Geometry of tangent bundles with the horizontal
Sasaki gradient metric

H. El hendi and A. Zagane

Abstract. In this paper, we introduce the horizontal Sasaki gradient met-
ric on the tangent bundle T'M over an m-dimensional Riemannian mani-
fold (M, g) as a new metric with respect to g non-rigid on TM. First, we
investigate the Levi-Civita connection and we characterize the sectional
curvature, the scalar curvature for the horizontal Sasaki gradient metric.
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1 Introduction

We recall some basic facts about the geometry of the tangent bundle. In the present
paper, we denote by I'(T'M) the space of all vector fields of a Riemannian manifold
(M, g).
Let (M, g) be an n-dimensional Riemannian manifold and (T'M, 7, M) be its tangent
bundle.

A local chart (U,x%);—;. ., on M induces a local chart (7= *(U),z*,y")i=1..., on
TM. Denote by I‘fj the Christoffel symbols of g and by V the Levi-Civita connection
of g.

We have two complementary distributions on 7'M, the vertical distribution V and the
horizontal distribution H, defined by

i 0 i
V(I’u) = ker(dﬂ(z,u)) = {a’ayi |(z’u);a’ S R}
; 0 ;o 3] ,
= ¢ _ 4t Tk, .0
H(x,u) {a 31'2 |(z,u) “y Fl] 3yk |($1u)7 a € R}

where (z,u) € TM, such that T, ) TM = Hz.u) © Vig,u)-
Let X = X* 621- be a local vector field on M. The vertical and the horizontal lifts of
X are defined by

9
XV =X
oy’
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.0 (0 . 0
H __ 7 o 7 7 k
(1.1) X=X =X {axi —y F”—ayk}

AN ) o \V 0 o 0
For consequences, we have (89&) =5 and <8xl) = 8—yi; then ((5951" 8yi>¢:1..n
is a local adapted frame in TT M.

The geometry of the tangent bundle of a Riemannian manifold (M, g) is very
important in many areas of mathematics and physics. In recent years, a lot of studies
about their local or global geometric properties have been published in the literature.
When the authors studied this topic, they used different metrics which are called
natural metrics on the tangent bundle. Firstly, the geometry of a tangent bundle has
been studied by using a new metric g°, which is called Sasaki metric, with the aid
of a Riemannian metric g on a differential manifold M in 1958 by Sasaki [17]. It is
uniquely determined by

FXTYT) = gX,Y)or
(12) S X YY) = 0
gS(XV7YV) = gX,Y)orm

for all vector fields X and Y on M. More intuitively, the metric g° is constructed
in such a way that the vertical and horizontal sub bundles are orthogonal and the
bundle map 7 : (T'M, g°) — (M, g) is a Riemannian submersion.

After that, the tangent bundle could be split to its horizontal and vertical subbun-
dles with the aid of the Levi Civita connection V on (M, g). Later, the Lie bracket of
the tangent bundle T'M, the Levi Civita connection V* on T'M and its Riemannian
curvature tensor R® have been obtained in [8] and [12]. Furthermore, were derived ex-
plicit formulas of another natural metric gog, which is called Cheeger-Gromoll metric
on the tangent bundle TM of a Riemannian manifold (M, g) and which is uniquely
determined by

goc(XH, YH)=g(X,Y)onm
(1.3) gee(XP YY) =0
gea(XV. YY) = {g(X,¥) + g(X, w)g(V.u)} o,

where X, Y e T(TM), (x,u) € TM, « =1+ g,(u,u). This metric has been given by
Musso and Tricerri in [13], using Cheeger and Gromoll’s study [7]. The Levi Civita
connection VE¢ and the Riemannian curvature tensor RE“ of (T M, gog) have been
obtained in [18] and [11], respectively. The sectional curvatures and the scalar curva-
ture of this metric were derived as well. These results were completed in 2002 by S.
Gudmundson and E. Kappos in [11]. They have also shown that the scalar curvature
of the Cheeger Gromoll metric is never constant if the metric on the base manifold
has constant sectional curvature. Furthermore, in [2] M.T.K. Abbassi, M. Sarih have
proved that T'M with the Cheeger Gromoll metric is never a space of constant sectional
curvature. A more general metric was given by M. Anastasiei in [1], which generalizes
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both metrics mentioned above in the following sense: it preserves the orthogonality
of the two distributions, on the horizontal distribution it coincides with the one from
the base manifold, and finally the Sasaki and the Cheeger-Gromoll metric can be
obtained as particular cases of this metric. A compatible almost complex structure is
also introduced and hence T'M becomes an locally conformal almost Kéherian man-
ifold. V. Oproiu and his collaborators constructed a family of Riemannian metrics
on the tangent bundles of Riemannian manifolds which possess interesting geometric
properties (see [15], [16]). In particular, the scalar curvature of TM can be constant
also for a non-flat base manifold with constant sectional curvature. Then M.T.K.
Abbassi and M.Sarih proved in [3] that the considered metrics by Oproiu form a par-
ticular subclass of the so-called g-natural metrics on the tangent bundle. Recently,
the geometry of the tangent bundles with Cheeger-Gromoll metric has been studied
by many mathematicians (see [2], [14], [19], etc).

