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Abstract. In this paper, we introduce the horizontal Sasaki gradient met-
ric on the tangent bundle TM over an m-dimensional Riemannian mani-
fold (M, g) as a new metric with respect to g non-rigid on TM . First, we
investigate the Levi-Civita connection and we characterize the sectional
curvature, the scalar curvature for the horizontal Sasaki gradient metric.
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1 Introduction

We recall some basic facts about the geometry of the tangent bundle. In the present
paper, we denote by Γ(TM) the space of all vector fields of a Riemannian manifold
(M, g).
Let (M, g) be an n-dimensional Riemannian manifold and (TM, π,M) be its tangent
bundle.

A local chart (U, xi)i=1...n on M induces a local chart (π−1(U), xi, yi)i=1...n on
TM . Denote by Γk

ij the Christoffel symbols of g and by ∇ the Levi-Civita connection
of g.
We have two complementary distributions on TM , the vertical distribution V and the
horizontal distribution H, defined by

V(x,u) = ker(dπ(x,u)) =
{
ai

∂

∂yi
|(x,u); ai ∈ R

}
H(x,u) =

{
ai

∂

∂xi |(x,u)
− aiyjΓk

ij

∂

∂yk |(x,u)
; ai ∈ R

}
where (x, u) ∈ TM , such that T(x,u)TM = H(x,u) ⊕ V(x,u).

Let X = Xi ∂
∂xi be a local vector field on M . The vertical and the horizontal lifts of

X are defined by

XV = Xi ∂

∂yi
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(1.1) XH = Xi δ

δxi
= Xi

{ ∂

∂xi
− yjΓk

ij

∂

∂yk

}
For consequences, we have

( ∂

∂xi

)H

=
δ

δxi
and

( ∂

∂xi

)V

=
∂

∂yi
; then

( δ

δxi
,
∂

∂yi

)
i=1..n

is a local adapted frame in TTM .

The geometry of the tangent bundle of a Riemannian manifold (M, g) is very
important in many areas of mathematics and physics. In recent years, a lot of studies
about their local or global geometric properties have been published in the literature.
When the authors studied this topic, they used different metrics which are called
natural metrics on the tangent bundle. Firstly, the geometry of a tangent bundle has
been studied by using a new metric gs, which is called Sasaki metric, with the aid
of a Riemannian metric g on a differential manifold M in 1958 by Sasaki [17]. It is
uniquely determined by

gs(XH , Y H) = g(X,Y ) ◦ π
gs(XH , Y V ) = 0(1.2)

gs(XV , Y V ) = g(X,Y ) ◦ π

for all vector fields X and Y on M . More intuitively, the metric gs is constructed
in such a way that the vertical and horizontal sub bundles are orthogonal and the
bundle map π : (TM, gs) −→ (M, g) is a Riemannian submersion.

After that, the tangent bundle could be split to its horizontal and vertical subbun-
dles with the aid of the Levi Civita connection ∇ on (M, g). Later, the Lie bracket of
the tangent bundle TM , the Levi Civita connection ∇s on TM and its Riemannian
curvature tensor Rs have been obtained in [8] and [12]. Furthermore, were derived ex-
plicit formulas of another natural metric gCG, which is called Cheeger-Gromoll metric
on the tangent bundle TM of a Riemannian manifold (M, g) and which is uniquely
determined by

gCG(X
H , Y H) = g(X,Y ) ◦ π

gCG(X
H , Y V ) = 0(1.3)

gCG(X
V , Y V ) =

1

α
{g(X,Y ) + g(X,u)g(Y, u)} ◦ π,

where X,Y ∈ Γ(TM), (x, u) ∈ TM , α = 1 + gx(u, u). This metric has been given by
Musso and Tricerri in [13], using Cheeger and Gromoll’s study [7]. The Levi Civita
connection ∇CG and the Riemannian curvature tensor RCG of (TM, gCG) have been
obtained in [18] and [11], respectively. The sectional curvatures and the scalar curva-
ture of this metric were derived as well. These results were completed in 2002 by S.
Gudmundson and E. Kappos in [11]. They have also shown that the scalar curvature
of the Cheeger Gromoll metric is never constant if the metric on the base manifold
has constant sectional curvature. Furthermore, in [2] M.T.K. Abbassi, M. Sarih have
proved that TM with the Cheeger Gromoll metric is never a space of constant sectional
curvature. A more general metric was given by M. Anastasiei in [1], which generalizes
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both metrics mentioned above in the following sense: it preserves the orthogonality
of the two distributions, on the horizontal distribution it coincides with the one from
the base manifold, and finally the Sasaki and the Cheeger-Gromoll metric can be
obtained as particular cases of this metric. A compatible almost complex structure is
also introduced and hence TM becomes an locally conformal almost Käherian man-
ifold. V. Oproiu and his collaborators constructed a family of Riemannian metrics
on the tangent bundles of Riemannian manifolds which possess interesting geometric
properties (see [15], [16]). In particular, the scalar curvature of TM can be constant
also for a non-flat base manifold with constant sectional curvature. Then M.T.K.
Abbassi and M.Sarih proved in [3] that the considered metrics by Oproiu form a par-
ticular subclass of the so-called g-natural metrics on the tangent bundle. Recently,
the geometry of the tangent bundles with Cheeger-Gromoll metric has been studied
by many mathematicians (see [2], [14], [19], etc).

