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Abstract. Given two Riemannian manifolds (B, gB) and (F, gF ), we give
harmonicity conditions for vector fields on the Riemannian warped prod-
uct B ×f F , with f : B −→]0,+∞[, using a characteristic variational
condition. Then, we apply this to the case B = I ⊂ R and F is a
three-dimensional connected Riemannian Lie group G equipped with a
left-invariant metric, to determine harmonic vector fields on I ×f G. We
give examples of harmonic vector fields on G which are not left-invariant
and determine harmonic vector fields on I ×f G. We conclude with of
vector fields on I ×f G which are harmonic maps.
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1 Introduction

One of the most studied objects in Differential Geometry is the energy functional of
a map φ : (Mm, g) → (Nn, h) between Riemannian manifolds of dimensions m and
n, respectively, given by

E(φ) =

∫
D

e(φ)vg.

where D is a compact domain of M , e(φ) : M → [0,∞[ the energy density of φ
defined by

e(φ)(x) =
1

2
∥dφx∥2 =

1

2

m∑
i=1

h(dφx(ei), dφx(ei)),

for x ∈ M, {ei}mi=1 an orthonormal basis of TxM and dφx the differential of the map
φ at the point x ([1],[5]).

Denote by C∞(M,N) the space of smooth maps from M to N , ∇φ the connection
of the vector bundle φ−1TN induced from the Levi-Civita connection ∇̄ of (N,h) and
∇ the Levi-Civita connection of (M, g).
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A map φ : (M, g) → (N,h) is said to be harmonic if it is a critical point of
the energy functional E(.;D) : C∞(M,N) → R for any compact domain D. It is
well-known ([5]) that the map φ : (M, g) → (N,h) is harmonic if and only if

(1.1) τ(φ) = tr(∇dφ) =

m∑
i=1

{
∇φ

eidφ(ei)− dφ(∇eiei)
}
= 0.

where {ei}mi=1 an orthonormal basis of TxM . The equation τ(φ) = 0 is called the
harmonic map equation. Denote by (TM, gS) the tangent bundle of (M, g) equipped
with the Sasaki metric gS (cf. section 2).A vector field X on M is a section of the
tangent bundle, and in particular it is a map of M into TM . Its energy E(V,D) on
a compact domain D is given by

E(V,D) =
m

2
V ol(D) +

1

2

∫
D

∥∇V ∥2vg ≈ V ol(D) + Ev(V ).

It was shown in [9] and [12] that if M is compact and a vector field X is a
harmonic map from (M, g) into (TM, gS), then X must be parallel. Critical points of
the restriction of E to vector fields, with respect to variations through vector fields are
called harmonic vector fields The corresponding critical point conditions have been
determined in [14] and [16]. It should be pointed out that a harmonic vector field
determines a harmonic map when an additional condition involving the curvature is
satisfied ([6],[8]). The main goal of this paper is to study the harmonicity conditions
for vector fields on the Riemannian warped product M = B ×f F . Then we apply
this to the case B = I ⊂ R and F is a three-dimensional connected Riemannian Lie
group G equipped with a left-invariant metric, to determine harmonic vector fields on
I ×f G. We give examples of harmonic vector fields on G which are not left-invariant
and determine a harmonic vector fields on I×f G. We also determine the vector fields
on I ×f G which are harmonic maps.

2 Preliminaries

2.1 The tangent bundle and the unit tangent sphere bundle

Let (M, g) be an m-dimensional Riemannian manifold and ∇ the associated Levi-
Civita connection. Its Riemann curvature tensor R is defined by

R(X,Y )Z = ∇X∇Y Z −∇Y ∇XZ −∇[X,Y ]Z

for all vector fields X,Y and Z on M . The tangent bundle of (M, g), denoted by TM ,
consists of pairs (x, u) where x is a point in M and u a tangent vector to M at x.
The mapping π : TM → M : (x, u) 7→ x is the natural projection from TM onto M .
The tangent space T(x,u)TM at a point (x, u) in TM is the direct sum of the vertical
subspace V(x,u) = Ker(dπ|(x,u)) and the horizontal subspace H(x,u), with respect to
the Levi-Civita connection ∇ of (M, g):

T(x,u)TM = H(x,u) ⊕ V(x,u).

For any vector w ∈ TxM , there exists a unique vector wh ∈ H(x,u) at the point

(x, u) ∈ TM , called the horizontal lift of w to (x, u), such that dπ(wh) = w and a



94 F. Koudjo, E. Loubeau and L. Todjihounde

unique vector wv ∈ V(x,u), the vertical lift of w to (x, u), such that wv(df) = w(f) for
all functions f on M . Hence, every tangent vector w̄ ∈ T(x,u)TM can be decomposed

as w̄ = wh
1 +wv

2 for uniquely determined vectors w1, w2 ∈ TxM . The horizontal (resp.
vertical) lift of a vector field X on M to TM is the vector field Xh (resp. Xv) on TM
whose value at the point (x, u) is the horizontal (respectively, vertical) lift of Xx to
(x, u).

The tangent bundle TM of a Riemannian manifold (M, g) can be endowed in a
natural way with a Riemannian metric gS , the Sasaki metric, depending only on the
Riemannian structure g of the base manifold M . It is uniquely determined by

(2.1) gS(X
h, Y h) = gS(X

v, Y v) = g(X,Y ) ◦ π, gS(X
h, Y v) = 0

for all vector fields X and Y on M . More intuitively, the metric gS is constructed
in such a way that the vertical and horizontal subbundles are orthogonal and the
bundle map π : (TM, gS) 7→ (M, g) is a Riemannian submersion. We denote by
X(M) the set of globally defined vector fields on the base manifold (M, g). In the
sequel, we concentrate on the map V : (M, g) → (TM, gS). The tension field τ(V ) of
V : (M, g) → (TM, gS) is given by [6]

(2.2) τ(V ) = (−S(V ))h + (−∆̄V )v,

where {ei}mi=1 is a local orthonormal frame field of (M, g), S(V ) =

m∑
i=1

R(∇eiV, V )ei

and ∆̄V = ∇∗∇V =

m∑
i=1

{∇∇ei
eiV −∇ei∇eiV }. Consequently, V defines a harmonic

map from (M, g) to (TM, gs) if and only if

(2.3) tr[R(∇.V, V ).] = 0 and ∇∗∇V = 0.

A smooth vector field V is said to be a harmonic section if and only if it is a
critical point of Ev where Ev is the vertical energy. The corresponding Euler-Lagrange
equation is given by

∇∗∇V = 0.

2.2 Warped Products

Let (Bm, gB) and (Fn, gF ) be Riemannian manifolds with f : B −→ ]0,+∞[ a
smooth function on B. The warped product M = B ×f F is the product manifold
B × F equipped with the metric g = π∗(gB) ⊕ (f ◦ π)2σ∗(gF ); where π : M −→ B
and σ : M −→ F are the usual projections. Then (B, gB) is called the base, (F, gF )
is the fiber and f the warping function of the warped product, π−1(p) = {p} × F are
the fibers and σ−1(q) = B × {q} the leaves. The vectors tangent to leaves are called
horizontal and those tangent to the fibers vertical, hence for all (p, q) ∈ M

T(p,q)(B × F ) = T(p,q)({p} × F )⊕ T(p,q)(B × {q})
= T(p,q)({p} × F )⊕ T(p,q)({p} × F )⊥

= T(p,q)(B × {q})⊥ ⊕ T(p,q)(B × {q}).
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A vector fields X on B × F are horizontal vector if dπ(p,q)(X) = Xp and

dσ(p,q)(X) = 0 that is X ∈ T(p,q)(B × {q})⊥ and dπ(p,q)(X) = Xp.
A vector fields X on B × F are vertical vector if dπ(p,q)(X) = 0 and

dσ(p,q)(X) = Xq that is X ∈ T(p,q)({p} × F )⊥ and dσ(p,q)(X) = Xp.
If X ∈ TpB and q ∈ F then the horizontal lift of X to (p, q) is the unique vector

X∗ in T(p,q)(B × F ) such that dπ(p,q)(X
∗) = Xp and dσ(p,q)(X) = 0

If X ∈ Tp(F ) and q ∈ F then the vertical lift of X to (p, q) is the unique vector
X∗ in T(p,q)(B × F ) such that dπ(p,q)(X) = 0 and dσ(p,q)(X) = Xq

Lemma 2.1. [13] Let (Bm, gB) and (Fn, gF ) be Riemannian manifolds with
f : B −→ ]0,+∞[ a smooth function on B. Let X1, Y1 be vector fields on B and
X2, Y2 vector fields on F . Let ∇,∇B ,∇F be the Levi-Civita connections of (M, g),
(B, gB) and (F, gF ) respectively, then

1. gradM (f ◦ π) = (gradB(f), 0);

2. ∇(X1,0)(Y1, 0) = (∇B
X1

Y1, 0);

3. ∇(0,X2)(0, Y2) = (0,∇F
X2

Y2)− fgF (X2, Y2)grad
B(f ◦ π)

= (0,∇F
X2

Y2)−
1

f
g((0, X2), (0, Y2))grad

B(f ◦ π)

4. ∇(0,X2)(Y1, 0) =
Y1(f)

f
(0, X2)

5. ∇(X1,0)(0, Y2) =
X1(f)

f
(0, Y2);

6. gradM (h ◦ σ) = 1

f2
(0, gradFh), for h : F −→ R.

