)
VeiV = V(e;,o)(Vl,O)+V(€;’O)(O,V2)

(¢, 0)(f)

- (vgvl,o) e

(0,V2).

Moreover (ef,0)f = g((gradBf7 0), (6270)) = gp(gradB f,e.) = e.(f). Hence, for

i=1,..,m

VeV = (Vfivl,o) 4+ 4
SO

/
VeVeV = Vi 0(Vahi,0) + Vi) (M)(f)

() (e),0)
f

V0012 + .0 () 0w

ei(f)? eie;i(f) ei(f)?
G (0.12) + 2 0.1) - g
eiei(f)
f
)(V1,0)+V<VB ,0>(07V2)

o Cir

- (vgvgvl,o) +

(vgvgvl,o) + (0,2)

= (vEVEW,0)+

Vv,V = V (v2400
i

(0,V2)

(V2er) ()

= (vgB/egvl,o»r - (0, V2).

For i =m+1,..,m+n, we have

1
Ve e = ?V(o,ey)

1/1 " L "
= ? <fV(0,e,'i’)(O7 € ) + (0’ €; )(?) (O’ €i ))
1

= 7 (O,nye;’) - % (grad®f,0)

because (0,€/)(f) = g ((grad® f,0),(0,€))) = gp(grad® f,0) + f2gr(0,€) = 0.

(0,¢€7)

| =
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For it =m 4+ 1,...,m 4+ n, we compute

1
Ve,V = ?V(o,efg)(Vh Va)
1
=7 (Vi0.ery(V1,0) + V(g,e1(0, V2))
1
= (095 W) - o7 (Vo)) (graa® £.0) + V10 g oy
f ez K3 f 7
1
= 7 <O,V5/V2) —gF (Va,€l)) (gradBf, 0) + (‘/1’;)2)(]0)(0,62/)
1 Vi
V.,V = 7 (O,VS;/VQ) — g (Va, el (gradBf, O) + 1f(2f) (0,€).
therefore
1 1
vei VEZV = ? |:v(0,e;’) <f(07 vg’ VQ)) - v(O,e;’) (gF(‘/Qa e;/)(gTadBfa 0))
V1,0
+v((),e’i’) (( 1f2 )f(07e;/>>:| .
We now compute the previous terms and sum on i =m+ 1,...,m + n:
i)
Vio.r {1(0 VFNVQ)} - oo (o vF,/Vg) +(0,€!) <1) (o vF,,Vg)
( ,ei) f ’ 61’ f ( ,€i) I ei bt} f bl ei
1
= Vo (0.v572)
1
= 7 {(O,VQIVQIVQ) - ng(eQ’,Vfé/Vg) (grad® f, 0)}
1
= 3 (o,vg,vg,vz) — " (], VE V) (grad® f,0) .

i)V 0,er)y (97 (Va, €f)(grad® f,0)]

_ gF(V2 e//) (gradBf, 0)(f)

()

(0, + (0,¢}) (9" (Va,€f)) (grad® f,0)

f
_ gF(Vg, 62/) (gmd’;f)(f) (0’ 62/) + e;/ (gF(Vg, 6;’)) (gradBf, 0)
grad® f(f)

- f(o, Vo) + €} (g5 (Va,€)) (grad® f,0)
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(V1,0)(f)

2 0.)]

Z‘Z"L’.)V(O’e;/) |:

Hence, gathering all the terms, and summing on ¢ =m +1,...,

Ve Ve,V
grad® f(f)

f2

Vi (f)

vai e; v

O VFII 8”

Hence, summing on the index i,

VvV Vv, eV =V Ve,V

%Vl( ) (o vfi,e")
1
f2
(ve;?) D o
1
f
L TAl)

72 (gradBf, O)

7 (0 VEVEV) -
(0,V2)

(9rad”F,0) -
)(‘/130) —Vl

(
(0 vF,,e”)( V2) -

(f) (o i

e (0 Vore >

1
( ng e//‘/Q) - f

ei (9" (Va,€f)) (grad® f, 0)

F. Koudjo, E. Loubeau and L. Todjihounde

% [Vio.ery(V1,0)(£)] (0, €f) +

0.60) (F22.00)) (0.¢t)

(‘/17 )(f)V(O,e;/)(Ov e;/)

f2
= ) ((0.95e) = Flgrad®f.0)
- fl (0O, Ee) = TA()grad® .0

m + n, we obtain

e/ (g" (Va.€!)) (grad® [,0) —
() (0. VEel) -

9" (e}, Vi) (grad® £,0)
(V1,0) +

1
f 'L
+ f3V1

f
?(gradBf, 0)
Vi

7
? (VfradBfVl’ 0) -

1 gF

7’

(07V2)
grad 1 )

,97rad” f(])
f?

(V27V ne; ) (grad®? £,0).

(0,V2)

)_

(0,V2) +

d"f(f)
1; (VgBradBval? 0) - n%

FO V) grad® 1.0+ (VEy Vi00) +
1
f2

Vi) (0.VEel)

eiei(f)

f
grad® f(f)
f?

(//v

(VEVEWL,0) - (0,3) — (o,vg,vg%) +

(0,V2) — f

)(grad 7 )
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V*VV = (V*VV1 fvgmdsf 1+ ;gF(e;',V ,,Vg)gradBf—Fan(zf)gr dBf,
/ / VB/eg r
7v VVs — E(f)‘/g-i- < € )(f)‘/Q_F(l_n)gadf(f)(o"/Q)

f? f f

After these calculations we deduce the following lemma.