Zayatuev in [24] introduced a Riemannian metric on TM given by

gsf (X
H , Y H) = f(p)gp(X,Y )

gsf (X
H , Y V ) = 0(1.4)

gsf (X
V , Y V ) = gp(X,Y )

for all vector fields X and Y on (M, g), where f is strictly positive smooth function
on (M, g). In [21] J. Wang, Y. Wang called gsf the rescaled Sasaki metric and studied
the geometry of TM endowed with gsf .

H. M. Dida, F. Hathout in [9], defined a new class of naturally metric on TM
given by

Gf
(p,u)(X

H , Y H) = gp(X,Y )

Gf
(p,u)(X

H , Y V ) = 0(1.5)

Gf
(p,u)(X

V , Y V ) = f(p)gp(X,Y )

for some strictly positive smooth function f in (M, g) and any vector fields X and Y
on M . We call Gf a vertical rescaled metric.

L. Belarbi, H. El Hendi in [4], defined a new class of natural metrics on TM , given
by

Gf,h
(p,u)(X

H , Y H) = f(p)gp(X,Y )

Gf,h
(p,u)(X

V , Y H) = 0(1.6)

Gf,h
(p,u)(X

V , Y V ) = h(p)gp(X,Y )

where f, h are strictly positive smooth functions on M and X, Y are vector fields
on M . For h = 1, the metric Gf,h is exactly the rescaled Sasaki metric. If f = 1,
then the metric Gf,h is exactly the vertical rescaled metric. We call Gf,h the twisted
Sasaki metric.
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L. Belarbi, H. El Hendi in [5], defined a new class of natural metrics on TM , given
by

gf (XH , Y H)(x,u) = gx(X,Y )

gf (XV , Y H)(x,u) = 0(1.7)

gf (XV , Y V )(x,u) = gx(X,Y ) +Xx(f)Yx(f),

where f is a strictly positive smooth function on M and X, Y are vector fields on M .
We call gf the gradient Sasaki metric. If f is constant, then the metric gf is exactly
the Sasaki metric.

The main idea in this note consists in the modification of the gradient Sasaki metric.
Firstly, we introduce a new metric called the horizontal Sasaki gradient metric on
the tangent bundle TM ; then we establish the Levi-Civita connection of this metric
(Theorem 2.3 and Proposition 2.4) we investigate the Riemannian curvature (Theorem
3.1) and characterize the sectional curvature (Theorem 3.4 and Proposition 3.5), and
also the scalar curvature (Theorem 3.8 and Proposition 3.9).

1.1 Basic notions and definition on TM

Let (M, g) be an m-dimensional Riemannian manifold and let (TM, π,M) be its
tangent bundle. A local chart (U, xi)i=1,n on M induces a local chart

(π−1(U), xi, yi)i=1,n on TM . Denote by Γk
ij the Christoffel symbols of g and by ∇

the Levi-Civita connection of g.

We have two complementary distributions on TM , the vertical distribution V and the
horizontal distribution H, defined by:

V(x,u) = Ker(dπ(x,u)) = {ai ∂

∂yi
|(x,u), ai ∈ R},

H(x,u) = {ai ∂

∂xi
|(x,u) − aiujΓk

ij

∂

∂yk
|(x,u), ai ∈ R},

where (x, u) ∈ TM , such that T(x,u)TM = H(x,u) ⊕ V(x,u).

Let X = Xi ∂
∂xi be a local vector field on M . The vertical and the horizontal lifts

of X are defined by

XV = Xi ∂

∂yi
,(1.8)

XH = Xi δ

δxi
= Xi{ ∂

∂xi
− yjΓk

ij

∂

∂yk
},(1.9)

As consequences, we have ( ∂
∂xi )

H = δ
δxi and ( ∂

∂xi )
V = ∂

∂yi ,

then ( δ
δxi ,

∂
∂yi )i=1,n forming a local adapted frame on TTM .