Zayatuev in [24] introduced a Riemannian metric on T'M given by
(1.4) G5 (XH, YY) =0
7 g

for all vector fields X and Y on (M, g), where f is strictly positive smooth function
on (M, g). In [21] J. Wang, Y. Wang called g} the rescaled Sasaki metric and studied
the geometry of T'M endowed with g3

H. M. Dida, F. Hathout in [9], defined a new class of naturally metric on TM
given by

f H vH

Gl (X7, Y7)

(1.5) Gl (X" vVY)

(p,u)
¢l (xV,yY)

(p,u)

p(X,Y)

)

I
o«

f(p)gp(X,Y)

for some strictly positive smooth function f in (M, g) and any vector fields X and Y
on M. We call G/ a vertical rescaled metric.

L. Belarbi, H. El Hendi in [4], defined a new class of natural metrics on T M, given
by

oy (XY
(1.6) Gl (xV, vyt
Gl (XY, YY)

f(p)gp(X,Y)

(p,u) 0

(p,u) h(p)gp(X,Y)

where f,h are strictly positive smooth functions on M and X, Y are vector fields
on M. For h = 1, the metric Gf" is exactly the rescaled Sasaki metric. If f = 1,
then the metric G¥" is exactly the vertical rescaled metric. We call G/ the twisted
Sasaki metric.
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L. Belarbi, H. El Hendi in [5], defined a new class of natural metrics on T M, given
by

gf(XHayH)(x,u) = gz(Xay)
(1.7) g XV YTy = 0
I XY YN ww = 0(XY)+ Xo(f)Ya(f),

where f is a strictly positive smooth function on M and X, Y are vector fields on M.
We call g/ the gradient Sasaki metric. If f is constant, then the metric ¢/ is exactly
the Sasaki metric.

The main idea in this note consists in the modification of the gradient Sasaki metric.
Firstly, we introduce a new metric called the horizontal Sasaki gradient metric on
the tangent bundle T'M; then we establish the Levi-Civita connection of this metric
(Theorem 2.3 and Proposition 2.4) we investigate the Riemannian curvature (Theorem
3.1) and characterize the sectional curvature (Theorem 3.4 and Proposition 3.5), and
also the scalar curvature (Theorem 3.8 and Proposition 3.9).

1.1 Basic notions and definition on 7'M

Let (M, g) be an m-dimensional Riemannian manifold and let (T'M, 7, M) be its
tangent bundle. A local chart (U, z?), —15, on M induces a local chart
(7= 1(U), 2%, y") ;15 - on T'M. Denote by F the Christoffel symbols of g and by V
the Levi-Civita connection of g.
We have two complementary distributions on T'M, the vertical distribution ) and the
horizontal distribution , defined by:

V(l,u) = Ke?”‘(d’/T(L u)) - {(l ‘(L u)s a S R}a
Moy = 10y — Jr’“ | &R},
(z,u) — a axi (z,u) a' U ij a ok (z,u)s a

where (z,u) € TM, such that T, ,\TM = Hgzu) © Vizu)-
Let X = X? 821‘ be a local vector field on M. The vertical and the horizontal lifts
of X are defined by

.0
(1.8) XV = X'—,
oyt
.0 .0 0
1.9 X" = X'— =X 5 -y}
( ) 61‘Z {axl y 17 8 k}
As consequences we have (52;) = 52 and (27)" = azi’
then (52, 6(3/ )l 1 — forming a local adapted frame on TTM.
If w=w 8r1 + w 821 € T(z,yT'M, then its horizontal and vertical parts are
defined by
.0 0
(1.10) wh = w! —w'dTF — € Hzu)

oz’ I Oyk
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v — i,,J 9
(1.11) w' = (T +w qufj)a—yk € Viwu)-

Proposition 1.1. [10] Let (M, g) be a Riemannian manifold and R its tensor cur-
vature; then for all vector fields X, Y € T'(TM) we have:

1 [XP YA, = (X Y]] — (Re(X,Y)u)V,
2. [XH,YV}p = (VXY)X,
3. [XV,YV], =0,

where p = (z,u) € TM.