Lemma 3.1. Let (B,gp) and (F,gr) be Riemannian manifolds and f : B — R*
a smooth function on B. Let {ej}i—1.. m be an orthonormal basis of (B,gp) and
{€/}i=1... n an orthonormal basis of (F gp) Then a vector field V = Vi + V, on
M = B x ¢ F' is a harmonic vector field if and only if

2
vV, — va an V1 + fdw (Vg)gradBf—Fan(f)gT dBf=o,

gra 2
(3.1)
%v A ABf(f)vz (- n)m‘?ﬁm% o0,

where AB(f) = —trH/.
If G is 2-dimensional Riemannian Lie group, we have

Corollary 3.2. Let G be a 2-dimensional Riemannian Lie group equipped with a
left-invariant metric, f : I C R —]0,+00] a smooth function on I, Vi = ¢(t)0; a
vector field on I and Vs a unit vector field on G. Then V = ¢(t)0; + V4 is a harmonic
vector field on the warped product I x; G if f(t) = v/2k0t? + c1t + ¢ on I such that

1. I =] — o0, ——[zme—O and ¢1 <0
2. I =] -2, 40l if ko =0 andc, >0
3. I =R if 3 —8cakg <0 and kg > 0
4. I =]ty ta] if 2 — 8cakp >0 and Ko < 0
5. 1 =] — oo, t1[UJta, +00[ if 3 — 8cakg > 0 and kg > 0
and ¢ is a solution on I of the differential equation
i
f

/

) x+2/<1f—:0

(3.2) (Eop) :x”JrQJ}x 2< 7

7

2
—c1 —+/c; —8
where kg = <V VVQ,VQ Zg /Vg ), t1 = a 461 2fo
Ko
" —C1 + / C% — 862&0
5 =

4/’60

Note that the ODE (Ey) always admits solutions defined on the whole of 1.
Take (B, gg) to be (I,dt?) and V = Vi 4 Vs on I x ¢ F where V; = ¢(t)d; is a vector

with t1 < ty and {e1,e2} an orthonormal basis on G.

field on [ and V5 = Z a;e; a vector field on F', where the a; are functions on F. Note
i=1
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that for an orthonormal basis {e;}i=1 .. n of (F,g), the Levi-Civita connection V of
(F,g) and {0;} the canonical vector field on I, we have:

n

Ve, Vo = Z (ajVeiej + ei(aj)ej> for i=1..n,

j=1
n
Ve, Ve, Vo = Z (ajVeiVElej +eei(aj)e; + Qei(aj)Veiej) for i=1..n,
j=1
n
Ve eVa = D (ajvveieiej - <veiei><aj>ej) for i=1_n.
j=1
We now compute the previous terms and sum on ¢ = 1,--- ,n to obtain

n

V*VV, = Z (ajvveieiej (Aaj)e; —2ei(a;)Ve,e5 — ajVeiVeiej).

i,5=1

We also have, g(e;, Ve, V2) = e;(a;) + Z (ajg(ei, Veiej)>, and V*VV; = —¢"(t)0y,
j=1

—¢" ()0, grad” f = f'(t)04,V graan Vi = f' ()8 (1) €i(ei(£)) = 0:(0e(f)) = £ (t)-

Then V is a harmonic vector field if and only if

o0+t “)‘”(J;g))) 0=

2 ( i(a;) + Za]g ei,Ve,€;) J}((;)) =0,

3

=1 =
n

/\

(Aaj) eJJrZ (a;Vv., eiej —2ei(a;)Ve,e5 — a]Ve7Vp1ej))>

j=1

—(f(t t)+2f'(t )Zaje]_o

4 Harmonic vector fields on [ x; G: G unimodular
Lie group

4.1 Vector fields constructed from unit left-invariant vector
fields

In this section, we assume that F' is a three-dimensional connected Riemannian Lie
group G equipped with a left-invariant metric. We determine harmonic vector fields
on (I xyG,g) with f: I —]0;400[. Let {e1,e2,e3} be an orthonormal basis on G.
Let Vo = ae; + beg + ces such that a? + b2 4+ ¢? = 1, Vi = ¢(t)9; a vector field on [
and consider the vector field V. =V, + Vo on I x¢ G.
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Proposition 4.1. [11] Let G be a three-dimensional unimodular connected Rieman-
nian Lie group, g its Lie algebra and g a left-invariant metric on G. Then there exists
an orthonormal basis {e1,ez2,e3} of g such that

(4.1) [e2,e3] = Aie1,  [es,e1] = Aze2, [e1,e2] = Azes
where A1, A2, A3 are constants.

Table 1: Three-dimensional unimodular Lie groups

Signs of A1, A2, A3 Associated Lie Groups
+,4,+ SU(2) or SO(3)
+,4,- SL(2,R) or O(1,2)
+,+,0 E(2)
+,0,- E(1,1)
+,0,0 H3
0,0,0 ReRPR

Then the Levi-Civita connection V is giving by:
Vee1 =0, Veer=pues, Ve eg=—pie;

(4.2) Ve,e1 = —poe3, Ve,ea =0, Ve,e3 = poer;

Vese1 = pze2, Ve,e2 = —pzer, Vezez =0;

and its Riemann curvature tensor is given by

R(er,ea)ea = (Azpz — pipe)er; R(er,es)es = (Aapo — papiz)er;
R(ez,e1)er = (Azpz — pipo)es; R(ez,e3)es = (Aipn — pafiz)es;
(4.3) R(es,e1)er = (Xopo — pips)es; R(es, ez)ea = (Aipn — papiz)es;
1
and the other components are zero, where i = 5()\1 FA+A3)— N, i =1,2,3.

From this 4.2, we have
Vv, e€j = Ve Vee; = g(e;,Ve,e;) =0

Ve Veej = —piej, i,7=1,23.