If w = wi ∂
∂xi + wj ∂

∂xj ∈ T(x,u)TM, then its horizontal and vertical parts are
defined by

wh = wi ∂

∂xi
− wiujΓk

ij

∂

∂yk
∈ H(x,u),(1.10)
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wv = (wk + wiujΓk
ij)

∂

∂yk
∈ V(x,u).(1.11)

Proposition 1.1. [10] Let (M, g) be a Riemannian manifold and R its tensor cur-
vature; then for all vector fields X,Y ∈ Γ(TM) we have:

1. [XH , Y H ]p = [X,Y ]Hp − (Rx(X,Y )u)V ,

2. [XH , Y V ]p = (∇XY )Vp ,

3. [XV , Y V ]p = 0,

where p = (x, u) ∈ TM .

Definition 1.1. Let (M, g) be a Riemannian manifold and K : TM −→ TM be a
smooth bundle endomorphism of TM . Then the vertical and horizontal vector fields
V K and HK are defined on TM by

V K : TM → TTM

(x, u) 7→ (K(u))V ,

HK : TM → TTM

(x, u) 7→ (K(u))H ,

locally we have

V K = yiKj
i

∂

∂yj
= yi(K(

∂

∂xi
))V ,(1.12)

HK = yiKj
i

∂

∂xj
− yiykKj

i Γ
s
jk

∂

∂ys
= yi(K(

∂

∂xi
))H .(1.13)

2 Horizontal Sasaki gradient metric

Definition 2.1. Let (M, g) be a Riemannian manifold and f : M →]0,+∞[. On the
tangent bundle TM , we define a horizontal Sasaki gradient metric noted gHf by

1. gHf (XH , Y H)(x,u) = gx(X,Y ) +Xx(f)Yx(f),

2. gHf (XH , Y V )(x,u) = 0,

3. gHf (XV , Y V )(x,u) = gx(X,Y ),

where X,Y ∈ Γ(TM), (x, u) ∈ TM .

Remark 2.2. 1. If f is constant, then gHf is the Sasaki metric [22],

2. gHf (XV , (grad f)V ) = g(X, grad f) = X(f),

3. gHf (XH , (grad f)H) = (1 + ∥grad f∥2)X(f) = αX(f),

where X,Y ∈ Γ(TM) and α = 1 + ∥grad f∥2, ∥.∥ denotes the norm with respect
to (M, g).
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In the following, we consider α = 1 + ∥grad f∥2.
Lemma 2.1. Let (M, g) be a Riemannian manifold; then we have the following

1. XV gHf (Y V , ZV ) = 0,

2. XV gHf (Y H , ZH) = 0,

3. XHgHf (Y V , ZV ) = Xg(Y, Z),

4. XHgHf (Y H , ZH) = Xg(Y,Z) +X(Y (f)).Z(f) + Y (f).X(Z(f)),

where X,Y, Z ∈ Γ(TM).

Proof. Then the claim follows from Definition 2.1. □

2.1 The Levi-Civita connection

We shall calculate the Levi-Civita connection ∇f of TM endowed with the hor-
izontal Sasaki gradient metric gHf . This connection is characterized by the Koszul
formula:

2gHf (∇f

X̃
Ỹ , Z̃) = X̃gHf (Ỹ , Z̃) + Ỹ gHf (Z̃, X̃)− Z̃gHf (X̃, Ỹ )

+gHf (Z̃, [X̃, Ỹ ]) + gHf (Ỹ , [Z̃, X̃])− gHf (X̃, [Ỹ , Z̃]).(2.1)

for all X̃, Ỹ , Z̃ ∈ Γ(TM).

Lemma 2.2. Let (M, g) be a Riemannian manifold and let (TM, gHf ) be its tangent

bundle equipped with the horizontal Sasaki gradient metric. If ∇ (resp. ∇f ) denote
the Levi-Civita connection of (M, g) (resp. (TM, gHf )), then we have:

1) gHf (∇f
XHY H , ZH) =gHf

(
(∇XY )H +

1

α
g(Y,∇Xgrad f)(grad f)H , ZH

)
,

2) gHf (∇f
XHY H , ZV ) =− 1

2
gHf

(
(R(X,Y )u)V , ZV

)
,

3) gHf (∇f
XHY V , ZH) =− 1

α
g(R(u, Y )X, grad f)gHf

(
(grad f)H , ZH

)
+

1

2
gHf

(
(R(u, Y )X)H , ZH

)
,

4) gHf (∇f
XHY V , ZV ) =gHf

(
(∇XY )V , ZV

)
,

5) gHf (∇f
XV Y

H , ZH) =− 1

α
g(R(u,X)Y, grad f)gHf

(
(grad f)H , ZH

)
+

1

2
gHf

(
(R(u,X)Y )H , ZH

)
,

6) gHf (∇f
XV Y

H , ZV ) =0,

7) gHf (∇f
XV Y

V , ZH) =0,

8) gHf (∇f
XV Y

V , ZV ) =0.