Lemma 2.2 ([13]). Let (Bm, gB) and (Fn, gF ) be Riemannian manifolds, with
f : B −→ R∗

+ a smooth function on B, X1, Y1, Z1 vector fields on B, X2, Y2, Z2

vector fields on F , ∇,∇B the Levi Civita connections of (M, g), (B, gB) respectively,
and R,RB , RF the Riemannian curvature tensors on (M, g), (B, gB) and (F, gF )
respectively, then

1. R ((X1, 0), (Y1, 0)) (Z1, 0) =
(
RB(X1, Y1)Z1, 0

)
2. R ((X1, 0), (Y1, 0)) (0, Z2) = 0

3. R ((0, X2), (0, Y2)) (Z1, 0) = 0

4. R ((0, X2), (Y1, 0)) (Z1, 0) = −Hf (Y1, Z1)

f
(0, X2)

5. R ((X1, 0), (0, Y2)) (0, Z2) = −fgF (Y2, Z2)
(
∇B

X1
gradB(f), 0

)
6. R

(
(0, X2), (0, Y2)

)
(0, Z2) =

(
0, RF (X2, Y2)Z2

)
+gradBf(f)

(
gF (X2, Z2)(0, Y2)−

gF (Y2, Z2)(0, X2)

)
where Hf (U, V ) = U(V (f))− (∇B

UV )(f) for U, V ∈ X(F ) is the Hessian of f .
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3 Harmonic vector fields on warped products

In this section, we determine the harmonicity conditions for vector fields on the warped
product M = B ×f F with f : B −→]0,+∞[.
Let {e′i}i=1,··· ,m be an orthonormal basis of (B, gB) and {e′′i }i=1,··· ,n an orthonormal
basis of (F, gF ). Then {ei}i=1,,··· ,m+n is an orthonormal basis of (M, g) with

ei = (e′i, 0) for i = 1,··· ,m and ei+m =
1

f
(0, e′′i ) for i = 1,··· , n. Hence, for i = 1,··· ,m

and Using the lemma 2.1, We have

∇eiei = (∇B
e′i
e′i, 0)

∇eiV = ∇(e′i,0)
(V1, 0) +∇(e′i,0)

(0, V2)

=
(
∇B

e′i
V1, 0

)
+

(e′i, 0)(f)

f
(0, V2) .

Moreover (e′i, 0)f = g

(
(gradBf, 0), (e′i, 0)

)
= gB(grad

Bf, e′i) = e′i(f). Hence, for

i = 1,··· ,m

∇eiV =
(
∇B

e′i
V1, 0

)
+

e′i(f)

f
(0, V2) .

so

∇ei∇eiV = ∇(e′i,0)
(∇B

e′i
V1, 0) +∇(e′i,0)

(
(e′i, 0)(f)

f
(0, V2)

)
=

(
∇B

e′i
∇B

e′i
V1, 0

)
+

e′i(f)

f
∇(e′i,0)

(0, V2) + (e′i, 0)

(
(e′i, 0)f

f

)
(0, V2)

=
(
∇B

e′i
∇B

e′i
V1, 0

)
+

e′i(f)
2

f2
(0, V2) +

e′ie
′
i(f)

f
(0, V2)−

e′i(f)
2

f2
(0, V2)

=
(
∇B

e′i
∇B

e′i
V1, 0

)
+

e′ie
′
i(f)

f
(0, V2)

∇∇ei
eiV = ∇(

∇B
e′
i
e′i,0

)(V1, 0) +∇(
∇B

e′
i
e′i,0

)(0, V2)

=

(
∇B

∇B
e′
i
e′i
V1, 0

)
+

(
∇B

e′i
e′i

)
(f)

f
(0, V2).

For i = m+ 1,··· ,m+ n, we have

∇eiei =
1

f
∇(0,e′′i )

1

f
(0, e′′i )

=
1

f

(
1

f
∇(0,e′′i )

(0, e′′i ) + (0, e′′i )
( 1
f

)
(0, e′′i )

)
=

1

f2

(
0,∇F

e′′i
e′′i

)
− 1

f

(
gradBf, 0

)
because (0, e′′i )(f) = g

(
(gradBf, 0), (0, e′′i )

)
= gB(grad

Bf, 0) + f2gF (0, e
′′
i ) = 0.
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For i = m+ 1,··· ,m+ n, we compute

∇eiV =
1

f
∇(0,e′′i )

(V1, V2)

=
1

f

(
∇(0,e′′i )

(V1, 0) +∇(0,e′′i )
(0, V2)

)
=

1

f

((
0,∇F

e′′i
V2

)
− fgF (V2, e

′′
i )
(
gradBf, 0

)
+

(V1, 0)(f)

f
(0, e′′i )

)
=

1

f

(
0,∇F

e′′i
V2

)
− gF (V2, e

′′
i )
(
gradBf, 0

)
+

(V1, 0)(f)

f2
(0, e′′i )

∇eiV =
1

f

(
0,∇F

e′′i
V2

)
− gF (V2, e

′′
i )
(
gradBf, 0

)
+

V1(f)

f2
(0, e′′i ).

therefore

∇ei∇eiV =
1

f

[
∇(0,e′′i )

(
1

f
(0,∇F

e′′i
V2)

)
−∇(0,e′′i )

(
gF (V2, e

′′
i )(grad

Bf, 0)
)

+∇(0,e′′i )

(
(V1, 0)f

f2
(0, e′′i )

)]
.

We now compute the previous terms and sum on i = m+ 1,··· ,m+ n:
i.)

∇(0,e′′i )

[
1

f
(0,∇F

e′′i
V2)

]
=

1

f
∇(0,e′′i )

(
0,∇F

e′′i
V2

)
+ (0, e′′i )

(
1

f

)(
0,∇F

e′′i
V2

)
=

1

f
∇(0,e′′i )

(
0,∇F

e′′i
V2

)
=

1

f

{(
0,∇F

e′′i
∇F

e′′i
V2

)
− fgF (e′′i ,∇F

e′′i
V2)

(
gradBf, 0

)}
=

1

f

(
0,∇F

e′′i
∇F

e′′i
V2

)
− gF (e′′i ,∇F

e′′i
V2)

(
gradBf, 0

)
.

ii.)∇(0,e′′i )

[
gF (V2, e

′′
i )(grad

Bf, 0)
]

= gF (V2, e
′′
i )

(gradBf, 0)(f)

f
(0, e′′i ) + (0, e′′i )

(
gF (V2, e

′′
i )
) (

gradBf, 0
)

= gF (V2, e
′′
i )

(gradBf)(f)

f
(0, e′′i ) + e′′i

(
gF (V2, e

′′
i )
) (

gradBf, 0
)

=
gradBf(f)

f
(0, V2) + e′′i

(
gF (V2, e

′′
i )
) (

gradBf, 0
)
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iii.)∇(0,e′′i )

[
(V1, 0)(f)

f2
(0, e′′i )

]
=

1

f2

[
∇(0,e′′i )

(V1, 0)(f)
]
(0, e′′i ) +

(0, e′′i )

(
1

f2
(V1, 0)(f)

)
(0, e′′i )

=
1

f2
(V1, 0)(f)∇(0,e′′i )

(0, e′′i )

=
1

f2
V1(f)

(
(0,∇F

e′′i
e′′i )− f(gradBf, 0)

)
=

1

f2
V1(f)(0,∇F

e′′i
e′′i )−

n

f
V1(f)(grad

Bf, 0)

Hence, gathering all the terms, and summing on i = m+ 1,··· ,m+ n, we obtain

∇ei∇eiV =
1

f2

(
0,∇F

e′′i
∇F

e′′i
V2

)
− 1

f
e′′i (g

F (V2, e
′′
i ))
(
gradBf, 0

)
−

gradBf(f)

f2
(0, V2) +

1

f3
V1(f)

(
0,∇F

e′′i
e′′i

)
−

n
V1(f)

f2

(
gradBf, 0

)
− 1

f
gF (e′′i ,∇F

e′′i
V2)

(
gradBf, 0

)
,

∇∇ei
eiV = ∇ 1

f2

(
0,∇F

e′′i
e′′i

)(V1, 0)−∇ 1

f
(gradBf, 0)

(V1, 0) +

∇ 1

f2

(
0,∇F

e′′i
e′′i

)(0, V2)−∇ 1

f

(
gradBf, 0

)(0, V2)

=
1

f3
V1(f)

(
0,∇F

e′′i
e′′i

)
− n

f

(
∇B

gradBfV1, 0
)
− n

gradBf(f)

f2
(0, V2)

+
1

f2

(
0,∇F

∇F
e′′
i
e′′i
V2

)
− 1

f
gF
(
V2,∇F

e′′i
e′′i

)
(gradBf, 0).