Definition 1.1. Let (M, g) be a Riemannian manifold and K : TM — TM be a
smooth bundle endomorphism of T'M. Then the vertical and horizontal vector fields
VK and HK are defined on TM by

VK:TM — TTM
(z,u) = (K(w)Y,
HK:TM — TTM
(z,u) = (K(u)",
locally we have
iei O i 0
(1.12) VK = yKZ@Zy(K(axi))v’
9 , . d ; 0
_ 1 P B . P B — gt H
(1.13) HE = 'Kl g5 =y KT o = (K ()"

2 Horizontal Sasaki gradient metric

Definition 2.1. Let (M, g) be a Riemannian manifold and f : M —]0, +oo[. On the
tangent bundle T M, we define a horizontal Sasaki gradient metric noted g? by

L gl (X7 Y)Y = 0a(XY) + X, (NYa(f).
2. g7 (X7, YY)y =0,
3. g (XY, YY) (wu) = 92(X,Y),
where X, Y e I'(TM), (z,u) € TM.
Remark 2.2. 1. If f is constant, then g}’ is the Sasaki metric [22],
2. gf (XY, (grad f)") = g(X, grad f) = X(f),

3. gff (XH, (grad f)7) = (1 + ||grad f|*) X (f) = aX(f),
where X,Y € I'(TM) and a = 1 + ||grad f||?, ||.|| denotes the norm with respect
to (M, g).
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In the following, we consider a = 1 + ||grad f||?.
Lemma 2.1. Let (M,g) be a Riemannian manifold; then we have the following
1 XVgl(yV,zV) =0,
2. XVg(YH, zH) =0,
5. XHgH YV, 2V) = Xg(Y, 2),
4. XHgd(YH, Z1) = Xg(Y, Z) + X (Y ()))-Z(f) + Y (f)-X(Z(])),
where X,Y,Z e T(TM).
Proof. Then the claim follows from Definition 2.1. |

2.1 The Levi-Civita connection

We shall calculate the Levi-Civita connection VY of TM endowed with the hor-
izontal Sasaki gradient metric g? . This connection is characterized by the Koszul
formula:

20/ (VLY. Z) = Xgf'(Y,2)+Ygf(Z,X) - Zgf' (X
(2.1) +9f (Z,1X.Y)) + g/ (Y, [Z,X]) -
for all X,Y,Z € D(TM).

Lemma 2.2. Let (M, g) be a Riemannian manifold and let (T M, g?) be its tangent

bundle equipped with the horizontal Sasaki gradient metric. If V (resp. V') denote
the Levi-Civita connection of (M, g) (resp. (T'M, g?)), then we have:

Y)
g (X.[Y,Z]).

1
1) gl (VL Y, 21y =g (VxY)" + —g(, Vxgrad f)(grad f)7, 21),

1
2) g7 (Vi Y, 2) = = Saf (R, Y)w)", 2"),

3) g (VL. YV, 2) = = L y(Ru, V)X, grad gl ((grad )™, 27)

=Q

+ 59}1‘{((}2(“7 Y)X)H7 ZH)a

4) gl (Vi YV, Z2V) =gf (VxY)V, 2Y),

— L (R, X)Y. grad f)g¥ ((grad p)¥, 27)

5) gf (Vi Y, ZH7)

[0
b Lo (B, x)Y), 27),
6) g (Vi Y, Z2V) =0,
7) g7 (Vi Y", 2") =0,
8) g (Vi Y'Y, 2") =0

for all vector fields X, Y € T'(TM), where R denotes the curvature tensor of (M, g).
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Proof. The proof follows directly from the Kozul formula (2.1), Proposition 1.1, Def-
inition 2.1 and Lemma 2.1.

1) The statement is obtained as follows.

20 (Vi Y, 27 =X gl (VH ZH) + YH gl (27, X7) - 27 gl (XH Y H)
+gf (27 XY H]) 4+ gff (YH, [27, X 1))
—gf (XM, [Y1, Z1)
=Xg(Y, 2) + X(Y(f)-Z2(f) + Y (f)-X(Z(f)) + Yg(Z, X)
+Y(Z(N)-X(f)+ 2()).Y(X(f)) — Z9(X,Y)
—Z(X(FY () = X()-Z(Y () +gf (27, [X, Y]
+gf (Y712, X)7) — gf (X7 [V, Z]7)
=Xg(Y, Z) + X(Y(f))- ( ) +Yg(Z,X) + Z(f)Y(X())
fZg(XYHg(Za[X Y)+ Z(5)- X, YI(f)
+9(v, 12, X]) = 9(X,[Y; Z])
=29(VxY, Z) +2X(Y(f))-Z(f)
=2[g} (VxY)",Z") = VxY (/). Z(f) + XY (f)).Z(])]

which implies that

2001 (Ve ¥, 2H) <20gf! (V)" 2%) + ~g(¥, Vxcgrad f)gff (grad )", 2%

1
=297 (VxY)" + —g(Y, Vxgrad f)(grad )", Z").
2) Direct calculations give

200 (Vi Y, 2V) =X gl (v, 2V) + YH gl (2V X ) - 2V gl (X" Y H)
+gf 2V XT YT + gf (VT 12V, X))
—gf (X", [Y",Z27))
=g7 (2V,[X", YH])
=— g7 (R(X,Y)uw)", Z")

The other formulas are obtained by a similar calculation. O

As a direct consequence of Lemma 2.2, we get the following theorem.