Hence, Using equation 3.3, V = V; 4+ V5 is a harmonic vector field if and only if on
I Xf G 5

vy 1 g THOAS
o0 +35 a0 -3 (L) a0 o
(184 42 — L")~ 20 (17) =0,
b (43 + 153 — F()"(1) ~ 27 (2)°) = 0
¢ (3 +12 = 1)) = 2 () = 0
tel.

(4.4)
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The first equation of (4.4) always admits a non-trivial solution. For the other
equations

a(p3+p3 — f()f"(t) = 2f(t)?) =0,

(4.5) b(uf +p3 — F(&)F"(1) = 2f'(1)?) = 0,
(3 +pf — F()f"(t) = 2f'(1)%) =0,
tel

According to the classification of three-dimensional connected unimodular Rieman-
nian Lie groups given in Table 1 where the domain I of the solutions of the non-

linear differential equation yy” + 2y’? = ¢,e € R (for example an obvious solution is

y(t) = i\/g t), we obtain

Proposition 4.2. Let G be a three-dimensional connected unimodular Riemannian
Lie group equipped with a left-invariant metric and V. = Vi + Vo a vector field on
the warped product I x¢ G, f : I —]0,4+00[ with Vi = ¢(t)0; a vector field on I
and Vo = aey + bes + ces a unit left-invariant vector field on G. Let {e1,es,e3} be
an orthonormal basis of the Lie algebra satisfying (4.1) and A1, A2, A3 the structure
constants. Then V is a harmonic vector field if and only if f is a solution on I C R
of the ODE  (Ey) :zx" + 212 =¢, ¢ €R, ¢ is a solution, on I, of the ODE
/ 7\ 2
(4.6) (Eo) : 2" + 3f?x’ -3 (?) r=0

and one of the following cases occurs:

C2
Ject

Wl =

1. Al = )\2 = )\3 = O(G = R@R@R), f(t) = (3661t+02) 5 I :]—
Vo = aey + beg + ces for any a,b,c € R, a? +b%+c% =1,

, +oo[, and

2.0 > 0,0 = A3 = 0(G = H3),e = 2u? and Vo = ae; + bey + ces for any
a,b,c e R,
a?+ b2+ =1,

3. A >0,2=0A3< O(G = E(l, 1)),

(a) € = p? + p2 and Vo = aey + ce3 for any a,c € R,a® + ¢ =1,
(b) € =2p2 and Vo = +ea,

4. AL > 0,00 > 0,3 = 0(G = E(2)),

(a) € = p3 + p3 and Va = aey + bey for any a,b € R,a® +b* =1,
(b) € =2u3 and Vo = +e3,

J. A=A >0> A3 (G = SL(2,R),O(172))

(a) € = 2 + p3 and Vo = aey + bey for any a,b € R,a? + b* =1,
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(b) € =2p2 and Vo = +e3,

6. A1 > X2 >0> A3 (G=SL(2,R),0(1,2)), A\ > A2 > \3(G = SU(2)),
e:uf—ku? and Vo = tey i # j # k,

7. 01 =X = X3 > 0(G = SU(2),50(3)),e = 2u} and Va = aey + bea + ce3 for any
a,bceR a®>+b*+c% =1,

(a) € = 2 + p3 and Vo = bey + ce3 for any b,c € R, c? +b? =1,
(b) € =2u3 and Vo = *ey,

9. Ay =X2 > A3 > O(G = SU(Q),SO(3)),

(a) € = p2 + p3 and Va = aey + bey for any a,b € R,a® +b* =1

(b) € =2u2 and Vo = =+es.
Remark 4.1. Note that if f is a non-zero positive constant on R and G is a three-
dimensional connected unimodular Lie group equipped with a left-invariant metric,
then V' = Vi + V5 is harmonic vector field on R x; G if and only if ¢ is an affine
function, p; = p; # i and Vo = +ey, 4,5,k € {1,2,3} or pg = po = pug = 0 and V3
any vector field on G.

4.2 Vector fields constructed from non left-invariant vector
fields

In this subsection, we construct new examples of harmonic vector fields from non
left-invariant vector fields on a three-dimensional unimodular Lie group.
. . . 0
We first consider the Lie group G = R® R @ R and consider Vo = a(z, v, z)a—
x

Using Relation (3.3), a vector field V' = ¢(t)d; + Va2 is a harmonic vector field on
I x5 (R@R@R) if and only if

o F L PONE P
(1) + 35y ) 3(f<t>> o) =2y
az; =k, keR,

FO"(t) +2f(t)* =€
Aa =c¢€a, tel.

This implies that:
a(x,y, 2) = cos(v1y + voz) +sin(viy + v22), v +vi =¢,
Case 1: ¢ > 0, then f(t)f”(t);:(i;"(t)Q =6 ;/(Et)l g R, '
7 1y — 9%k )
o)+ 975903 (gt ) o0 =21l
a(z,y,z) = exp(viy + v22), v} + 05 = —¢,
fOf" () +2f ()2 =e, telCR,

y F@ o L (FON L)
URR AL 3(f(t)> o) =25

Case 2: € < 0, then
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a(z,y,2) = kx + b(y,2z) bis a harmonic function on R,
1

— Ca

Case 3: € =0, then  f(t) = (3¢“x+c2)3 and I=]— 3670174'00[7
I

@) THON f(@)

" (t)+3 o'(t) —3 o(t) =2k )
O+ 3520 =3y ) *O =

These computations lead to the construction of vector fields which are not left-
invariant but harmonic on the warped product of G and an interval I.