Hence, summing on the index i,

∇∗∇V = ∇∇ei
eiV −∇ei∇eiV

=
1

f3
V1(f)

(
0,∇F

e′′i
e′′i

)
− n

f

(
∇B

gradBfV1, 0
)
− n

gradBf(f)

f2
(0, V2) +

1

f2

(
0,∇F

∇F
e′′
i
e′′i
V2

)
− 1

f
gF (V2,∇F

e′′i
e′′i )(grad

Bf, 0) +

(
∇B

∇B
e′
i
e′i
V1, 0

)
+(

∇B
e′i
e′i

)
(f)

f
(0, V2)− (∇B

e′i
∇B

e′i
V1, 0)−

e′ie
′
i(f)

f
(0, V2)−

1

f2

(
0,∇F

e′′i
∇F

e′′i
V2

)
+

1

f
e′′i (g

F (V2, e
′′
i ))
(
gradBf, 0

)
+

gradBf(f)

f2
(0, V2)−

1

f3
V1(f)

(
0,∇F

e′′i
e′′i

)
+n

V1(f)

f2

(
gradBf, 0

)
+

1

f
gF (e′′i ,∇F

e′′i
V2)

(
gradBf, 0

)
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∇∗∇V =

(
∇∗∇V1 −

n

f
∇B

gradBfV1 +
2

f
gF (e′′i ,∇F

e′′i
V2)grad

Bf + n
V1(f)

f2
gradBf,

1

f2
∇∗∇V2 −

e′ie
′
i(f)

f
V2 +

(
∇B

e′i
e′i

)
(f)

f
V2 + (1− n)

gradf(f)

f2
(0, V2)

 .

After these calculations we deduce the following lemma.

Lemma 3.1. Let (B, gB) and (F, gF ) be Riemannian manifolds and f : B −→ R∗
+

a smooth function on B. Let {e′i}i=1,··· ,m be an orthonormal basis of (B, gB) and
{e′′i }i=1,··· ,n an orthonormal basis of (F, gF ). Then a vector field V = V1 + V2 on
M = B ×f F is a harmonic vector field if and only if

∇∗∇V1 −
n

f
∇B

gradBfV1 +
2

f
divF (V2)grad

Bf + n
V1(f)

f2
gradBf = 0,

1

f2
∇∗∇V2 +

∆B(f)

f
V2 + (1− n)

gradf(f)

f2
V2 = 0,

(3.1)

where ∆B(f) = −trHf .

If G is 2-dimensional Riemannian Lie group, we have

Corollary 3.2. Let G be a 2-dimensional Riemannian Lie group equipped with a
left-invariant metric, f : I ⊂ R −→]0,+∞[ a smooth function on I, V1 = ϕ(t)∂t a
vector field on I and V2 a unit vector field on G. Then V = ϕ(t)∂t+V2 is a harmonic
vector field on the warped product I ×f G if f(t) =

√
2κ0t2 + c1t+ c2 on I such that

1. I =]−∞,− c2
c1
[ if κ0 = 0 and c1 < 0

2. I =]− c2
c1
,+∞[ if κ0 = 0 and c1 > 0

3. I = R if c21 − 8c2κ0 < 0 and κ0 > 0

4. I =]t1, t2[ if c
2
1 − 8c2κ0 ≥ 0 and κ0 < 0

5. I =]−∞, t1[∪]t2,+∞[ if c21 − 8c2κ0 ≥ 0 and κ0 > 0

and ϕ is a solution on I of the differential equation

(E0) : x
′′ + 2

f ′

f
x′ − 2

(
f ′

f

)2

x+ 2κ1
f ′

f
= 0(3.2)

where κ0 =
〈
∇∗∇V2, V2

〉
, κ1 =

2∑
i=1

gF (e′i,∇e′i
V2), t1 =

−c1 −
√
c21 − 8c2κ0

4κ0
,

t2 =
−c1 +

√
c21 − 8c2κ0

4κ0
with t1 ≤ t2 and {e1, e2} an orthonormal basis on G.

Note that the ODE (E0) always admits solutions defined on the whole of I.
Take (B, gB) to be (I, dt2) and V = V1+V2 on I×f F where V1 = ϕ(t)∂t is a vector

field on I and V2 =

n∑
i=1

aiei a vector field on F , where the ai are functions on F . Note
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that for an orthonormal basis {ei}i=1,··· ,n of (F, g), the Levi-Civita connection ∇ of
(F, g) and {∂t} the canonical vector field on I, we have:

∇eiV2 =

n∑
j=1

(
aj∇eiej + ei(aj)ej

)
for i = 1,··· ,n,

∇ei∇eiV2 =

n∑
j=1

(
aj∇ei∇eiej + eiei(aj)ej + 2ei(aj)∇eiej

)
for i = 1,··· ,n,

∇∇ei
eiV2 =

n∑
j=1

(
aj∇∇ei

eiej + (∇eiei)(aj)ej

)
for i = 1,··· ,n.

We now compute the previous terms and sum on i = 1, · · · , n to obtain

∇∗∇V2 =

n∑
i,j=1

(
aj∇∇ei

eiej + (∆aj)ej − 2ei(aj)∇eiej − aj∇ei∇eiej

)
.

We also have, g(ei,∇eiV2) = ei(ai) +

n∑
j=1

(
ajg(ei,∇eiej)

)
, and ∇∗∇V1 = −ϕ′′(t)∂t,

−ϕ′′(t)∂t, grad
Bf = f ′(t)∂t,∇B

gradBfV1 = f ′(t)ϕ′(t)∂t; e
′
i(e

′
i(f)) = ∂t(∂t(f)) = f ′′(t).

Then V is a harmonic vector field if and only if

(3.3)



ϕ′′(t) + n
f ′(t)

f(t)
ϕ′(t)− n

(
f ′(t)

f(t)

)2

ϕ(t)−

2

 n∑
i=1

ei(ai) +

n∑
j=1

ajg(ei,∇eiej)

 f ′(t)

f(t)
= 0,

n∑
j=1

(
(∆aj)ej +

n∑
i=1

((
aj∇∇ei

eiej − 2ei(aj)∇eiej − aj∇ei∇eiej
)))

−
(
f(t)f ′′(t) + 2f ′(t)2

) n∑
i=1

ajej = 0.

4 Harmonic vector fields on I ×f G: G unimodular
Lie group

4.1 Vector fields constructed from unit left-invariant vector
fields

In this section, we assume that F is a three-dimensional connected Riemannian Lie
group G equipped with a left-invariant metric. We determine harmonic vector fields
on (I ×f G, g) with f : I −→]0; +∞[. Let {e1, e2, e3} be an orthonormal basis on G.
Let V2 = ae1 + be2 + ce3 such that a2 + b2 + c2 = 1, V1 = ϕ(t)∂t a vector field on I
and consider the vector field V = V1 + V2 on I ×f G.
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Proposition 4.1. [11] Let G be a three-dimensional unimodular connected Rieman-
nian Lie group, g its Lie algebra and g a left-invariant metric on G. Then there exists
an orthonormal basis {e1, e2, e3} of g such that

[e2, e3] = λ1e1, [e3, e1] = λ2e2, [e1, e2] = λ3e3(4.1)

where λ1, λ2, λ3 are constants.

Table 1: Three-dimensional unimodular Lie groups

Signs of λ1, λ2, λ3 Associated Lie Groups

+,+,+ SU(2) or SO(3)
+,+,- SL(2,R) or O(1, 2)
+,+,0 E(2)
+,0,- E(1, 1)
+,0,0 H3

0,0,0 R⊕ R⊕ R

Then the Levi-Civita connection ∇ is giving by:

∇e1e1 = 0, ∇e1e2 = µ1e3, ∇e1e3 = −µ1e2;

(4.2) ∇e2e1 = −µ2e3, ∇e2e2 = 0, ∇e2e3 = µ2e1;

∇e3e1 = µ3e2, ∇e3e2 = −µ3e1, ∇e3e3 = 0;

and its Riemann curvature tensor is given by

R(e1, e2)e2 = (λ3µ3 − µ1µ2)e1;R(e1, e3)e3 = (λ2µ2 − µ1µ3)e1;

R(e2, e1)e1 = (λ3µ3 − µ1µ2)e2;R(e2, e3)e3 = (λ1µ1 − µ2µ3)e2;

R(e3, e1)e1 = (λ2µ2 − µ1µ3)e3;R(e3, e2)e2 = (λ1µ1 − µ2µ3)e3;(4.3)

and the other components are zero, where µi =
1

2
(λ1 + λ2 + λ3)− λi, i = 1, 2, 3.

From this 4.2, we have

∇∇ei
eiej = ∇ei∇eiei = g(ei,∇eiej) = 0

∇ei∇eiej = −µ2
i ej , i, j = 1, 2, 3.

Hence, Using equation 3.3, V = V1 + V2 is a harmonic vector field if and only if on
I ×f G ,

(4.4)



ϕ′′(t) + 3
f ′(t

f(t)
ϕ′(t)− 3

(
f ′(t)

f(t)

)2

ϕ(t) = 0,

a
(
µ2
2 + µ2

3 − f(t)f ′′(t)− 2f ′(t)2
)
= 0,

b
(
µ2
1 + µ2

3 − f(t)f ′′(t)− 2f ′(t)2
)
= 0,

c
(
µ2
2 + µ2

1 − f(t)f ′′(t)− 2f ′(t)2
)
= 0

t ∈ I.