Theorem 2.3. Let (M, g) be a Riemannian manifold and (T M, g}q) its tangent bun-
dle equipped with the horizontal Sasaki gradient metric. If V (resp V/) denote the
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Levi-Civita connection of (M, g) (resp. (TM,g{")), then we have:

L(Via¥™)y = (VxV) + g (Y, Vxgrad f)(grad )
5 (R(X, V)Y,
2 (Vu¥VV)y = (V)Y 5oge(R(w,Y)X grad f)(grad )}
(R, V)X,
3.V V™), = L(Relwn X)V)T — S gu(R(u, X)Y, grad f)(grad /)1
4.V, YY), = o,

for all vector fields X, Y € T(TM) and p = (z,u) € TM, where R denote the curva-
ture tensor of (M, g).

From Definition 1.1 and Theorem 2.3, we have:

Proposition 2.4. Let (M,g) be a Riemannian manifold and let (TM, g}{) be its

tangent bundle equipped with the horizontal Sasaki gradient metric. If V (resp. V1)
denote the Levi-Civita connection of (M, g) (resp. (T M, g?)) and K is a tensor field
of type (1,1) on M, then:

DV HE)y = H(VXE), + —g.(K (), Vxgrad )(grad )}

2 (ViwVE)y = V(VxK), — 5go(Ru K ()X, grad f)(grad /)]
45 (Rl K () X),

B (Vi HE)y = (KOO — 5 -ga(Rlu, X)K (u), grad f) (grad /)]
—i—%(Rx(u,X)K(u))H,
YV VE), = (KX,

where p = (z,u) € TM, X e I'(TM), and R denotes the curvature tensor of (M, g).

Proof. Let p = (x,u) € TM, u = u’ 821. and let U = u? 6‘; be a constant vector field.
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By Definition 2.1 and Theorem 2.3, we have:

1) (VL HK), = [VQHyk(K(%))Hp
= XK G+ VK]
- —Xiujffj(K(%))f+Uk(vXK((%))£I
+%gr(K(aik),ngmdf)(gmdf)g
(R K Gl

= (K(VXU)Y + (VKDL — 5 (Re(X, K (w)u)”
429 (K (), Vxgrad f) (grad )}

= (VxE)OD + =0 (K(w), Vxgrad f)grad )}

= (H(VxK))y + ~00(K(u), Vxgrad f)(grad )

2) (ViuVEK), = [VQHy’“(K(W))V}

1o}

O
0

%))V

P

i 0
-X uJFfj(K(@

(Rl K ()X, grad ) (grad )

))X + uF(Vx K (
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= —(K(VxU)), +(VxK(U)), + %(RI(U,K(U))X)H
—%gz(R(u,K(u
= (VxE)U)), +

1
—ﬁgI(R(u, K(u

~—

)X, grad f)(grad f);

(Ra(u, K (u)) X)"

— N~

)X, grad f)(grad f);

= V(VxK),+ %(Rm(u, K(u)X)"
1

59 (R(u. K (u)X, grad f)(grad f);'.

The other formulas are obtained by a similar calculation. O

3 Curvatures of horizontal Sasaki gradient metric

3.1 The Riemannian curvature

We shall calculate the Riemannian curvature tensor of T'M with the horizontal Sasaki
gradient metric g}{ .

Theorem 3.1. Let (M, g) be a Riemannian manifold and (T M, g?) its tangent bun-
dle equipped with the horizontal Sasaki gradient metric. If R (resp. R) denote the
Riemann curvature tensor of (M,g) (resp. (TM, gf)), then we have the following
formula:

(3.1) RI(XV,YV)ZV =0.

RI(XH,YV)ZY = [ig(R(u, Y)R(u, 2)X, grad f)grad f

4o
+ ig(R(u, Z)X, grad f)R(u,Y )grad f
(3.2) - %R(Y, Z)X — iR(u, Y)R(u, Z)X} "

RIXV,YV)ZH = [R(X, Y)Z + iR(u,X)R(u,Y)Z - iR(u, Y)R(u,X)Z
+ 2 g(R(u, V) R(u, X)Z, grad f)grad |

- ig(R(u,X)R(u,Y)Z, grad f)grad f

+ 2 0(R(u, X)Z, grad f)R(u, ¥ )grad |

(3.3) - ig(R(u,Y)Z, grad f)R(u, X)grad f}

H
4oy T
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RI(XH yV)ZH = ig(R(u, Y)grad f, Z)V xgrad f

— ig(Z, Vxgrad f)R(u,Y)grad f

20
X(a)
402

+ %(VXR)(U,Y)Z + g(R(u,Y)Z),grad f)grad f

- %g((va)(w Y)Z + R(VxU,Y)Z,grad fgrad f]
i [%R(X, Z)Y — iR(X, R(u,Y)Z)u

(3.4) + ig(R(u, Y)Z,grad f))R(X, grad f)u v

x

REXM, Y™ 2V = [[5-g(R(VYU, 2)X — R(VxU, Z)Y, grad f)

+ 28 g ttu, 2y, graa ) - 29 g rw, 2)X grad )
+ o 0((Ty R)(w, 2)X — (Vx R)(w, 2)Y, grad )] grad |