for all vector fields X,Y ∈ Γ(TM), where R denotes the curvature tensor of (M, g).
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Proof. The proof follows directly from the Kozul formula (2.1), Proposition 1.1, Def-
inition 2.1 and Lemma 2.1.

1) The statement is obtained as follows.

2gHf (∇f
XHY H , ZH) =XHgHf (Y H , ZH) + Y HgHf (ZH , XH)− ZHgHf (XH , Y H)

+ gHf (ZH , [XH , Y H ]) + gHf (Y H , [ZH , XH ])

− gHf (XH , [Y H , ZH ])

=Xg(Y, Z) +X(Y (f)).Z(f) + Y (f).X(Z(f)) + Y g(Z,X)

+ Y (Z(f)).X(f) + Z(f).Y (X(f))− Zg(X,Y )

− Z(X(f)).Y (f)−X(f).Z(Y (f)) + gHf (ZH , [X,Y ]H)

+ gHf (Y H , [Z,X]H)− gHf (XH , [Y, Z]H)

=Xg(Y, Z) +X(Y (f)).Z(f) + Y g(Z,X) + Z(f).Y (X(f))

− Zg(X,Y ) + g(Z, [X,Y ]) + Z(f).[X,Y ](f)

+ g(Y, [Z,X])− g(X, [Y, Z])

=2g(∇XY,Z) + 2X(Y (f)).Z(f)

=2[gHf ((∇XY )H , ZH)−∇XY (f).Z(f) +X(Y (f)).Z(f)]

which implies that

2gHf (∇f
XHY H , ZH) =2[gHf ((∇XY )H , ZH) +

1

α
g(Y,∇Xgrad f)gHf ((grad f)H , ZH)]

=2gHf
(
(∇XY )H +

1

α
g(Y,∇Xgrad f)(grad f)H , ZH

)
.

2) Direct calculations give

2gHf (∇f
XHY H , ZV ) =XHgHf (Y H , ZV ) + Y HgHf (ZV , XH)− ZV gHf (XH , Y H)

+ gHf (ZV , [XH , Y H ]) + gHf (Y H , [ZV , XH ])

− gHf (XH , [Y H , ZV ])

=gHf (ZV , [XH , Y H ])

=− gHf ((R(X,Y )u)V , ZV )

The other formulas are obtained by a similar calculation. □

As a direct consequence of Lemma 2.2, we get the following theorem.

Theorem 2.3. Let (M, g) be a Riemannian manifold and (TM, gHf ) its tangent bun-

dle equipped with the horizontal Sasaki gradient metric. If ∇ (resp ∇f ) denote the
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Levi-Civita connection of (M, g) (resp. (TM, gHf )), then we have:

1. (∇f
XHY H)p = (∇XY )Hp +

1

α
gx(Y,∇Xgrad f)(grad f)HP

−1

2
(Rx(X,Y )u)V ,

2. (∇f
XHY V )p = (∇XY )Vp − 1

2α
gx(R(u, Y )X, grad f)(grad f)Hp

+
1

2
(Rx(u, Y )X)H ,

3. (∇f
XV Y

H)p =
1

2
(Rx(u,X)Y )H − 1

2α
gx(R(u,X)Y, grad f)(grad f)Hp ,

4. (∇f
XV Y

V )p = 0,

for all vector fields X,Y ∈ Γ(TM) and p = (x, u) ∈ TM , where R denote the curva-
ture tensor of (M, g).

From Definition 1.1 and Theorem 2.3, we have:

Proposition 2.4. Let (M, g) be a Riemannian manifold and let (TM, gHf ) be its

tangent bundle equipped with the horizontal Sasaki gradient metric. If ∇ (resp. ∇f )
denote the Levi-Civita connection of (M, g) (resp. (TM, gHf )) and K is a tensor field
of type (1, 1) on M , then:

1) (∇f
XHHK)p = H(∇XK)p +

1

α
gx(K(u),∇Xgrad f)(grad f)HP

−1

2

(
Rx(X,K(u))u

)V
,

2) (∇f
XHV K)p = V (∇XK)p −

1

2α
gx(R(u,K(u))X, grad f)(grad f)Hp

+
1

2
(Rx(u,K(u))X)H ,

3) (∇f
XV HK)p = (K(X))Hp − 1

2α
gx(R(u,X)K(u), grad f)(grad f)Hp

+
1

2

(
Rx(u,X)K(u)

)H
,

4) (∇f
XV V K)p = (K(X))Vp ,

where p = (x, u) ∈ TM, X ∈ Γ(TM), and R denotes the curvature tensor of (M, g).