Proposition 4.3. The vector field V. = ¢(t)0; + V2 is a harmonic vector field on
Ixy (REBR@R) if and only if

FOf" ) +2f(t)*=¢, telCR, e#0,

iy 3l @D i 5 (FOY 4o g @
)+t - (i) o =2

with a(x,y, 2) = cos(v1y + vaz) +sin(v1y +v22), v +v3 = —€ if € < 0 and a(z,y,2) =
exp(v1y + v22),v} +v3 =€ if € > 0, or

CL(Z‘, Y, Z) = K17+ b(y7 Z)a

1
fi) = (3ec1t+02)§ and tel=|— ?)Z%’Jroo[’
v a0 POV
@ (t)+3f(t)¢(t)—3(f(t)> o(t) _Qkf(t)’

where b(y, 2) is a harmonic function on R? and k, k1 € R.

Secondly, we consider G = H? the Heisenberg group of real 3 x 3 upper-triangular
matrices of the form

1
(4.7) A=|o0
0

O = 8
— N <

endowed with the left-invariant metric given by dz? + (dy — xdz)2 + (dz)?. We

identify H?® with R®, endowed with this metric. The left-invariant vector fields
0 0 0

0
e3 = — + xr—, constitute an orthonormal basis of the Lie

o 2T Ay’ 0z Oy

algebra g of H® and the corresponding Levi-Civita connection is determined by

€1 =

1
V€1€2 = V52€1 = —3€s3,

1

562u

(48) veleS = _Vegel =
1
v6263 = Ve3e2 = 5617

where the remaining covariant derivatives vanish.

By (4.8), we have pu; = —5 = ~H2 = —Hs. Take Vo = a(x,y, z)e1, then the vector
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field
V = ¢(t)0; + V> is a harmonic vector field on I x y H? if and only if
" O (f’(t)>2 ()

a; =k, ke€R,a,=0,

a; +zay =0,

FOf () +2f(t)* =e, €€R,
1

Aa:(e—§)a, tel

Therefore
a(z,y,z) = kx + K kK ER,

1
F@ (@) +2f(t)? = 5 tEICR,

wiey 3l @ i 5 (FOY 4 g D
PO+ 35 ¢ 3(f<t>> o) =267y

and we obtain:
Proposition 4.4. Let V; = ¢(t)0; on I and Vo = a(z,y, 2)e; on H3, then V = V1 +V,
is a harmonic vector field on I x ¢ H? if and only if
a(xz,y,z) =ke+ K kK K& ER,
1
FOf 0 +2f()? =5, telCR,

Y L DN AN 10
(0 + 35 ¢ ) 3(f(t)) o) =285

5 Harmonic vector fields on / x yG: G non-unimodular
Lie group

5.1 Vector fields constructed from unit left-invariant vector
fields

In this subsection, F' is now a three-dimensional connected non-unimodular Rieman-
nian Lie group G equipped with a left-invariant metric and we determine harmonic
vector fields on I x ;G with f : I —]0; +00[. Let {e1, e2, e3} be an orthonormal basis
on G, Vo = aej + beg + cez such that a? +b% + ¢ = 1 and V; = ¢(¢)0; a vector field
on I and consider the vector field V =V, + V3 on I x; G.

Proposition 5.1. [11] Let G be three-dimensional connected Riemannian non-unimodular
Lie group, g its Lie algebra and g a left-invariant metric on G. Then there exists an
orthonormal basis {e1, ea,es} of g such that

(5.1) le1,e2] = aep + Bes, [e1,e3] = —fea + ez, [ez,e3] = 0.

where a + 90 > 0 and o« > § are constants.
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Then the Levi-Civita connection V is determined by [11]

Ve,e1 =0,V e0 = fBes, Ve ez = —Fey;

(5.2) Ve,€1 = —aea, Ve,ea =aer, Ve,e3=0;
v3361 = 7563, VESGQ = O, Veseg = 561;

and its Riemann curvature tensor is given by

R(es,er)er = (af — Bd)es; R(ea,e3)er = 0; R(es,e1)er = (aff — B8)es — 6es;
R(e1,ea)es = —a’er; R(es, ex)es = ades; R(er,e3)es = (aff — B)er;
(5BJea,e3)ea = «des; R(er,ea)es = (af — Bd)er; Rer, e3)es = —62%eq;

From this 5.1, we have
Vv, e€j=Ve,Ve,e1 =V, Veger =0, Ve, Veer =V Veeo =V, Ve,e3 =0
Vv, es€2 =083, Ve, Vees =—0Pes, Vy,e,e3 =—afes, Ve, Veer =afes,
Ve, Veyea = —f%ea, Ve, Ve,es = —f%3, Vi, Ve,er = —a’er, Ve, Ve,e0 = —a’es,
Ve, Ve,e1 = —0%e1, Ve,Ve,ez3 = —0%e3, glei, Ve,ei) = gler, Ve,ei) =0,

9(837 vege2> = 9(627 vezei’)) =0, 9(62’ Vezel) = —qQ, g<e3’ V6361) = —4.
Hence V = V; + V5 is a harmonic vector field on I x ¢ G if and only if

on (())w) (“ B(t) = —2a(6 + o)

a(a?+62— f(t)f"(t) 2f’ (t)?) =0,
b(a?+B%— f(t)f"(t) —2f'(1)?) — Bla+6)c
c (624 8% = f(t)f"(t) 2f’ (t)%) + Bla+ )b
tel.