+ %(VxR)(u, 2)Y — ig(R(u, 2)Y, grad )V xgrad f
- %(VyR)(u, )X + ig(R(u, )X, gradf)Vygmdf}H
+ R Y)Z - i(R(X, R(u, Z)Y )u + ER(Y, R(u, 2)X)u

+ ig(R(Uv 2)Y, grad f)R(X, grad f)u

(3.5) - ig(R(u7 Z)X, grad f)R(Y, grad f)u}:

RI(XH Yy ZH = [[ég(R(X, Y)grad f,7Z) — ig(R(u, R(X,Y)u)Z,grad f)

+ ig(R(u, R(Y,Z)u)X — R(u, R(X, Z)u)Y, grad f)

4o
Y X
+ 20 ., Vagrad ) - 58 (v, Vsgrad ) grad

1 1

+ ag(Y, Vzgrad f)Vxgrad f + ZR(U, R(X,Z)u)Y
1 1

— ag(X, Vzgrad f)Vygrad f — ZR(U’ R(Y, Z)u)X

Y RX,Y)Z + %R(u, R(X, Y)u)zf
+ [%(VzR)(X, Y)u— ig(Y, Vzgrad f)R(X, grad f)u
(3.6) + %g(x, Y zgrad f)R(Y, grad f)u}:.
for all (z,u) e TM, X,Y,Z,U e (TM) and U, = u.
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Proof. Let p = (z,u) € TM, X,Y,Z,U € T(TM) and U, = u is a constant vector
field. By applying Definition 2.1, Lemma 2.1, Theorem 2.3 and Proposition 2.4 we
have:

1) Since V%, YV = 0, Hence

RI(XV, Y2V =V Vi 2V =V Vi 2V =V 02V =0
RN (X YV)ZY = Vi u Vi 2V =V Viu 2V = Vi o 2V

i) We have V&HV{,VZV =0.
i1) Let K be the bundle endomorphism given by

K:TM — TM
u +— R(u,Z)X

From direct calculation we get,
ool gV _of v 1o
VivVnZ' =Viy (VxZ2) + §VYV [HK]
: 1
~ Vi[5 (Blu 2) X, grad f)(grad )]

SRV, 2)X)" 4 L(R(u,Y)R(u, 2)X)"
~ 9B, Y)R(u, 2)X, grad f) (grad /)",

+ 2o 0(Ru, 2)X, grad f)(R(uw, ¥ )grad )"

ii1) We have

which gives,

RIXH YVzV = [ 1 (R(u,Y)R(u, Z)X, grad f)grad f

@9
1
+ EQ(R(U, Z)X, grad f)R(u,Y)grad f

1 1 H
— 3R, Z)X — R(u,Y)R(u. 2)X

forall | XY, Z e T(TM).
3) Applying formula (3.2) and 1% Bianchi identity.

RI(XV,YV\zH = RI(ZH YV)XV — R (ZH , XV)YV,
we get

I, YV)XY = [ g(R(u, Y) R, X) 7, grad fgrad f
1

+ —g(R(u, X)Z, grad f)R(u,Y )grad f

1

la
1 H
— SR, X)Z = JR(uw,Y)R(u.X)Z| |
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and

I, XV)YY = [ g(Ru X)R(w,Y)Z, grad f)grad f

i
+ -9(R(w Y)Z, grad f)R(u, X)grad |

1 1 H
— SR(X.Y)Z - ZR(mX)R(mY)Z} ,
which gives,
RI(XV YY)z = [R(X, Y)Z + iR(u,X)R(u,Y)Z - iR(u, Y)R(u, X)Z
+ ig(R(u7 Y)R(u, X)Z, grad f)grad f

— ig(R(mX)R(mY)Z grad f)grad f

+ 1o 0(Rw, X)Z, grad f)R(u, Y )grad |

1 H
~ -9(R(w.Y)Z,grad f)R(u, X )grad f] .
forall , X|Y,Z e T(TM).
The other formulas are obtained by a similar calculation. O
3.2  Sectional curvature

In the following let Qf (V, W) denote the square of the area of the parallelogram with
sides V and W for V,W € I'(TTM), given by

(3.7) QI(V,W) = gf (V,V)gf (W, W) — gf (V,IW)?.
Let G be the (2,0)-tensor on the tangent bundle TM, for V,W € T'(TTM) given by
(3.8) GH(V,W) = gf (R (V. W)W, V).
Let further p € T'M, V,, and W, be linearly independent, and let
Gf (V,,, W)
3.9 K1 (V,,W,) = 222
( ) ( p P) Qf(Vp7 Wp)

be the sectional curvature of the plane spanned by V,, and W,,.