Proof. Let p = (x, u) ∈ TM , u = ui ∂
∂xi and let U = ui ∂

∂xi be a constant vector field.
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By Definition 2.1 and Theorem 2.3, we have:

1) (∇f
XHHK)p =

[
∇f

XHyk(K(
∂

∂xk
))H

]
p

=
[
XH(yk)(K(

∂

∂xk
))H + yk∇f

XHK(
∂

∂k
)H

]
p

= −XiujΓk
ij(K(

∂

∂xk
))Hp + uk(∇XK(

∂

∂k
))Hp

+
uk

α
gx(K(

∂

∂xk
),∇Xgrad f)(grad f)HP

−uk

2

(
Rx(X,K(

∂

∂xk
))u

)V
= −(K(∇XU))Hp + (∇XK(U))Hp − 1

2

(
Rx(X,K(u))u

)V
+
1

α
gx(K(u),∇Xgrad f)(grad f)HP

= ((∇XK)(U))Hp +
1

α
gx(K(u),∇Xgrad f)(grad f)HP

−1

2

(
Rx(X,K(u))u

)V
= (H(∇XK))p +

1

α
gx(K(u),∇Xgrad f)(grad f)HP

−1

2

(
Rx(X,K(u))u

)V
.

2) (∇f
XHV K)p =

[
∇f

XHyk(K(
∂

∂xk
))V

]
p

=
[
XH(yk)(K(

∂

∂xk
))V + yk∇f

XHK(
∂

∂k
)V

]
p

= −XiujΓk
ij(K(

∂

∂xk
))Vp + uk(∇XK(

∂

∂xk
))V

−uk

2α
gx(R(u,K(

∂

∂xk
))X, grad f)(grad f)Hp

+
uk

2
(Rx(u,K(

∂

∂xk
))X)H
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= −(K(∇XU))Vp + (∇XK(U))Vp +
1

2
(Rx(u,K(u))X)H

− 1

2α
gx(R(u,K(u))X, grad f)(grad f)Hp

= ((∇XK)(U))Vp +
1

2
(Rx(u,K(u))X)H

− 1

2α
gx(R(u,K(u))X, grad f)(grad f)Hp

= V (∇XK)p +
1

2
(Rx(u,K(u))X)H

− 1

2α
gx(R(u,K(u))X, grad f)(grad f)Hp .

The other formulas are obtained by a similar calculation. □

3 Curvatures of horizontal Sasaki gradient metric

3.1 The Riemannian curvature

We shall calculate the Riemannian curvature tensor of TM with the horizontal Sasaki
gradient metric gHf .

Theorem 3.1. Let (M, g) be a Riemannian manifold and (TM, gHf ) its tangent bun-

dle equipped with the horizontal Sasaki gradient metric. If R (resp. Rf ) denote the
Riemann curvature tensor of (M, g) (resp. (TM, gHf )), then we have the following
formula:

Rf
p(X

V , Y V )ZV =0.(3.1)

Rf
p(X

H , Y V )ZV =
[ 1

4α
g(R(u, Y )R(u, Z)X, grad f)grad f

+
1

4α
g(R(u, Z)X, grad f)R(u, Y )grad f

− 1

2
R(Y,Z)X − 1

4
R(u, Y )R(u, Z)X

]H
x
.(3.2)

Rf
p(X

V , Y V )ZH =
[
R(X,Y )Z +

1

4
R(u,X)R(u, Y )Z − 1

4
R(u, Y )R(u,X)Z

+
1

4α
g(R(u, Y )R(u,X)Z, grad f)grad f

− 1

4α
g(R(u,X)R(u, Y )Z, grad f)grad f

+
1

4α
g(R(u,X)Z, grad f)R(u, Y )grad f

− 1

4α
g(R(u, Y )Z, grad f)R(u,X)grad f

]H
x
.(3.3)
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Rf
p(X

H , Y V )ZH =
[ 1

2α
g(R(u, Y )grad f, Z)∇Xgrad f

− 1

2α
g(Z,∇Xgrad f)R(u, Y )grad f

+
1

2
(∇XR)(u, Y )Z +

X(α)