f'(#)
0N

The first equation of (5.4) has a solution and the remaining system becomes:

a(o®+0% = f(t)f"(t) - 2f'(1)*) =0,

b(a®+ 8% = f(t)f"(t) — 2f'(t)*) — Bla+ d)e =0,

c (02 + 2 = f(O)f"(t) = 2f'(t)) + Bla + )b =0,
tel

Using the proposition 5.1, we obtain,

Proposition 5.2. Let G be a three-dimensional connected Riemannian non-unimodular
Lie group equipped with a left-invariant metric and V = Vi 4+ V4 a vector field on the
warped product I x¢ G, f: 1 —]0,+oo[ with Vi = ¢(t)0; a vector field on I and Vs
a unit left-invariant vector field on G. Let {e1,eq,e3} be an orthonormal basis of the
Lie algebra satisfying equation(5.1) and «, 3,0 the structure constants. Then V is a
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harmonic vector field if and only if f satisfies, on I C R, the ordinary differential

equation (Ey) : x2" + 22" =€, € €R, ¢ is a solution, on I, of the equation
I

’ 7 2
(5.5) (E,) : 2" + 3f7x/ -3 <J;> x = —2a(d + a)f7

and Vs is determined by one of the following conditions:
1.a=46>0
(a) B=0, e=2a? and Va = Fey,
(b) B=0, e =2a% and Vo = tey or Vo = te3,
(c) B=0, e=a? and Vo = bey + ce3,b*> + > = 1,b# 0,c # 0,
2.a>>0o0ra>0>9
(a) e =a®+ 0%, Vo = aey +bey +cez,a#0, a®> +b2+c? =1 and

b(B? —6?%) = B(a+d)c,
c(B? —a?) = —B(a+ )b

(b) 62076:52a‘/2::|:€37
(C) 5207 62042,‘/2:i€2,

(d) B=bcla—0),e=B2+b%a+c?6%, Vo = beg +ces,c # 0,b# 0,0 +c? = 1.

3 a>6=0
1
(a) B =0, in this case f(t) = (3€C1t+c2)§, I=]- %,
(b) B=0, e=a? and Vo = +e,,
(c) B=bca, e =p2+b%a? and Vo = bey +ce3, b#0,c # 0,0 + 2 =1,
(d) e =a? and Vo = +eq,
(e) B=0, e=a? and Vo = ae; + bea, a # 0,a® +b? = 1.

+oo[ and Vo = +es,

Remark 5.1. Note that if f is a non-zero positive constant on R and G is a three-
dimensional connected Riemannian non-unimodular Lie group equipped with a left-
invariant metric, then V' is harmonic vector field on R x y G if and only if ¢ is an affine

b(B? —6%) = Ba+d)c,

functi R,3=0=0, Vs =bey + d
unction on R, 3 2 = 0ez T ces an {c(ﬂ2a2)ﬁ(a+5)b.

5.2 Vector fields constructed from non left-invariant vector

fields

In this subsection, we give examples of harmonic vector fields on I x y G constructed
from non left-invariant vector fields on the three-dimensional non-unimodular Lie

group G
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Consider F to be (R x H?, g) where H?> = {(z,y) € R? : y > 0} denotes the
Poincaré half-plane with Gaussian curvature equal to —a (o > 0) and g the left-
invariant metric given by

1
g=—5 (d:z:2 + dyz) +dz2.
oy

0 0 0
The left-invariant vector fields e; = y\/aa—,eg = y\/a%,eg =55 constitute an
Y

orthonormal basis of the Lie algebra g of R x H? and [e3,e1] = 0, [e3, e2] = 0,
[e1, ea] = V/a e2. The corresponding Levi-Civita connection is determined by

Ve,e1 = —/aea, Ve,er =/ aes,

where the remaining covariant derivatives vanish. Take Vo = b(y)ea + c(y)es and use
(3.3) to see that V = ¢(t)0; + V> is a harmonic vector field on I x ¢ (R x H?) if and

only if
w1 gl @) g FON o =
o0+ 3 )¢<t> 3 (28) -0

(t
Ab= (F(1)f7(t) +2f'()* ) b,
Ac= (f(t)f(t) +2f (t)*)c,
tel.

This is equivalently to

(1) + 37 D) 3 (f ’“)> o(t) =0,

f(t ft)
Ab= (f(t)f(t) +2f'(t)* — @) b,
Ac = (fO)f" () +2f'(t)*)e,
FOF @) +2f(1)* =e,
tel.
Hence
i+ 35D 5 (LOY o -
o0 +32 00 -3 (L0 o0 o
Y2V (y) = (e — a)b(y),
y*c(y) = ac(y),
fFOF @) +2f(1) =e,
tel
and we have
1
c(y) = y2 Qm + k2 In(y )) if 1 4+4a =0,
1 1 ——
(5.6) cly) = myQ V1t da T ohoy2 2 trde +4a > 0,
1
c(y) = y§ (m cos(yv —4da — 1) + kg sin(yv —4a — 1)) if 14a < 0,
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1
bly) = y2 in + Ko 1n(y)> ifl1+4(e—a)=0

StoVIHie—a) - /Tr A a)

+ Koy?2 if 14+4(e —a) >0,

1
bly) = y§ (/{1 cos(yy/—1 —4(e — a)) + ko sin(y/—1 — 4(e — a))) if 4(e — a) < —1,

with k1, ke € R. This system of equations lead to new families of harmonic vector
fields on the warped product I x ¢ (R x H?) , which are non left-invariant.

Proposition 5.3. Let Vi = ¢(t)0; be a vector field on I and Vi = b(y)es + c(y)es be
vector fields on (R x H?,g) where H?> = {(z,y) € R? : y > 0} denotes the Poincaré
half-plane with Gaussian curvature equal to —a(a > 0). Then V. = Vi + V5 is a
harmonic vector field on I x ¢ (R x H?) if and only if

" F'@) o o (@) 2 _
¢ (t)+3f(t)¢(t) 3<f(t)) o(t)=0, tel,

FOF(1) +2f () =€ e€R,

and Vo = b(y)ea + c(y)es with b, ¢ defined by combining Equations (5.6) and (5.7).