.
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The first equation of (4.4) always admits a non-trivial solution. For the other
equations

(4.5)


a
(
µ2
2 + µ2

3 − f(t)f ′′(t)− 2f ′(t)2
)
= 0,

b
(
µ2
1 + µ2

3 − f(t)f ′′(t)− 2f ′(t)2
)
= 0,

c
(
µ2
2 + µ2

1 − f(t)f ′′(t)− 2f ′(t)2
)
= 0,

t ∈ I

.

According to the classification of three-dimensional connected unimodular Rieman-
nian Lie groups given in Table 1 where the domain I of the solutions of the non-

linear differential equation yy′′ + 2y′2 = ϵ, ϵ ∈ R
(
for example an obvious solution is

y(t) = ±
√

ϵ

2
t

)
, we obtain

Proposition 4.2. Let G be a three-dimensional connected unimodular Riemannian
Lie group equipped with a left-invariant metric and V = V1 + V2 a vector field on
the warped product I ×f G, f : I −→]0,+∞[ with V1 = ϕ(t)∂t a vector field on I
and V2 = ae1 + be2 + ce3 a unit left-invariant vector field on G. Let {e1, e2, e3} be
an orthonormal basis of the Lie algebra satisfying (4.1) and λ1, λ2, λ3 the structure
constants. Then V is a harmonic vector field if and only if f is a solution on I ⊂ R
of the ODE (E1) : xx

′′ + 2x′2 = ϵ, ϵ ∈ R, ϕ is a solution, on I, of the ODE

(4.6) (E0) : x
′′ + 3

f ′

f
x′ − 3

(
f ′

f

)2

x = 0

and one of the following cases occurs:

1. λ1 = λ2 = λ3 = 0(G = R⊕R⊕R), f(t) = (3ec1t+ c2)

1

3 , I =]− c2
3ec1

,+∞[, and

V2 = ae1 + be2 + ce3 for any a, b, c ∈ R, a2 + b2 + c2 = 1,

2. λ1 > 0, λ2 = λ3 = 0(G = H3), ϵ = 2µ2
1 and V2 = ae1 + be2 + ce3 for any

a, b, c ∈ R,
a2 + b2 + c2 = 1,

3. λ1 > 0, λ2 = 0, λ3 < 0(G = E(1, 1)),

(a) ϵ = µ2
1 + µ2

2 and V2 = ae1 + ce3 for any a, c ∈ R, a2 + c2 = 1,

(b) ϵ = 2µ2
1 and V2 = ±e2,

4. λ1 > 0, λ2 > 0, λ3 = 0(G = E(2)),

(a) ϵ = µ2
1 + µ2

3 and V2 = ae1 + be2 for any a, b ∈ R, a2 + b2 = 1,

(b) ϵ = 2µ2
1 and V2 = ±e3,

5. λ1 = λ2 > 0 > λ3 (G = SL(2,R), O(1, 2))

(a) ϵ = µ2
1 + µ2

3 and V2 = ae1 + be2 for any a, b ∈ R, a2 + b2 = 1,
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(b) ϵ = 2µ2
1 and V2 = ±e3,

6. λ1 > λ2 > 0 > λ3 (G = SL(2,R), O(1, 2)), λ1 > λ2 > λ3(G = SU(2)),
ϵ = µ2

i + µ2
j and V2 = ±ek i ̸= j ̸= k,

7. λ1 = λ2 = λ3 > 0(G = SU(2), SO(3)), ϵ = 2µ2
1 and V2 = ae1+ be2+ ce3 for any

a, b, c ∈ R, a2 + b2 + c2 = 1,

8. λ1 > λ2 = λ3(G = SU(2), SO(3)),

(a) ϵ = µ2
1 + µ2

2 and V2 = be2 + ce3 for any b, c ∈ R, c2 + b2 = 1,

(b) ϵ = 2µ2
2 and V2 = ±e1,

9. λ1 = λ2 > λ3 > 0(G = SU(2), SO(3)),

(a) ϵ = µ2
1 + µ2

3 and V2 = ae1 + be2 for any a, b ∈ R, a2 + b2 = 1

(b) ϵ = 2µ2
1 and V2 = ±e3.

Remark 4.1. Note that if f is a non-zero positive constant on R and G is a three-
dimensional connected unimodular Lie group equipped with a left-invariant metric,
then V = V1 + V2 is harmonic vector field on R ×f G if and only if ϕ is an affine
function, µj = µi ̸= µk and V2 = ±ek, i, j, k ∈ {1, 2, 3} or µ1 = µ2 = µ3 = 0 and V2

any vector field on G.

4.2 Vector fields constructed from non left-invariant vector
fields

In this subsection, we construct new examples of harmonic vector fields from non
left-invariant vector fields on a three-dimensional unimodular Lie group.

We first consider the Lie group G = R ⊕ R ⊕ R and consider V2 = a(x, y, z)
∂

∂x
.

Using Relation (3.3), a vector field V = φ(t)∂t + V2 is a harmonic vector field on
I ×f

(
R⊕ R⊕ R

)
if and only if

ϕ′′(t) + 3
f ′(t)

f(t)
ϕ′(t)− 3

(
f ′(t)

f(t)

)2

ϕ(t) = 2k
f ′(t)

f(t)
,

ax = k, k ∈ R,
f(t)f ′′(t) + 2f ′(t)2 = ϵ

∆a = ϵa, t ∈ I.

This implies that:

Case 1: ϵ > 0, then


a(x, y, z) = cos(v1y + v2z) + sin(v1y + v2z), v21 + v22 = ϵ,

f(t)f ′′(t) + 2f ′(t)2 = ϵ, t ∈ I ⊂ R,

ϕ′′(t) + 3
f ′(t)

f(t)
ϕ′(t)− 3

(
f ′(t)

f(t)

)2

ϕ(t) = 2k
f ′(t)

f(t)
.

Case 2: ϵ < 0, then


a(x, y, z) = exp(v1y + v2z), v21 + v22 = −ϵ,

f(t)f ′′(t) + 2f ′(t)2 = ϵ, t ∈ I ⊂ R,

ϕ′′(t) + 3
f ′(t)

f(t)
ϕ′(t)− 3

(
f ′(t)

f(t)

)2

ϕ(t) = 2k
f ′(t)

f(t)
.



104 F. Koudjo, E. Loubeau and L. Todjihounde

Case 3: ϵ = 0, then



a(x, y, z) = kx+ b(y, z) b is a harmonic function on R2,

f(t) = (3ec1x+ c2)

1

3 and I =]− c2
3ec1

,+∞[,

ϕ′′(t) + 3
f ′(t)

f(t)
ϕ′(t)− 3

(
f ′(t)

f(t)

)2

ϕ(t) = 2k
f ′(t)

f(t)
.

These computations lead to the construction of vector fields which are not left-
invariant but harmonic on the warped product of G and an interval I.

Proposition 4.3. The vector field V = φ(t)∂t + V2 is a harmonic vector field on
I ×f

(
R⊕ R⊕ R

)
if and only if

f(t)f ′′(t) + 2f ′(t)2 = ϵ, t ∈ I ⊂ R, ϵ ̸= 0,

ϕ′′(t) + 3
f ′(t)

f(t)
ϕ′(t)− 3

(
f ′(t)

f(t)

)2

ϕ(t) = 2κ
f ′(t)

f(t)
,

with a(x, y, z) = cos(v1y+ v2z)+ sin(v1y+ v2z), v
2
1 + v22 = −ϵ if ϵ < 0 and a(x, y, z) =

exp(v1y + v2z), v
2
1 + v22 = ϵ if ϵ > 0, or

a(x, y, z) = κ1x+ b(y, z),

f(t) = (3ec1t+ c2)

1

3 and t ∈ I =]− c2
3ec1

,+∞[,

ϕ′′(t) + 3
f ′(t)

f(t)
ϕ′(t)− 3

(
f ′(t)

f(t)

)2

ϕ(t) = 2k
f ′(t)

f(t)
,

where b(y, z) is a harmonic function on R2 and κ, κ1 ∈ R.

Secondly, we consider G = H3 the Heisenberg group of real 3× 3 upper-triangular
matrices of the form

(4.7) A =

 1 x y
0 1 z
0 0 1

 ,

endowed with the left-invariant metric given by dx2 +
(
dy − xdz

)2
+ (dz)2. We

identify H3 with R3, endowed with this metric. The left-invariant vector fields

e1 =
∂

∂x
, e2 =

∂

∂y
, e3 =

∂

∂z
+ x

∂

∂y
, constitute an orthonormal basis of the Lie

algebra g of H3 and the corresponding Levi-Civita connection is determined by

(4.8)

∇e1e2 = ∇e2e1 = −1

2
e3,

∇e1e3 = −∇e3e1 =
1

2
e2,

∇e2e3 = ∇e3e2 =
1

2
e1,

where the remaining covariant derivatives vanish.