4α2
g(R(u, Y )Z), grad f)grad f

− 1

2α
g((∇XR)(u, Y )Z +R(∇XU, Y )Z, grad f)grad f

]H
x

+
[1
2
R(X,Z)Y − 1

4
R(X,R(u, Y )Z)u

+
1

4α
g(R(u, Y )Z, grad f))R(X, grad f)u

]V
x
.(3.4)

Rf
p(X

H , Y H)ZV =
[[ 1

2α
g(R(∇Y U,Z)X −R(∇XU,Z)Y, grad f)

+
X(α)

4α2
g(R(u, Z)Y, grad f)− Y (α)

4α2
g(R(u, Z)X, grad f)

+
1

2α
g((∇Y R)(u, Z)X − (∇XR)(u, Z)Y, grad f)

]
grad f

+
1

2
(∇XR)(u, Z)Y − 1

2α
g(R(u, Z)Y, grad f)∇Xgrad f

− 1

2
(∇Y R)(u, Z)X +

1

2α
g(R(u, Z)X, grad f)∇Y grad f

]H
x

+
[
R(X,Y )Z − 1

4
(R(X,R(u, Z)Y )u+

1

4
R(Y,R(u, Z)X)u

+
1

4α
g(R(u, Z)Y, grad f)R(X, grad f)u

− 1

4α
g(R(u, Z)X, grad f)R(Y, grad f)u

]V
x
.(3.5)

Rf
p(X

H , Y H)ZH =
[[ 1

α
g(R(X,Y )grad f, Z)− 1

2α
g(R(u,R(X,Y )u)Z, grad f)

+
1

4α
g(R(u,R(Y,Z)u)X −R(u,R(X,Z)u)Y, grad f)

+
Y (α)

2α2
g(X,∇Zgrad f)−

X(α)

2α2
g(Y,∇Zgrad f)

]
grad f

+
1

α
g(Y,∇Zgrad f)∇Xgrad f +

1

4
R(u,R(X,Z)u)Y

− 1

α
g(X,∇Zgrad f)∇Y grad f − 1

4
R(u,R(Y, Z)u)X

+R(X,Y )Z +
1

2
R(u,R(X,Y )u)Z

]H
x

+
[1
2
(∇ZR)(X,Y )u− 1

2α
g(Y,∇Zgrad f)R(X, grad f)u

+
1

2α
g(X,∇Zgrad f)R(Y, grad f)u

]V
x
.(3.6)

for all (x, u) ∈ TM , X,Y, Z, U ∈ Γ(TM) and Ux = u.
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Proof. Let p = (x, u) ∈ TM , X,Y, Z, U ∈ Γ(TM) and Ux = u is a constant vector
field. By applying Definition 2.1, Lemma 2.1, Theorem 2.3 and Proposition 2.4 we
have:
1) Since ∇f

XV Y
V = 0, Hence

Rf (XV , Y V )ZV = ∇f
XV ∇f

Y V Z
V −∇f

Y V ∇f
XV Z

V −∇f
[XV ,Y V ]

ZV = 0.

2)Rf (XH , Y V )ZV = ∇f
XH∇f

Y V Z
V −∇f

Y V ∇f
XHZV −∇f

[XH ,Y V ]
ZV

i) We have ∇f
XH∇f

Y V Z
V = 0.

ii) Let K be the bundle endomorphism given by

K : TM → TM

u 7→ R(u, Z)X

From direct calculation we get,

∇f
Y V ∇f

XHZV =∇f
Y V

(
∇XZ

)V
+

1

2
∇f

Y V

[
HK

]
−∇f

Y V

[ 1

2α
g(R(u, Z)X, grad f)(grad f)H

]
1

2
(R(Y,Z)X)H +

1

4
(R(u, Y )R(u, Z)X)H

− 1

4α
g(R(u, Y )R(u, Z)X, grad f)(grad f)H ,

+
1

4α
g(R(u, Z)X, grad f)(R(u, Y )grad f)H .

iii) We have

∇f
[XH ,Y V ]

ZV =∇f
(∇XY )V

ZV = 0,

which gives,

Rf (XH , Y V )ZV =
[ 1

4α
g(R(u, Y )R(u, Z)X, grad f)grad f

+
1

4α
g(R(u, Z)X, grad f)R(u, Y )grad f

− 1

2
R(Y,Z)X − 1

4
R(u, Y )R(u, Z)X

]H
.

for all , X, Y, Z ∈ Γ(TM).
3) Applying formula (3.2) and 1st Bianchi identity.