Lemma 3.2. Let (M, g) be a Riemannian manifold and let (T M, gf) be its tangent
bundle equipped with the horizontal Sasaki gradient metric. Then for any vector fields
X, Y eT'(TM), we have
DRIXTYT) = QX Y)+|XIPY (NP + IYIPX ()2
—29(X, V)X ()Y (f),
) QIxX™ YY) = [IXI?+ XY
I QF(XV. YY) = QX.Y),

where Q(X,Y) = | X[?[[Y]]* — (X, Y)?.
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Proof. Direct calculations give

N IX",YH) =

I QT ( XV, YY)

= g/ (X", XM}

H. EI hendi and A. Zagane

gf (X, XM)gf (VI Y ) — gff (XH, Y H)?
(90X, X) + [X())*) (9(V,Y) + [V ()])
~l9(X,Y) + X(HY ()
(X112 + X HOP) (Y112 +
~l9(X,Y) + X(HY ()

QX,Y) + I XIP[Y (HP + IV IP[X ()
—29(X, V)X (/)Y (f)-

Y (£)1?)

(YV YV) g?(XH,YV)Z
X(NHX(f)g(Y,Y)
+IXHOPIY ).

(9(x, X) +
(X1 +

g}{(XV7XV)gj}"I(YV7 YV)
9(X, X)g(Y,Y)
XY -
QX,Y).

- g}{(XV7 YV)2
—g(X,Y)?
9(X,Y)?

Lemma 3.3. Let (M, g) be a Riemannian manifold and let (T M, g}q) be its tangent
bundle equipped with the horizontal Sasaki gradient metric. Then for any vector fields

X, Y eT(TM), we have

i) GH(x" vty =

g(R(Xa Y)Ya X) -

*IIR(X Y)ul* ~ *[ (X, Vygrad f)]?

1
+-9(X, Vxgrad f)g(Y, Vygrad f),

i) GI(XH YY) =

i) GH(XV, YY) = o.

Proof. i) From formula (3.6

GH(XH, yH)

1
ZIRG,Y)X? -

lo(R(wY) X, grad PP,

), we have

gf (RT(XT yHyyH X



Horizontal Sasaki gradient metric 69

GH(xH yH)

which implies that

GH(xH yH)

ég(R(X, Y)grad f,Y)aX(f)

_ig(R(u, R(X, Y)u)Y, grad f)aX(f)

+£9(R(u, R(Y,Y)u)X, grad f)aX(f)

_ig(R(u, R(X,Y)u)Y, grad f)aX(f)

Y(a)
202
X ()
202

1
+59(Y, Vygrad f)g(Vxgrad f, X)

+

9(X, Vygrad f)aX(f)

g(Y,Vygrad f)aX(f)

2 g(¥, Vygrad f)g(V xgrad §, grad f) X (/)

1
*ag(X, Vygrad f)g(Vygrad f, X)

~ 29X, Vygrad f)g(Vygrad f, grad f)X(f)]
+9(R(X,Y)Y, X) + g(R(X. Y)Y, grad f)X(f)
2 9(R(u, R(X, Y)Y, X)

2

%Q(R(u, R(X,Y)u)Y, grad )X (f)

+0(R(w, RO, Y )u)Y, X)

J&Q(R(u, R(X,Y)u)Y,grad f)X(f)
— (R, ROV, Y Ju) X, X)

—%g(R(u, R(Y,Y)u)X, grad f)X(f),

= G(RECY)Y X) = SR V)l ~ ~[g(X, Vygrad )

1
EQ(X’ Vxgrad f)g(Y,Vygrad f).

i7) From formula (3.2), we have

GI(xX" YY) = g/ (RI(XT Y)YV, x)
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GIXH, YY) = og(R(u,Y)R(w,Y)X, grad fJaX(f)

~ 9(R(w Y) R, V)X, X)

1

~39(R(u.Y)R(u.Y)X, grad )X (f)

+$Q(R(u, )X, grad f)g(R(u,Y)grad f, X)

1 1
i7i) The result follows immediately from formula (3.1)

GIXV YY) = gf(RI(XxV.YV)YV,XV)=0.

Theorem 3.4. Let (M, g) be a Riemannian manifold and let (T M, g?) be its tangent
bundle equipped with the horizontal Sasaki gradient metric. If K (resp., K') denote

the sectional curvature tensor of (M,g) (resp., (T M, g]{{)), then for any vector fields
X, Y eT'(TM), we have

1 3 9
(1)Kf(XH>YH) = WQ(X,Y)K(X,Y)—ZHR(X,Y)uH

2 {g(X, Vv grad )

1
+—9(X, Vxgrad f)g(¥, Vygrad f)|.

Y - 1 1 )
QKXY = e R DX
1

i

B)YKH(XV, YY) = o.

l9(R(u, Y)X, grad f)]2],

Here we assumed that X and'Y are linearly independent in (1).

Proof. The division of G¥(X*,Y7) by Qf(X*,Y7) for i,j € {H,V} gives the result.
(|

Proposition 3.5. Let (M,g) be a Riemannian manifold of constant sectional cur-
vature A and let (T'M, g}{{) be its tangent bundle equipped with the horizontal Sasaki
gradient metric. If K/ denotes the sectional curvature tensor of (T M, g?), then for
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any orthonormal vector fields X, Y € T'(T M), we have

(1) KX,y [9(X,u)* + g(Y, u)?]