By (4.8), we have µ1 = −1

2
= −µ2 = −µ3. Take V2 = a(x, y, z)e1, then the vector
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field
V = φ(t)∂t + V2 is a harmonic vector field on I ×f H3 if and only if

ϕ′′(t) + 3
f ′(t)

f(t)
ϕ′(t)− 3

(
f ′(t)

f(t)

)2

ϕ(t) = 2κ
f ′(t)

f(t)
,

ax = κ, κ ∈ R, ay = 0,

az + xay = 0,

f(t)f ′′(t) + 2f ′(t)2 = ϵ, ϵ ∈ R,

∆a = (ϵ− 1

2
)a, t ∈ I.

Therefore 
a(x, y, z) = κx+ κ′ κ, κ′ ∈ R,

f(t)f ′′(t) + 2f ′(t)2 =
1

2
, t ∈ I ⊂ R,

ϕ′′(t) + 3
f ′(t)

f(t)
ϕ′(t)− 3

(
f ′(t)

f(t)

)2

ϕ(t) = 2κ
f ′(t)

f(t)
.

and we obtain:

Proposition 4.4. Let V1 = ϕ(t)∂t on I and V2 = a(x, y, z)e1 on H3, then V = V1+V2

is a harmonic vector field on I ×f H3 if and only if
a(x, y, z) = κx+ κ′ κ, κ′ ∈ R,

f(t)f ′′(t) + 2f ′(t)2 =
1

2
, t ∈ I ⊂ R,

ϕ′′(t) + 3
f ′(t)

f(t)
ϕ′(t)− 3

(
f ′(t)

f(t)

)2

ϕ(t) = 2κ
f ′(t)

f(t)
.

5 Harmonic vector fields on I×fG: G non-unimodular
Lie group

5.1 Vector fields constructed from unit left-invariant vector
fields

In this subsection, F is now a three-dimensional connected non-unimodular Rieman-
nian Lie group G equipped with a left-invariant metric and we determine harmonic
vector fields on I×f G with f : I −→]0; +∞[. Let {e1, e2, e3} be an orthonormal basis
on G, V2 = ae1 + be2 + ce3 such that a2 + b2 + c2 = 1 and V1 = ϕ(t)∂t a vector field
on I and consider the vector field V = V1 + V2 on I ×f G.

Proposition 5.1. [11] Let G be three-dimensional connected Riemannian non-unimodular
Lie group, g its Lie algebra and g a left-invariant metric on G. Then there exists an
orthonormal basis {e1, e2, e3} of g such that

[e1, e2] = αe2 + βe3, [e1, e3] = −βe2 + δe3, [e2, e3] = 0.(5.1)

where α+ δ > 0 and α ≥ δ are constants.
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Then the Levi-Civita connection ∇ is determined by [11]

∇e1e1 = 0,∇e1e2 = βe3, ∇e1e3 = −βe2;

(5.2) ∇e2e1 = −αe2, ∇e2e2 = αe1, ∇e2e3 = 0;

∇e3e1 = −δe3, ∇e3e2 = 0, ∇e3e3 = δe1;

and its Riemann curvature tensor is given by

R(e2, e1)e1 = (αβ − βδ)e3;R(e2, e3)e1 = 0;R(e3, e1)e1 = (αβ − βδ)e2 − δ2e3;

R(e1, e2)e2 = −α2e1;R(e3, e2)e3 = αδe2;R(e1, e3)e2 = (αβ − βδ)e1;

R(e2, e3)e2 = αδe3;R(e1, e2)e3 = (αβ − βδ)e1;R(e1, e3)e3 = −δ2e1;(5.3)

From this 5.1, we have

∇∇e1
e1ej = ∇e2∇e2e1 = ∇e3∇e3e1 = 0, ∇e1∇e1e1 = ∇e3∇e3e2 = ∇e2∇e2e3 = 0

∇∇e3
e3e2 = δβe3, ∇e3∇e3e3 = −δβe2, ∇∇e2

e2e3 = −αβe2, ∇e2∇e2e2 = αβe3,

∇e1∇e1e2 = −β2e2, ∇e1∇e1e3 = −β2e3, ∇e2∇e2e1 = −α2e1, ∇e2∇e2e2 = −α2e2,

∇e3∇e3e1 = −δ2e1, ∇e3∇e3e3 = −δ2e3, g(ei,∇eiei) = g(e1,∇e1ei) = 0,

g(e3,∇e3e2) = g(e2,∇e2e3) = 0, g(e2,∇e2e1) = −α, g(e3,∇e3e1) = −δ.

Hence V = V1 + V2 is a harmonic vector field on I ×f G if and only if

(5.4)



ϕ′′(t) + 3
f ′(t)

f(t)
ϕ′(t)− 3

f ′(t)2

f(t)2
ϕ(t) = −2a(δ + α)

f ′(t)

f(t)
,

a
(
α2 + δ2 − f(t)f ′′(t)− 2f ′(t)2

)
= 0,

b
(
α2 + β2 − f(t)f ′′(t)− 2f ′(t)2

)
− β(α+ δ)c = 0,

c
(
δ2 + β2 − f(t)f ′′(t)− 2f ′(t)2

)
+ β(α+ δ)b = 0

t ∈ I.

The first equation of (5.4) has a solution and the remaining system becomes:
a
(
α2 + δ2 − f(t)f ′′(t)− 2f ′(t)2

)
= 0,

b
(
α2 + β2 − f(t)f ′′(t)− 2f ′(t)2

)
− β(α+ δ)c = 0,

c
(
δ2 + β2 − f(t)f ′′(t)− 2f ′(t)2

)
+ β(α+ δ)b = 0,

t ∈ I.

Using the proposition 5.1, we obtain,

Proposition 5.2. Let G be a three-dimensional connected Riemannian non-unimodular
Lie group equipped with a left-invariant metric and V = V1 + V2 a vector field on the
warped product I ×f G, f : I −→]0,+∞[ with V1 = ϕ(t)∂t a vector field on I and V2

a unit left-invariant vector field on G. Let {e1, e2, e3} be an orthonormal basis of the
Lie algebra satisfying equation(5.1) and α, β, δ the structure constants. Then V is a
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harmonic vector field if and only if f satisfies, on I ⊂ R, the ordinary differential
equation (E1) : xx

′′ + 2x′2 = ϵ, ϵ ∈ R, ϕ is a solution, on I, of the equation

(Ea) : x
′′ + 3

f ′

f
x′ − 3

(
f ′

f

)2

x = −2a(δ + α)
f ′

f
(5.5)

and V2 is determined by one of the following conditions:

1. α = δ > 0

(a) β = 0, ϵ = 2α2 and V2 = ±e1,

(b) β = 0, ϵ = 2α2 and V2 = ±e2 or V2 = ±e3,

(c) β = 0, ϵ = α2 and V2 = be2 + ce3, b
2 + c2 = 1, b ̸= 0, c ̸= 0,

2. α > δ > 0 or α > 0 > δ

(a) ϵ = α2 + δ2, V2 = ae1 + be2 + ce3,a ̸= 0, a2 + b2 + c2 = 1 and{
b(β2 − δ2) = β(α+ δ)c,

c(β2 − α2) = −β(α+ δ)b.

(b) β = 0, ϵ = δ2, V2 = ±e3,

(c) β = 0, ϵ = α2, V2 = ±e2,

(d) β = bc(α−δ), ϵ = β2+b2α2+c2δ2, V2 = be2+ce3, c ̸= 0, b ̸= 0, b2+c2 = 1.

3. α > δ = 0

(a) β = 0, in this case f(t) = (3ec1t+ c2)

1

3 , I =]− c2
3ec1

,+∞[ and V2 = ±e3,

(b) β = 0, ϵ = α2 and V2 = ±e2,

(c) β = bcα, ϵ = β2 + b2α2 and V2 = be2 + ce3, b ̸= 0, c ̸= 0, b2 + c2 = 1,

(d) ϵ = α2 and V2 = ±e1,

(e) β = 0, ϵ = α2 and V2 = ae1 + be2, a ̸= 0, a2 + b2 = 1.

Remark 5.1. Note that if f is a non-zero positive constant on R and G is a three-
dimensional connected Riemannian non-unimodular Lie group equipped with a left-
invariant metric, then V is harmonic vector field on R×f G if and only if ϕ is an affine

function on R, β = δ = 0, V2 = be2 + ce3 and

{
b(β2 − δ2) = β(α+ δ)c,

c(β2 − α2) = −β(α+ δ)b.

5.2 Vector fields constructed from non left-invariant vector
fields

In this subsection, we give examples of harmonic vector fields on I ×f G constructed
from non left-invariant vector fields on the three-dimensional non-unimodular Lie
group G
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Consider F to be (R × H2, g) where H2 = {(x, y) ∈ R2 : y > 0} denotes the
Poincaré half-plane with Gaussian curvature equal to −α (α > 0) and g the left-
invariant metric given by

g =
1

αy2

(
dx2 + dy2

)
+ dz2.