6 Harmonic vectors fields which are harmonic maps
on warped product I x; G

In this section, we determine the horizontal part of the tension field on the warped
product B x ¢ F (cf 2.3) and study the existence of vector fields on I x; G which
are harmonic maps, where G is a three-dimensional connected Riemannian Lie group
equipped with a left-invariant metric. To calculate S(V') where V' = V] 4+ V3, we write

S(V) = S1(V) + S2(V)

where

m m—+n
S1(V)=> R(Ve,V,V)e; and Sp(V)= > R(V.V,V)e;.

i=1 i=m+1
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and {e; }; are define on section 3 Then, using the lemma 2.2

S (V) = iR (V.o Vs (V1,V2)) (e, 0)
= éR ((VEV1,0), (11,0)) (€}, 0) + R ((VE14,0),(0,V2) ) (€,0) +
U (0,v20, 0.0 (e0) + LR (0.12). (0.7 €10
= i (RP(VEVi,e)Vi.0) - eiff)Hf(Vl,e;)(o,va) +
%Hf(ngl,e;)(O,Vz)
S(V) = _1 %R (T0en Vi V) (0,€!)
- Z R (0.5, (4.0)) (0.6) + 7R (0.V5V2). 0.10)) (0.¢§) -
F9" (Ve )R (gradf, 0), (V1,0)) (0.¢]) =
F9" (Ve )R (gradf, 0),0.V2) (0.¢])
s .6, 0.7 0.6 + B R (0.0, 02,0) 0.€0)
Sa(V) = Z (2 0. R7 v vased) + S 0 RE e vyt ) +
Vel (V. paradt.0) + 0 (a0, va) - (0.95,12) ) +
nVlfgf ) (VT gradf,0) + %div(Vg)(Vﬁ gradf,0) +
S gradr () - 10.12)
= %(o, S(Va)) + gm;l{(f) (div(Vz)(O, Va) — (0, VQVQ)) - nV}(Qf) (V8 gradf,0)
+V}(f ) : (0, R7(ef, Va)e) + IVall*(V graargradf, 0) + %diV(Vz)(Vﬁgmdﬁ 0)
w1 graap () - (0. 72)

Hence
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S(V) = Si(V)+82(V)

= < il ( Lii(vi,el) - }Hf(VE;Vl,eD)(o,VzH
w2 (T graat.0) + 550,502 + TG (@i 0 - (0,96 ) )+
S graar () - 1)0.v3) + ) ZZ";«L RE (e}, Va)el)+
Va2 <medfgmdf, 0> + (V) (T, grady. 0))
= (S(%)Jrnvljg) v, gradf + || Va|| ngdfgradf+%div(%)Vﬁgmdf;%S(Vg)
é < eh) — %Hf(VfZVl, e;))v2 + W“J‘z(f) <diV(V2)V2 — v€2v2>+
L gR%é’%)eé’ + 2 graap ()0 - 1>v2> .

Take B=1CR, Vi = ¢(t)0; on I and V4 a vector field on (F, g), then

2 " ! 1 e
s) = (0L 0 117170, aiv(V)or "0 f550) - fjf,f v+ Ll
2 2 3
L div(VVa - Lo v + o - 1/2+sz )

Remark that if f is a non-zero positive constant on R, then a harmonic vector
field V' = Vi + V» on the warped product R Xy F' is a harmonic map if and only if V3
is a harmonic map on F.

We suppose that G is three dimensional connected unimodular Riemannian Lie group
equipped with a left-invariant metric. We have

Proposition 6.1. Let G be a three-dimensional connected Riemannian unimodular
Lie group equipped with a left invariant metric and V. = Vi + Vo a harmonic vector
field on the warped product I xy G,I CR, f: 1 —]0,+oo[ with V1 = ¢(t)0; a vector
field on I and Vo = aey + beg + ces a unit left-invariant vector field on G. Then V is
harmonic map on I X G if and only if one of the following cases occurs:

LG=R&ERGR: A\ =X =X=0,f(t)=8>0,I=R,V,=aes +bes +ces
for any a,b,c € R and ¢(t) = vt + 72, 71,72 € R.

2. M =X = A3 > 0(G = SU3) or SO(3)), f(t) = n%t + B (= +1),

BER,I:] —26,—1—00{]‘07"77:1,[:] —oo,w[forn:—l,
/\1 /\1
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A
Vo = aey + bey + cez and ¢(t) = ¢; (n;t—I—ﬁ) + %,01,02 cR.
(151+9)

Proof. Combining Proposition 4.1 and relation 4.3, we get

Vv, Va = be(pz — ps)er + ac(us — pa)e + ab(pn — p2)es,

S(Va) = Aybcey + Asaces + Agabes and  div(Va) = 0.
3

Z R(ei, Va)e; = a(papis — Azpia + prapio — Agpiz)er + (g pro — Aspis + prapis — A1 pin)ea+
i=1

c(paps — A1pa + iz — Azpiz)es

where Ay = pi(ps — 1) + p3(pa — p2), Az = p3 (e — ps) + p3(u1 — p2), Az =
13 (e — p3) + pa (s — p1). Hence a harmonic vector field V = V; + Vo on I x5 G
where G: unimodular Lie group is a harmonic map if and only if

PO (3¢<t>2 n f(t)2> _
S(V) — F0e(0) (1 >v2+¢<>f< V' (OVa — /(1Y Vot

o(t ’t3 o) f
2 (}{t)() ) ZReZ,Vg =0

tel.

This is equivalent to

veel, f"(t)=0
(6.1) S (1) HO/0) ZS:R(e- Va)e; = 0.

10 10

because of V¢ € I, f(t) > 0 and f'(¢)f"(t) = 0 we have f"(t) = 0.