1 [)\ 3N
KOV ORL T
2 {g(X, Vygrad /)P

1
+—9(X, Vxgrad f)g(Y, Vygrad f)|.

@ KI(xHyV) = A9 <4X(§L>+<[ ([)}({)1)»

BYKH(XV YY) = o,
Proof. for any orthonormal vector fields X,Y € I'(T'M),
QX,Y)=1, Q/(x".Y™") =1+ [X(/)* + Y (N
Since M has constant curvature K(X,Y) = A, then
R(X,Y)u=A[g(Y,u)X — g(X,u)Y],
and direct calculations lead to

[9(R(u,Y)X, grad f)]? N g(X,u)?[Y (),
IR, Y)ul* = N[g(X,u)* +g(Y,u)?],
IR, Y)X[I* = MNg(X,u)?,

then the result. O

Remark 3.1. Let (M, g) be an m-dimensional Riemannian manifold and let (T'M, g}q )
be its tangent bundle equipped with the horizontal Sasaki gradient metric. If (Ei)i:ﬁn

grad f

a local orthonormal frame on M such that E; = , a # 1, then, we get an or-

thonormal frame (F,) on TM, where

a=1,2m

1
FlzﬁEf , Fi=El" and Fpj=E) |, i=2m , j=1m.

Then the following Lemma is a direct consequence of Remark 3.1

Lemma 3.6. Let (M, g) be a m-dimensional Riemannian manifold and let (T'M, g]f[)
be its tangent bundle equipped with the horizontal Sasaki gradient metric. If (Ei)i:m
is a local orthonormal frame on M and (F,),_1z, i a local orthonormal frame on
TM defined by Remark 3.1, then

) Qf(FoFy) =1, K/ (Fy,Fy) =Gl (Fu,Fy)) , a,b=T1,2m eta#b,
2) Ei(f)=va—-1, Ej(f)=0, j
3) 2g(Vg,grad f,grad f) = E;(a) , i=1,

23 m,

E
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Lemma 3.7. Let (M, g) be a m-dimensional Riemannian manifold and let (T M, g?)
be its tangent bundle equipped with the horizontal Sasaki gradient metric. If (Ei)i:m
(resp., (Fu) u—13m/) are local orthonormal frames on (M resp., TM ), then the sectional
curvature K¥ satisfies the following equations fori,j =2, mand k,1 =1, m

K'(F;, F;) = K(E;, E;) — ||R(E1,E Jull* - *[ (Ei, Vg, grad f))?
1
+ Eg(Ei, Vg grad f)g(E;, Vg, grad f),
; 1 3 , 1 ,
K (B, Fy) = — K (B, By) = = |R(Ey Ejull® = —5[9(Ey, Vi, grad f)]
1
+ JQ(EMVElgmdf)g(Ejvajgmdf)v
1 1
K (F;, Frosk) =1HR(u,Ek)Ei||2 - E[Q(R(UaEk)Ei,gmdf)]{

1
KI(Fy, Fonr) = - [ R(w, By B |2,
K (Fpy1, Frogk) =O0.

Proof. The statement is a direct consequence of Theorem 3.4 and Lemma 3.6. O

3.3 The scalar curvature

Theorem 3.8. Let (M, g) be a m-dimensional Riemannian manifold and let (T M, g}{)
be its tangent bundle equipped with the horizontal Sasaki gradient metric. If o (resp.,
ol ) denote the scalar curvature of (M, g) (resp., (T M, gf)), then we have

1 & 1 <& 1
=0—7 Z R(E;, Egyull® = 5 > [9(R(Ei, Bju, grad f)]* + —A(f)?
: ,j:].
2 a+2 & )
ag Rlgrad f,B5) By, grad §) = gore =3y 3 IRl Bpgrad f|

U 1
_ - Z (Vg grad f, Ej)]2 — Eg(grad fygrad ) A(f) + §||grada||2.

1,J=2

where (E;);,_1; is a local orthonormal frame of (M, g) and A is the Laplacian of f.



Horizontal Sasaki gradient metric 73

Proof.

m

m
of = Z KN (F Fy) +2 ) K Fogg) + ) K (B, Frug)
1,7=1 1,7=1 1,0=1
i#] i#]

m m m
=Y K/(F,F)+2) K/(F,F)+2) K/(F\,Fnj)
i,j=2 j=1 j=1
i#j
m
+2 Z Kf(Fiva-i-j)
i=2,j=1
1
- Z [ (Ei, Ej) *HR(EnEj)uIIZ - 5[9(Ei,VEjgmdf)]2
J=2
ij#j
1
+ ~9(E,, Vi grad f)g(E;, Vi, grad f)|

+2Z[ (Fr, By) — | R(Ey, Bpull? — —lg(By, Vs, grad f)