The left-invariant vector fields e1 = y
√
α

∂

∂y
, e2 = y

√
α

∂

∂x
, e3 =

∂

∂z
, constitute an

orthonormal basis of the Lie algebra g of R×H2 and [e3, e1] = 0, [e3, e2] = 0,
[e1, e2] =

√
α e2.The corresponding Levi-Civita connection is determined by

∇e2e1 = −
√
αe2, ∇e2e2 =

√
αe1,

where the remaining covariant derivatives vanish. Take V2 = b(y)e2 + c(y)e3 and use
(3.3) to see that V = φ(t)∂t + V2 is a harmonic vector field on I ×f (R×H2) if and
only if 

ϕ′′(t) + 3
f ′(t)

f(t)
ϕ′(t)− 3

(
f ′(t)

f(t)

)2

ϕ(t) = 0,

∆b =
(
f(t)f”(t) + 2f ′(t)2 − α

)
b,

∆c = (f(t)f”(t) + 2f ′(t)2)c,

t ∈ I.

This is equivalently to

ϕ′′(t) + 3
f ′(t)

f(t)
ϕ′(t)− 3

(
f ′(t)

f(t)

)2

ϕ(t) = 0,

∆b =
(
f(t)f”(t) + 2f ′(t)2 − α

)
b,

∆c = (f(t)f”(t) + 2f ′(t)2)c,

f(t)f”(t) + 2f ′(t)2 = ϵ,

t ∈ I.

Hence 

ϕ′′(t) + 3
f ′(t)

f(t)
ϕ′(t)− 3

(
f ′(t)

f(t)

)2

ϕ(t) = 0,

y2b′′(y) = (ϵ− α)b(y),

y2c′′(y) = αc(y),

f(t)f”(t) + 2f ′(t)2 = ϵ,

t ∈ I.

and we have

(5.6)



c(y) = y

1

2

(
κ1 + κ2 ln(y)

)
if 1 + 4α = 0,

c(y) = κ1y

1

2
+

1

2

√
1 + 4α

+ κ2y

1

2
− 1

2

√
1 + 4α

if 1 + 4α > 0,

c(y) = y

1

2

(
κ1 cos(y

√
−4α− 1) + κ2 sin(y

√
−4α− 1)

)
if 14α < 0,
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and

(5.7)

b(y) = y

1

2

(
κ1 + κ2 ln(y)

)
if 1 + 4(ϵ− α) = 0

b(y) = κ1y

1

2
+

1

2

√
1 + 4(ϵ− α)

+ κ2y

1

2
− 1

2

√
1 + 4(ϵ− α)

if 1 + 4(ϵ− α) > 0,

b(y) = y

1

2

(
κ1 cos(y

√
−1− 4(ϵ− α)) + κ2 sin(y

√
−1− 4(ϵ− α))

)
if 4(ϵ− α) < −1,

with κ1, κ2 ∈ R. This system of equations lead to new families of harmonic vector
fields on the warped product I ×f (R×H2) , which are non left-invariant.

Proposition 5.3. Let V1 = ϕ(t)∂t be a vector field on I and V2 = b(y)e2 + c(y)e3 be
vector fields on (R ×H2, g) where H2 = {(x, y) ∈ R2 : y > 0} denotes the Poincaré
half-plane with Gaussian curvature equal to −α(α > 0). Then V = V1 + V2 is a
harmonic vector field on I ×f (R×H2) if and only if

ϕ′′(t) + 3
f ′(t)

f(t)
ϕ′(t)− 3

(
f ′(t)

f(t)

)2

ϕ(t) = 0, t ∈ I,

f(t)f ′′(t) + 2f ′(t)2 = ϵ, ϵ ∈ R,

and V2 = b(y)e2 + c(y)e3 with b, c defined by combining Equations (5.6) and (5.7).

6 Harmonic vectors fields which are harmonic maps
on warped product I ×f G

In this section, we determine the horizontal part of the tension field on the warped
product B ×f F (cf 2.3) and study the existence of vector fields on I ×f G which
are harmonic maps, where G is a three-dimensional connected Riemannian Lie group
equipped with a left-invariant metric. To calculate S(V ) where V = V1+V2, we write

S(V ) = S1(V ) + S2(V )

where

S1(V ) =

m∑
i=1

R(∇eiV, V )ei and S2(V ) =

m+n∑
i=m+1

R(∇eiV, V )ei.
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and {ei}i are define on section 3 Then, using the lemma 2.2

S1(V ) =

m∑
i=1

R
(
∇(e′i,0)

V, (V1, V2)
)
(e′i, 0)

=

m∑
i=1

R
(
(∇B

e′i
V1, 0), (V1, 0)

)
(e′i, 0) +R

(
(∇B

e′i
V1, 0), (0, V2)

)
(e′i, 0) +

e′i(f)

f
R ((0, V2), (V1, 0)) (e

′
i, 0) +

e′i(f)

f
R ((0, V2), (0, V2)) (e

′
i, 0)

=

m∑
i=1

(
RB(∇B

e′i
V1, e

′
i)V1, 0

)
− e′i(f)

f2
Hf (V1, e

′
i)(0, V2) +

1

f
Hf (∇B

e′i
V1, e

′
i)(0, V2)

S2(V ) =

n∑
i=1

1

f
R
(
∇(0,e′′i )

V, V
)
(0, e′′i )

=

n∑
i=1

1

f2
R
(
(0,∇F

e′′i
V2), (V1, 0)

)
(0, e′′i ) +

1

f2
R
(
(0,∇F

e′′i
V2), (0, V2)

)
(0, e′′i )−

1

f
gF (V2, e

′′
i )R ((gradf, 0), (V1, 0)) (0, e

′′
i )−

1

f
gF (V2, e

′′
i )R ((gradf, 0), (0, V2)) (0, e

′′
i )

+
V1(f)

f3
R ((0, e′′i ), (0, V2)) (0, e

′′
i ) +

V1(f)

f3
R ((0, e′′i ), (V1, 0)) (0, e

′′
i )

S2(V ) =

n∑
i=1

(
1

f2

(
0, RF (∇e′′i

V2, V2)e
′′
i

)
+

V1(f)

f3
(0, RF (e′′i , V2)e

′′
i )

)
+

∥V2∥2(∇B
gradfgradf, 0) +

gradf(f)

f2

(
div(V2)(0, V2)−

(
0,∇F

V2
V2

))
+

n
V1(f)

f2

(
∇B

V1
gradf, 0

)
+

1

f
div(V2)(∇B

V1
gradf, 0) +

V1(f)

f3
gradf(f)(n− 1)(0, V2)

=
1

f2
(0, S(V2)) +

gradf(f)

f2

(
div(V2)(0, V2)−

(
0,∇F

V2
V2

))
+ n

V1(f)

f2

(
∇B

V1
gradf, 0

)
+
V1(f)

f3

n∑
i=1

(0, RF (e′′i , V2)e
′′
i ) + ∥V2∥2(∇B

gradfgradf, 0) +
1

f
div(V2)(∇B

V1
gradf, 0)

+
V1(f)

f3
gradf(f)(n− 1)(0, V2)

Hence
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S(V ) = S1(V ) + S2(V )

=

(
(S(V1), 0)−

m∑
i=1

(
e′i(f)

f2
Hf (V1, e

′
i)−

1

f
Hf (∇B

e′i
V1, e

′
i)

)
(0, V2)+

n
V1(f)

f2

(
∇B

V1
gradf, 0

)
+

1

f2
(0, S(V2)) +

gradf(f)

f2

(
div(V2)(0, V2)−

(
0,∇F

V2
V2

))
+

V1(f)

f3
gradf(f)(n− 1)(0, V2) +

V1(f)

f3

n∑
i=1

(0, RF (e′′i , V2)e
′′
i )+

∥V2∥2
(
∇B

gradfgradf, 0

)
+

1

f
div(V2)(∇B

V1
gradf, 0)

)
=

(
S(V1) + n

V1(f)

f2
∇B

V1
gradf + ∥V2∥2∇B

gradfgradf +
1

f
div(V2)∇B

V1
gradf ;

1

f2
S(V2)

−
m∑
i=1

(
e′i(f)

f2
Hf (V1, e

′
i)−

1

f
Hf (∇B

e′i
V1, e

′
i)

)
V2 +

gradf(f)

f2

(
div(V2)V2 −∇F

V2
V2

)
+

V1(f)

f3

n∑
i=1

RF (e′′i , V2)e
′′
i +

V1(f)

f3
gradf(f)(n− 1)V2

)
.

Take B = I ⊂ R, V1 = ϕ(t)∂t on I and V2 a vector field on (F, g), then

S(V ) =

(
n
ϕ2f ′f ′′

f2
∂t + ∥V2∥2f ′f ′′∂t +

1

f
div(V2)ϕf

′′∂t;
1

f2
S(V2)−

f ′ϕf ′′

f2
V2 +

ϕ′f ′′

f
V2+

f ′2

f2
div(V2)V2 −

f ′2

f2
∇V2V2 +

ϕf ′3

f3
(n− 1)V2 +

ϕf ′

f3

n∑
i=1

R(e′′i , V2)e
′′
i

)
.