We will now discuss case by case according to the classification of three-dimensional
connected unimodular Lie groups given in Table 1 and combine the result of propo-
sition 4.2, we have

e G=R®RPR: In this case, S(V2) = Vy,Vo = R(e;, Vo)e; = 0 and we obtain

the first case of Proposition.

. G H?3: In this case we have S(V) =

S(Va) = f'(£)* Vv, Va + 2 Vo +

*i&)\?(CGQ*b@g), Vv, Vo = aii(cea—bes),
Z R(e;, Va)e /\ ?(ae; —bes — cesz). Using System 6.1 and case 2 of Propo-
smon 4.2, we have
1
vtel, f(t) = ZA%

1 1
—~Aa(cey — bes) — =Na(ces — bes)+

/') 2 1o _
0] o(t )( Ai(aeq + bes + cez) — 2/\ (ae; — beg — C€3)) =0.
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this is equivalent to a = 0, \; = 0 that is not possible. we obtain that a harmonic
vector field on I Xy G cannot a harmonic map.

e G=E(1,1):
b= 0, [(D)f"(t) + 2/ (1) = 3 + s We have S(Va) = —2pdaces,
Vv, Va = 2usaces and
3

> R(ei,Va)es = a(—p3 — papis — Aaps)er + ¢(—p3 + piapis + Aipis)es. Then
i=1
vt e 1,2f'(t)* = 13 + pj

1
c(—p3 + papiz + A1u3)63> — 2pdaces — 5 (i3 + p3) (2psaces) = 0.

this is equivalently to a = ¢ = 0 (not possible because a? + ¢ = 1).
% c=a=0,e=2u?, in this subcase we obtain that a harmonic vector field on
I x ¢ G cannot a harmonic map.

o G=E(2), G=SL(2,R),0(1,2) are similarly to that case G = E(1,1) and we
obtain that a harmonic vector field on I X ; G' cannot a harmonic map.

e G=5U(3),50(3)
* A1 = Ay = A3 > 0: in this subcase S(V3) = Vy, V2 = 0 and

3
> R(ei, Va)e; = —2uVa. We have
=1

1
()2 =pu?= ZA? and a harmonic vector field is harmonic map

* For other cases, Similarly to the cases G = E(2) and the cases
G = SL(2,R),0(1,2), we obtain that a harmonic vector field on I x y G cannot
be a harmonic map.

We now suppose that G is three dimensional connected Riemannian non-unimodular
Lie group equipped with a left-invariant metric. We have

Proposition 6.2. Let G be a three-dimensional connected Riemannian non-unimodular
Lie group equipped with a left-invariant metric and V. = Vi + Vo a harmonic vector
field on the warped product I xy G,I C R, f: 1 —]0,4o00[ with Vi = ¢(t)0; a vector
field on I and Vo = aey + bes + ce3 a unit left-invariant vector field on G. Then V is
a harmonic map on I x ¢ G if and only if
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1. a=0>0=p3,Vo =ae, and

vee I, f(t)f"(t) +2f (t)? = 222
f()f”()( o(t)? + f(t)?) = 2aaf(t )f”() (t)
—20° —af'(t)o(t) " (t) + ag' () F () f" () — 2" ()*+

2a¢(? ( f/(t)2 Oé2>
i " f'(@) )
¢"(t) + ¢ 3<ft> 4aaf(t>.
2.a>0,=0=0,f(t) =p>0,1 =R, Vo = +tes and ¢(t) = vt + 2 with
:LL771”YQER-

3. a>0=0,Vo =ae, a==x1 and

I )f”(t)( 602 + F(1)%) = aa f(H) " (H)6(1)
L oP = P06 (a + (00 (ta—
af 02 +a?DI W o2 402y g
110
FOF(0) + 27 (1)? = o2

o(t) + 3J}((;)) () -3 (f'(t))2 o(t) = 200 )

(6.2)

tel.

4. a>0>6 ora>d>0,

—a3b? — 832 + a(a? — §2)b?c? — %(bZOL + 26) (b2’ +
202 +v?(a—0)?) =0

b2a? + 262 + b2 (a—0)2 +ala+68)+ (6 —a) =0
a+d+ (a—268)(2-b?) =0.

€= B2 +b%*a®+c26%,b#0,c # 0.

Vo =beg +ces, f(t) =purt+n (u==x1),n eR andlz] —Z,—I—oo{for,u:l,

C2 €
>3701702 ER, k= \/;

<;mt +n

I]oo,n{forpl
K

and ¢(t) = ¢ (;mt + 77) +

5. a>06>0o0ra>0>6,Vo=uae; +bey +ces, a#0 and
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(6.3)

b(6% — 62) = Bla + d)c,

c(B? —a?) = —B(a+ )b,

F@OF" (@) +2f'(t) = a® 4 8%,

f%ﬂ@fuw%w+ﬂuﬁ%>—aa+a Holt
a®(a® + %) — 6%(a® + ¢%) + Bbe(a? —af t)f o(t) +af(t )f”( )’ (t)—

a’f'(t)*(a +6) — f'(t)%(b2a + ¢29) +a t) 21 (t)? 4 o 4 6*

@mﬁ bad? + af2h — wQ) <> f”ﬂ F(06 (1) £ (£)b — abf! (£ (a + )+

, OO (O) (o 10112 )
af'(t)%*(cB + ba) + o) <2bf (t)° + ba(a+ ) + cB(0 )) =0,

a( — B6%b — a?dc — f*(a — 5)C> —cf' ()o@ f"(t) + f(t)¢' (8) f" (t)e—

acf'(t)?(a+6) +af'(t)*(cd + bB) + ¢(1})(ft;(t) <2f’(t)2 +co(a+06)+bB(0 — a)) =0,
v o O (PO
¢(t)+3f(t)¢(t) 3<f(t)> o(t) = —2a( +5)f(t),tel.