LU |
+ —ng(El7 Vg, grad f)g(E;, VEjgradf)} + 22 EHR(U, Ej)E1||2
j=1

S N2 L N 2
w23 | IR, BB =+ [9(R(u, ;) Ei, grad f))?]
=0 ~2) K(By,Ej) — > IRE Eyul* — — 3 [9(E:, Vi, grad )]
j=1 ij=1 ij=1
1 m 1 m
+ > Z[ (E1, Vg, grad f)]? E Z (Ei,VE,grad f)g(E;,VE,;grad f)
j=1 =1
1 & 2
- a Zg(El,VElgTCLdf)g(Ej,VEng‘adf) + a ZK(ElvE])
: =

2 m
|R(Ey, Ej)ul® Q—Z 9(E1,Vp,grad f))?

|
5] e
I

1

J
m

2 = 1 )
+?9(E1,VElgradf);g i, VE,grad f) + 2—2 |1 R(u, E;)En||

1 & 1 —
+3 Z |R(u, E;)E;||* — 3 Z | R(u, E;) B ||?

i,j=1 Jj=1
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1 m
~ 5 Z R(u, E;)E;, grad f))?
4,J=1
m
In order to simplify this last expression, we put u = Z u; F; and get
j=1

> IR(u, E)E;|* = Z upwg(R(Ey, E;)E;i, R(Ey, E;)E;)

i,7=1 ,gk:l 1

= Z upwg(R(Ey, Ej)Ei, Es)g(R(Ey, Ej) E;, Es)
i,5.k,l,s=1

= Y wwg(R(E;, By)Ey, E;)g(R(E;, E,)Ey, E)
i,7,k,l,s=1

m

Z g(R(Ei7 Es)“’v g(R(Ei7 Es)u’ EJ)EJ)

2,7,8=1

> IR(E;, Ej)ull®.

ij=1

Then, using the formula

1
Vgrad fgrad f = igrad a,

we infer
1 & 1 & 1
of =0 =3 D0 IREL Eull® = 5= > lg(R(E:, Bj)u, grad ) + ~A(f)?
i,j=1 1,5=1

2 ¢ a+2 &
—aZg( (grad f, E;)E;, grad f) — TZHRUE Ygrad f|?

1 & 1 1
—— > [9(Ve,grad £, E;)* = —g(grad f.grad )A(f) + 5 lgrada”.

i,j=2
O

Proposition 3.9. Let (M, g) be a m-dimensional Riemannian manifold of constant
sectional curvature A and (T M, gf) its tangent bundle equipped with the horizontal
Sasaki gradient metri. Si o/ denote the scalar curvature of (T M, g}q), then, we have
of — [a(S—m)+3—2m
2a(a — 1)
am—2)+2
Lam-2)+2

@

3 o(Vigrad f B + ~A(F)? — ~sggrad fgrada)A(f),

1,j=2

g9(u, grad f)? —

1
(m— DA+ gngmdaw

where (E;),_1; is a local orthonormal frame of (M, g).
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Proof. Using the formulas of curvature and scalar curvature of a Riemannian manifold
with constant sectional curvature A we have, for all vector fields X,Y,Z € TM,

RX,Y)Z =)\g(Y,2)X — g(X,Z)Y]

and
o=m(m—1)A\
Hence
> IIR(E: Ejul® =2(m — DA% |lu]]?,
ij=1
> [9(R(Ei, Ej)u, grad f)]* =2X°[(a = D)l[u]|* — g(u, grad f)?],
ij=1
Zg(R(gradf, E;)E;,grad f) =(m —1)(a — 1),
j=1
> IR, Bj)grad f|* =22%[(a — Dull? + (m — 2)g(u, grad )*].
j=1
From Theorem (3.8), we deduce the result. O

3.4 Curvature properties.

We shall now compare the geometries of the manifold (M, g) of and its tangent bundle
(TM, gf ) equipped with the horizontal Sasaki gradient metric.

Theorem 3.10. Let (M, g) be a Riemannian manifold, let (T M, gJIc{) be its tangent
bundle equipped with the horizontal Sasaki gradient metric and let f be a constant.
Then TM s flat if and only if M is flat.

Proof. If f is constant, then from Theorem 3.1, we have that R = 0 implies R = 0.
Applying formula (3.6), for all X,Y,Z € T(TM) and x € M, we have

Rf

[ (XY 2T = (R,(X,Y)2)"

Then R/ = 0 implies R = 0. (|

Corollary 3.11. Let (M,g) be a Riemannian manifold, let (T M, gf) be its tangent
bundle equipped with the horizontal Sasaki gradient metric, and let f be nonconstant.
Then TM flat implies M flat.
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Proof. Applying formula (3.3), for all X,Y,Z € T'(TM) and 2 € M, we have

rf

(20X YY) ZH = (Ro(X,Y) 2)™;

then Rf = 0 implies R = 0. ]

Corollary 3.12. Let (M,g) be a Riemannian manifold, let (T M, g?) be its tangent
bundle equipped with the horizontal Sasaki gradient metric and let f be constant. Then
(TM, g?) has constant scalar curvature if and only if the scalar curvature is zero.

Proof. The result is an immediate consequence of Theorem 3.8. (]
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