Remark that if f is a non-zero positive constant on R, then a harmonic vector
field V = V1 + V2 on the warped product R×f F is a harmonic map if and only if V2

is a harmonic map on F .
We suppose that G is three dimensional connected unimodular Riemannian Lie group
equipped with a left-invariant metric. We have

Proposition 6.1. Let G be a three-dimensional connected Riemannian unimodular
Lie group equipped with a left invariant metric and V = V1 + V2 a harmonic vector
field on the warped product I ×f G, I ⊂ R, f : I −→]0,+∞[ with V1 = ϕ(t)∂t a vector
field on I and V2 = ae1 + be2 + ce3 a unit left-invariant vector field on G. Then V is
harmonic map on I ×f G if and only if one of the following cases occurs:

1. G = R ⊕ R ⊕ R : λ1 = λ2 = λ3 = 0, f(t) = β > 0, I = R, V2 = ae1 + be2 + ce3
for any a, b, c ∈ R and ϕ(t) = γ1t+ γ2, γ1, γ2 ∈ R.

2. λ1 = λ2 = λ3 > 0
(
G = SU(3) or SO(3)

)
, f(t) = η

λ1

2
t+ β (η = ±1),

β ∈ R, I =

]
− 2β

λ1
,+∞

[
for η = 1, I =

]
−∞,

2β

λ1

[
for η = −1,
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V2 = ae1 + be2 + ce3 and ϕ(t) = c1

(
η
λ1

2
t+ β

)
+

c2(
η
λ1

2
t+ β

)3 , c1, c2 ∈ R.

Proof. Combining Proposition 4.1 and relation 4.3, we get

∇V2
V2 = bc(µ2 − µ3)e1 + ac(µ3 − µ1)e2 + ab(µ1 − µ2)e3,

S(V2) = A1bce1 +A2ace2 +A3abe3 and div(V2) = 0.

3∑
i=1

R(ei, V2)ei = a(µ1µ3−λ2µ2+µ1µ2−λ3µ3)e1+ b(µ1µ2−λ3µ3+µ2µ3−λ1µ1)e2+

c(µ2µ3 − λ1µ1 + µ1µ3 − λ2µ2)e3.

where A1 = µ2
2(µ3 − µ1) + µ2

3(µ1 − µ2), A2 = µ2
1(µ2 − µ3) + µ2

3(µ1 − µ2), A3 =
µ2
1(µ2 − µ3) + µ2

2(µ3 − µ1). Hence a harmonic vector field V = V1 + V2 on I ×f G
where G: unimodular Lie group is a harmonic map if and only if

f ′(t)f ′′(t)

(
3ϕ(t)2 + f(t)2

)
= 0

S(V2)− f ′(t)ϕ(t)f ′′(t)V2 + ϕ′(t)f(t)f ′′(t)V2 − f ′(t)2∇V2
V2+

2
ϕ(t)f ′(t)3

f(t)
V2 +

ϕ(t)f ′(t)

f(t)

3∑
i=1

R(ei, V2)ei = 0

t ∈ I.

This is equivalent to

(6.1)


∀t ∈ I, f ′′(t) = 0

S(V2)− f ′(t)2∇V2
V2 + 2

ϕ(t)f ′(t)3

f(t)
V2 +

ϕ(t)f ′(t)

f(t)

3∑
i=1

R(ei, V2)ei = 0.

because of ∀t ∈ I, f(t) > 0 and f ′(t)f ′′(t) = 0 we have f ′′(t) = 0.
We will now discuss case by case according to the classification of three-dimensional

connected unimodular Lie groups given in Table 1 and combine the result of propo-
sition 4.2, we have

� G = R ⊕ R ⊕ R: In this case, S(V2) = ∇V2
V2 = R(ei, V2)ei = 0 and we obtain

the first case of Proposition.

� G = H3: In this case we have S(V2) = − 1
4aλ

3
1(ce2−be3),∇V2

V2 = aλ1(ce2−be3),
3∑

i=1

R(ei, V2)ei = −1

2
λ2
1(ae1− be2− ce3). Using System 6.1 and case 2 of Propo-

sition 4.2, we have
∀t ∈ I, f ′(t) =

1

4
λ2
1

−1

4
λ3
1a(ce2 − be3)−

1

4
λ3
1a(ce2 − be3)+

f ′(t)

f(t)
ϕ(t)

(
1

4
λ2
1(ae1 + be2 + ce3)−

1

2
λ2
1(ae1 − be2 − ce3)

)
= 0.
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this is equivalent to a = 0, λ1 = 0 that is not possible. we obtain that a harmonic
vector field on I ×f G cannot a harmonic map.

� G = E(1, 1):
∗ b = 0, f(t)f ′′(t) + 2f ′(t)2 = µ2

3 + µ2
2: We have S(V2) = −2µ3

3ace2,
∇V2V2 = 2µ3ace2 and
3∑

i=1

R(ei, V2)ei = a(−µ2
3 − µ2µ3 − λ3µ3)e1 + c(−µ2

3 + µ2µ3 + λ1µ3)e3. Then


∀t ∈ I, 2f ′(t)2 = µ2

3 + µ2
2

f ′(t)

f(t)
ϕ(t)

(
µ2
3 + µ2

2(ae1 + ce3) + a(−µ2
3 − µ2µ3 − λ3µ3)e1+

c(−µ2
3 + µ2µ3 + λ1µ3)e3

)
− 2µ3

3ace2 −
1

2
(µ2

3 + µ2
2)(2µ3ace2) = 0.

this is equivalently to a = c = 0 (not possible because a2 + c2 = 1).
∗ c = a = 0, ϵ = 2µ2

1, in this subcase we obtain that a harmonic vector field on
I ×f G cannot a harmonic map.

� G = E(2), G = SL(2,R), O(1, 2) are similarly to that case G = E(1, 1) and we
obtain that a harmonic vector field on I ×f G cannot a harmonic map.

� G = SU(3), SO(3)
∗ λ1 = λ2 = λ3 > 0: in this subcase S(V2) = ∇V2V2 = 0 and
3∑

i=1

R(ei, V2)ei = −2µV2. We have

f ′(t)2 = µ2 =
1

4
λ2
1 and a harmonic vector field is harmonic map

∗ For other cases, Similarly to the cases G = E(2) and the cases
G = SL(2,R), O(1, 2), we obtain that a harmonic vector field on I ×f G cannot
be a harmonic map.

□

We now suppose thatG is three dimensional connected Riemannian non-unimodular
Lie group equipped with a left-invariant metric. We have

Proposition 6.2. Let G be a three-dimensional connected Riemannian non-unimodular
Lie group equipped with a left-invariant metric and V = V1 + V2 a harmonic vector
field on the warped product I ×f G, I ⊂ R, f : I −→]0,+∞[ with V1 = ϕ(t)∂t a vector
field on I and V2 = ae1 + be2 + ce3 a unit left-invariant vector field on G. Then V is
a harmonic map on I ×f G if and only if
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1. α = δ > 0 = β,V2 = ae1, and

∀t ∈ I, f(t)f ′′(t) + 2f ′(t)2 = 2α2

f ′(t)f ′′(t)
(
3ϕ(t)2 + f(t)2

)
= 2aαf(t)f ′′(t)ϕ(t)

−2α3 − af ′(t)ϕ(t)f ′′(t) + aϕ′(t)f(t)f ′′(t)− 2αf ′(t)2+

2a
ϕ(t)f ′(t)

f(t)

(
2f ′(t)2 + α2

)
= 0

ϕ′′(t) + 3
f ′(t)

f(t)
ϕ′(t)− 3

(
f ′(t)

f(t)

)2

ϕ(t) = −4aα
f ′(t)

f(t)
.

2. α > 0, β = δ = 0, f(t) = µ > 0, I = R, V2 = ±e3 and ϕ(t) = γ1t + γ2 with
µ, γ1, γ2 ∈ R.

3. α > δ = 0,V2 = ae1, a = ±1 and

(6.2)



f ′(t)f ′′(t)
(
3ϕ(t)2 + f(t)2

)
= aαf(t)f ′′(t)ϕ(t)

−α3 − f ′(t)ϕ(t)f ′′(t)a+ ϕ′(t)f(t)f ′′(t)a−

αf ′(t)2 + a
ϕ(t)f ′(t)

f(t)
(2f ′(t)2 + α2) = 0

f(t)f ′′(t) + 2f ′(t)2 = α2

ϕ′′(t) + 3
f ′(t)

f(t)
ϕ′(t)− 3

(
f ′(t)

f(t)

)2

ϕ(t) = −2aα
f ′(t)

f(t)

t ∈ I.

4. α > 0 > δ or α > δ > 0,

−α3b2 − δ3c2 + α(α2 − δ2)b2c2 − 1

2
(b2α+ c2δ)(b2α2+

c2δ2 + b2c2(α− δ)2) = 0

b2α2 + c2δ2 + b2c2(α− δ)2 + α(α+ δ) + c2(δ − α) = 0

α+ δ + (α− δ)(c2 − b2) = 0.

ϵ = β2 + b2α2 + c2δ2, b ̸= 0, c ̸= 0.