Rf (XV , Y V )ZH = Rf (ZH , Y V )XV −Rf (ZH , XV )Y V ,

we get

Rf (ZH , Y V )XV =
[ 1

4α
g(R(u, Y )R(u,X)Z, grad f)grad f

+
1

4α
g(R(u,X)Z, grad f)R(u, Y )grad f

− 1

2
R(Y,X)Z − 1

4
R(u, Y )R(u,X)Z

]H
,
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and

Rf (ZH , XV )Y V =
[ 1

4α
g(R(u,X)R(u, Y )Z, grad f)grad f

+
1

4α
g(R(u, Y )Z, grad f)R(u,X)grad f

− 1

2
R(X,Y )Z − 1

4
R(u,X)R(u, Y )Z

]H
,

which gives,

Rf (XV , Y V )ZH =
[
R(X,Y )Z +

1

4
R(u,X)R(u, Y )Z − 1

4
R(u, Y )R(u,X)Z

+
1

4α
g(R(u, Y )R(u,X)Z, grad f)grad f

− 1

4α
g(R(u,X)R(u, Y )Z, grad f)grad f

+
1

4α
g(R(u,X)Z, grad f)R(u, Y )grad f

− 1

4α
g(R(u, Y )Z, grad f)R(u,X)grad f

]H
.

for all , X, Y, Z ∈ Γ(TM).
The other formulas are obtained by a similar calculation. □

3.2 Sectional curvature

In the following let Qf (V,W ) denote the square of the area of the parallelogram with
sides V and W for V,W ∈ Γ(TTM), given by

(3.7) Qf (V,W ) = gHf (V, V )gHf (W,W )− gHf (V,W )2.

Let Gf be the (2, 0)-tensor on the tangent bundle TM , for V,W ∈ Γ(TTM) given by

(3.8) Gf (V,W ) = gHf (Rf (V,W )W,V ).

Let further p ∈ TM , Vp and Wp be linearly independent, and let

(3.9) Kf (Vp,Wp) =
Gf (Vp,Wp)

Qf (Vp,Wp)
,

be the sectional curvature of the plane spanned by Vp and Wp.

Lemma 3.2. Let (M, g) be a Riemannian manifold and let (TM, gHf ) be its tangent
bundle equipped with the horizontal Sasaki gradient metric. Then for any vector fields
X,Y ∈ Γ(TM), we have

I) Qf (XH , Y H) = Q(X,Y ) + ∥X∥2[Y (f)]2 + ∥Y ∥2[X(f)]2

−2g(X,Y )X(f)Y (f),

II) Qf (XH , Y V ) = [∥X∥2 + [X(f)]2]∥Y ∥2,
III) Qf (XV , Y V ) = Q(X,Y ),

where Q(X,Y ) = ∥X∥2∥Y ∥2 − g(X,Y )2.
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Proof. Direct calculations give

I) Qf (XH , Y H) = gHf (XH , XH)gHf (Y H , Y H)− gHf (XH , Y H)2

=
(
g(X,X) + [X(f)]2

)(
g(Y, Y ) + [Y (f)]2

)
−[g(X,Y ) +X(f)Y (f)]2

=
(
∥X∥2 + [X(f)]2

)(
∥Y ∥2 + [Y (f)]2

)
−[g(X,Y ) +X(f)Y (f)]2

= Q(X,Y ) + ∥X∥2[Y (f)]2 + ∥Y ∥2[X(f)]2

−2g(X,Y )X(f)Y (f).

II) Qf (XH , Y V ) = gHf (XH , XH)gHf (Y V , Y V )− gHf (XH , Y V )2

=
(
g(X,X) +X(f)X(f)

)
g(Y, Y )

= [∥X∥2 + [X(f)]2]∥Y ∥2.

III) Qf (XV , Y V ) = gHf (XV , XV )gHf (Y V , Y V )− gHf (XV , Y V )2

= g(X,X)g(Y, Y )− g(X,Y )2

= ∥X∥2∥Y ∥2 − g(X,Y )2

= Q(X,Y ).

□

Lemma 3.3. Let (M, g) be a Riemannian manifold and let (TM, gHf ) be its tangent
bundle equipped with the horizontal Sasaki gradient metric. Then for any vector fields
X,Y ∈ Γ(TM), we have

i) Gf (XH , Y H) = g(R(X,Y )Y,X)− 3

4
∥R(X,Y )u∥2 − 1

α
[g(X,∇Y grad f)]

2

+
1

α
g(X,∇Xgrad f)g(Y,∇Y grad f),

ii) Gf (XH , Y V ) =
1

4
∥R(u, Y )X∥2 − 1

4α
[g(R(u, Y )X, grad f)]2,

iii) Gf (XV , Y V ) = 0.