Proof. Combining Proposition 5.1 and System 5.3, we get div(Va) = —a(d + ),
S(Vo) = [—a®(a®+b*)—6°(a® + %)+ B(a® — 6°)bc] e +aa® Be— ad®b+ 5% (a—6)b| ea+
a[ — B6%b — a®6c — B* (o — 6)c]es,

Vi, Va = (Vo + ?6)er + (— acB — aba)es + (abB — acd)es

and
3
Z R(ei, Va)e; = a(a? +6)er + (ba(a+6) +cB(5 — ))es + (cd(a+6) +bB(6 — ))es.

Hence a harmonic vector field V' = Vi + V5 on I x; G where G is a non-unimodular
Lie group is a harmonic map if and only if
(6.4)

f@ ) <3¢(t)2 + f(t)2> + )" () (t)div(V) = 0
S(Va) = f'(6)o) [ (V2 + &' () f() f" (1) V2 — f'(8)* Vv, Vo + f'(1)*div(Va) Vot

OOS W) (510020 + S Rie Tove.) —
F (200 + SR ) =0

tel.

We will discuss case by case as in Proposition 5.2.

e a=6>0,
x B=0,e=2a%b=c=0,ft)f"(t) +2f(t)* = ¢, we have
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3
div(V2) = —2aa, S(V2) = 72a3el,Vv2V2 =0, ZR(ei,Vg)ei = 2a0’e,

then a vector field V' is harmonic map if and (;Hlly if
Ve I f(t)f"(t) + 2f (t)? = 207

O ) (36(1)? + f(1)?) = 2aaf(t) " (£)o(2)

—20” —af'()p(t) (1) + ag’ () f(1) f"(t) — 2 f' (1) *+

OOL D) (o2 L 02 _

2 f(t)ﬂ()mt)+ 2()02 F(@)
17 "t ’ . (t — dao (¢t
(1) 3% ¢ ) 3<f(t)> olt) = —daaTgy

* f=0,e =202 a=0, we have div(Vz) = 0,S(Vz) — o’ey,
3
Vv, Va = aeq, Z R(e;, Va)e; = 202 (bey + ce3). From System 6.4 and
i=1

FOf" () +2f'(t)? = ¢, we have Vt € I, f'(t)? = o? and

—043;% )—szl()t)éf?(t)f"(t)(bez + ces) + ¢ (£) f () " (t)(bez + ce3) — a’er+
L () F/(t B

2 W(beg + ce3) = 0,

tel.

This is not possible and we obtain that a harmonic vector field cannot be a
harmonic map.

* B=0,e = a? a = 0 as in the previous subcase, we obtain that a harmonic
vector field cannot be a harmonic map.

e a>0,0=0
3
xB=€=0,a=b=0, we have div(V) = Vi, Vo = > _ R(e;,Va)e; = 0.

i=1
From System 6.4 and f(¢)f”(t) + 2f'(t)> = 0,we obtain V¢t € I = R, f'(t) = 0
and a harmonic vector field on I x y G is harmonic map in this subcase
* For the subcases (b) — (¢) there is no solution and we obtain that a harmonic
vector field on I X ¢ G cannot be a harmonic map
xb=c=0,f(t)f"(t) +2f'(t)* = a®. We have
3

div(Va) = —aa, S(Va) = —ad’ey, ZR(‘% Va)e; = aa’ey, Vi, Vo = 0 and we
i=1

obtain the System 6.2

x The last subcase of this case implies b = 0, that is the same result of previous

subcase.

ea>6>0ora>0>6§
xFor the subcase that a # 0, f(t) f"(t) + 2f'(t)* = a® + §2, we obtain Equation
6.3
* 3=0,e =0 a=c=0: From this a harmonic vector field cannot a harmonic
map
* 3 =bea, € = b?a?(14¢?),a =0, in this case (V) = [ - a®b? — §3c? + B(a? -
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§%)bc]eq,

div(Vy) = 0, Vy, Vs = (62a+025)61,§:R(ei,Vg)ei = (ba(a+08)+B(0 —a))es+
(cd(a+ 6) + bB(6 — a))es and we have

Vt e 1,2f'(t)? = B2 + b*a? + 252

—a?b? — 63 + (o — 6%)be — %(bza +c20)(b%a® + 26 + 1P (a—6)?) =0

o)1) (b°a® 4 *6% + b°c*(a — 6)*)b + ba(a + ) + (6 — a)) =0

(b0 4?62 + b2 (a — 6)?)c + ed(a 4 6) + bB(6 — a)) =0

this is equivalent to

Vte I2f'(t)? = B2 + b2a? + 252

—a3b? — 53¢ + ala? — §2)b?c? — %(bza +26)(*a? + 2% + v a—6)H) =0
b2a? + 262 + b2 (a—6)?* + ala+8) + (6 —a) =0

a+6+ (a—268)(c*—b?) =0.

and we obtain (4) of the Proposition.
(]

Using the examples of Propositions 5.1, 4.4 and 5.3 for a non left-invariant vector
fields on Lie groups G, we obtain.

Proposition 6.3. A harmonic vector field V = ¢(t)0; + a(az,y,z)aE onlx; (R
13

R @ R) is a harmonic map if and only if Va is constant on R®&R @R, ¢ is an affine
function, and f is a positive function on I and I = R.

Proposition 6.4. A harmonic vector field V = ¢(t)0+a(z,y, z)er on I x sH? cannot
be a harmonic map.

Proposition 6.5. A harmonic vector field V = ¢(t)0; +b(y)ea +c(y)es on I x ; (R x
H?) cannot be a harmonic map.
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