V2 = be2 + ce3, f(t) = µκt+ η (µ = ±1), η ∈ R and I =

]
− η

κ
,+∞

[
for µ = 1,

I =

]
−∞,

η

κ

[
for µ = −1

and ϕ(t) = c1

(
µκt+ η

)
+

c2(
µκt+ η

)3 , c1, c2 ∈ R, κ =

√
ϵ

2

5. α > δ > 0 or α > 0 > δ ,V2 = ae1 + be2 + ce3, a ̸= 0 and
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(6.3)

b(β2 − δ2) = β(α+ δ)c,

c(β2 − α2) = −β(α+ δ)b,

f(t)f ′′(t) + 2f ′(t) = α2 + δ2,

f ′′(t)

(
3f ′(t)ϕ2(t) + f2(t)f ′(t)− a(α+ δ)f(t)ϕ(t)

)
= 0,

−α3(a2 + b2)− δ3(a2 + c2) + βbc(α2 − δ2)− af ′(t)f ′′(t)ϕ(t) + af(t)f ′′(t)ϕ′(t)−

a2f ′(t)2(α+ δ)− f ′(t)2(b2α+ c2δ) + a
ϕ(t)f ′(t)

f(t)

(
2f ′(t)2 + α2 + δ2

)
= 0,

a

(
α2cβ − bαδ2 + αβ2b− δβ2b

)
− bf ′(t)ϕ(t)f ′′(t) + f(t)ϕ′(t)f ′′(t)b− abf ′(t)2(α+ δ)+

af ′(t)2(cβ + bα) +
ϕ(t)f ′(t)

f(t)

(
2bf ′(t)2 + bα(α+ δ) + cβ(δ − α)

)
= 0,

a

(
− βδ2b− α2δc− β2(α− δ)c

)
− cf ′(t)ϕ(t)f ′′(t) + f(t)ϕ′(t)f ′′(t)c−

acf ′(t)2(α+ δ) + af ′(t)2(cδ + bβ) +
ϕ(t)f ′(t)

f(t)

(
2f ′(t)2 + cδ(α+ δ) + bβ(δ − α)

)
= 0,

ϕ′′(t) + 3
f ′(t)

f(t)
ϕ′(t)− 3

(
f ′(t)

f(t)

)2

ϕ(t) = −2a(α+ δ)
f ′(t)

f(t)
, t ∈ I.

Proof. Combining Proposition 5.1 and System 5.3, we get div(V2) = −a(δ + α),

S(V2) =
[
−α3(a2+b2)−δ3(a2+c2)+β(α2−δ2)bc

]
e1+a

[
α2βc−αδ2b+β2(α−δ)b

]
e2+

a
[
− βδ2b− α2δc− β2(α− δ)c

]
e3,

∇V2
V2 =

(
b2α+ c2δ

)
e1 +

(
− acβ − abα

)
e2 +

(
abβ − acδ

)
e3

and

3∑
i=1

R(ei, V2)ei = a(α2+ δ2)e1+(bα(α+ δ)+ cβ(δ−α))e2+(cδ(α+ δ)+ bβ(δ−α))e3.

Hence a harmonic vector field V = V1 + V2 on I ×f G where G is a non-unimodular
Lie group is a harmonic map if and only if
(6.4)

f ′(t)f ′′(t)

(
3ϕ(t)2 + f(t)2

)
+ f(t)f ′′(t)ϕ(t)div(V2) = 0

S(V2)− f ′(t)ϕ(t)f ′′(t)V2 + ϕ′(t)f(t)f ′′(t)V2 − f ′(t)2∇V2
V2 + f ′(t)2div(V2)V2+

ϕ(t)f ′(t)

f(t)

(
2f ′(t)2V2 +

3∑
i=1

R(ei, V2)ei

)
= 0

t ∈ I.

We will discuss case by case as in Proposition 5.2.

� α = δ > 0,
∗ β = 0, ϵ = 2α2, b = c = 0, f(t)f ′′(t) + 2f ′(t)2 = ϵ, we have
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div(V2) = −2αa, S(V2) = −2α3e1,∇V2
V2 = 0,

3∑
i=1

R(ei, V2)ei = 2aα2e1,

then a vector field V is harmonic map if and only if

∀t ∈ I, f(t)f ′′(t) + 2f ′(t)2 = 2α2

f ′(t)f ′′(t)
(
3ϕ(t)2 + f(t)2

)
= 2aαf(t)f ′′(t)ϕ(t)

−2α3 − af ′(t)ϕ(t)f ′′(t) + aϕ′(t)f(t)f ′′(t)− 2αf ′(t)2+

2a
ϕ(t)f ′(t)

f(t)

(
2f ′(t)2 + α2

)
= 0

ϕ′′(t) + 3
f ′(t)

f(t)
ϕ′(t)− 3

(
f ′(t)

f(t)

)2

ϕ(t) = −4aα
f ′(t)

f(t)
.

∗ β = 0, ϵ = 2α2, a = 0, we have div(V2) = 0, S(V2)− α3e1,

∇V2
V2 = αe1,

3∑
i=1

R(ei, V2)ei = 2α2(be2 + ce3). From System 6.4 and

f(t)f ′′(t) + 2f ′(t)2 = ϵ, we have ∀t ∈ I, f ′(t)2 = α2 and
−α3e1 − f ′(t)ϕ(t)f ′′(t)(be2 + ce3) + ϕ′(t)f(t)f ′′(t)(be2 + ce3)− α3e1+

2α2ϕ(t)f
′(t)

f(t)
(be2 + ce3) = 0,

t ∈ I.

This is not possible and we obtain that a harmonic vector field cannot be a
harmonic map.
∗ β = 0, ϵ = α2, a = 0 as in the previous subcase, we obtain that a harmonic
vector field cannot be a harmonic map.

� α > 0, δ = 0

∗ β = ϵ = 0, a = b = 0, we have div(V2) = ∇V2
V2 =

3∑
i=1

R(ei, V2)ei = 0.

From System 6.4 and f(t)f ′′(t) + 2f ′(t)2 = 0,we obtain ∀t ∈ I = R, f ′(t) = 0
and a harmonic vector field on I ×f G is harmonic map in this subcase
∗ For the subcases (b)− (c) there is no solution and we obtain that a harmonic
vector field on I ×f G cannot be a harmonic map
∗ b = c = 0, f(t)f ′′(t) + 2f ′(t)2 = α2. We have

div(V2) = −aα, S(V2) = −α3e1,

3∑
i=1

R(ei, V2)ei = aα2e1,∇V2
V2 = 0 and we

obtain the System 6.2
∗ The last subcase of this case implies b = 0, that is the same result of previous
subcase.

� α > δ > 0 or α > 0 > δ
∗For the subcase that a ̸= 0, f(t)f ′′(t) + 2f ′(t)2 = α2 + δ2, we obtain Equation
6.3
∗ β = 0, ϵ = α2, a = c = 0 : From this a harmonic vector field cannot a harmonic
map
∗ β = bcα, ϵ = b2α2(1+ c2), a = 0, in this case S(V2) =

[
−α3b2− δ3c2+β(α2−
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δ2)bc
]
e1,

div(V2) = 0,∇V2V2 = (b2α+ c2δ)e1,

3∑
i=1

R(ei, V2)ei = (bα(α+ δ)+β(δ−α))e2+

(cδ(α+ δ) + bβ(δ − α))e3 and we have

∀t ∈ I, 2f ′(t)2 = β2 + b2α2 + c2δ2

−α3b2 − δ3c2 + β(α2 − δ2)bc− 1

2
(b2α+ c2δ)(b2α2 + c2δ2 + b2c2(α− δ)2) = 0

ϕ(t)f ′(t)

f(t)

(
(b2α2 + c2δ2 + b2c2(α− δ)2)b+ bα(α+ δ) + cβ(δ − α)

)
= 0

ϕ(t)f ′(t)

f(t)

(
(b2α2 + c2δ2 + b2c2(α− δ)2)c+ cδ(α+ δ) + bβ(δ − α)

)
= 0

this is equivalent to
∀t ∈ I, 2f ′(t)2 = β2 + b2α2 + c2δ2

−α3b2 − δ3c2 + α(α2 − δ2)b2c2 − 1

2
(b2α+ c2δ)(b2α2 + c2δ2 + b2c2(α− δ)2) = 0

b2α2 + c2δ2 + b2c2(α− δ)2 + α(α+ δ) + c2(δ − α) = 0

α+ δ + (α− δ)(c2 − b2) = 0.

and we obtain (4) of the Proposition.

□

Using the examples of Propositions 5.1, 4.4 and 5.3 for a non left-invariant vector
fields on Lie groups G, we obtain.

Proposition 6.3. A harmonic vector field V = ϕ(t)∂t + a(x, y, z)
∂

∂x
on I ×f (R ⊕

R⊕R) is a harmonic map if and only if V2 is constant on R⊕R⊕R, ϕ is an affine
function, and f is a positive function on I and I = R.

Proposition 6.4. A harmonic vector field V = ϕ(t)∂t+a(x, y, z)e1 on I×fH3 cannot
be a harmonic map.

Proposition 6.5. A harmonic vector field V = ϕ(t)∂t+ b(y)e2+ c(y)e3 on I×f (R×
H2) cannot be a harmonic map.
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