Proof. i) From formula (3.6), we have

Gf (XH , Y H) = gHf (Rf (XH , Y H)Y H , XH)
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Gf (XH , Y H) =
1

α
g(R(X,Y )grad f, Y )αX(f)

− 1

2α
g(R(u,R(X,Y )u)Y, grad f)αX(f)

+
1

4α
g(R(u,R(Y, Y )u)X, grad f)αX(f)

− 1

4α
g(R(u,R(X,Y )u)Y, grad f)αX(f)

+
Y (α)

2α2
g(X,∇Y grad f)αX(f)

−X(α)

2α2
g(Y,∇Y grad f)αX(f)

+
1

α
g(Y,∇Y grad f)g(∇Xgrad f,X)

+
1

α
g(Y,∇Y grad f)g(∇Xgrad f, grad f)X(f)

− 1

α
g(X,∇Y grad f)g(∇Y grad f,X)

− 1

α
g(X,∇Y grad f)g(∇Y grad f, grad f)X(f)

]
+g(R(X,Y )Y,X) + g(R(X,Y )Y, grad f)X(f)

+
1

2
g(R(u,R(X,Y )u)Y,X)

+
1

2
g(R(u,R(X,Y )u)Y, grad f)X(f)

+
1

4
g(R(u,R(X,Y )u)Y,X)

+
1

4
g(R(u,R(X,Y )u)Y, grad f)X(f)

−1

4
g(R(u,R(Y, Y )u)X,X)

−1

4
g(R(u,R(Y, Y )u)X, grad f)X(f),

which implies that

Gf (XH , Y H) = g(R(X,Y )Y,X)− 3

4
∥R(X,Y )u∥2 − 1

α
[g(X,∇Y grad f)]

2

+
1

α
g(X,∇Xgrad f)g(Y,∇Y grad f).

ii) From formula (3.2), we have

Gf (XH , Y V ) = gHf (Rf (XH , Y V )Y V , XH)
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Gf (XH , Y V ) =
1

4α
g(R(u, Y )R(u, Y )X, grad f)αX(f)

−1

4
g(R(u, Y )R(u, Y )X,X)

−1

4
g(R(u, Y )R(u, Y )X, grad f)X(f)

+
1

4α
g(R(u, Y )X, grad f)g(R(u, Y )grad f,X)

=
1

4
∥R(u, Y )X∥2 − 1

4α
[g(R(u, Y )X, grad f)]2.

iii) The result follows immediately from formula (3.1)

Gf (XV , Y V ) = gHf (Rf (XV , Y V )Y V , XV ) = 0.

□

Theorem 3.4. Let (M, g) be a Riemannian manifold and let (TM, gHf ) be its tangent

bundle equipped with the horizontal Sasaki gradient metric. If K (resp., Kf ) denote
the sectional curvature tensor of (M, g) (resp., (TM, gHf )), then for any vector fields
X,Y ∈ Γ(TM), we have

(1)Kf (XH , Y H) =
1

Qf (XH , Y H)

[
Q(X,Y )K(X,Y )− 3

4
∥R(X,Y )u∥2

− 1

α
[g(X,∇Y grad f)]

2

+
1

α
g(X,∇Xgrad f)g(Y,∇Y grad f)

]
,

(2)Kf (XH , Y V ) =
1

[∥X∥2 + [X(f)]2]∥Y ∥2
[1
4
∥R(u, Y )X∥2

− 1

4α
[g(R(u, Y )X, grad f)]2

]
,

(3)Kf (XV , Y V ) = 0.

Here we assumed that X and Y are linearly independent in (1).

Proof. The division of Gf (Xi, Y j) by Qf (Xi, Y j) for i, j ∈ {H,V } gives the result.
□

Proposition 3.5. Let (M, g) be a Riemannian manifold of constant sectional cur-
vature λ and let (TM, gHf ) be its tangent bundle equipped with the horizontal Sasaki

gradient metric. If Kf denotes the sectional curvature tensor of (TM, gHf ), then for
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any orthonormal vector fields X,Y ∈ Γ(TM), we have

(1)Kf (XH , Y H) =
1

1 + [X(f)]2 + [Y (f)]2

[
λ− 3λ2

4

[
g(X,u)2 + g(Y, u)2]

− 1

α
[g(X,∇Y grad f)]

2

+
1

α
g(X,∇Xgrad f)g(Y,∇Y grad f)

]
,

(2)Kf (XH , Y V ) =
λ2g(X,u)2(1− [Y (f)]2)

4α(1 + [X(f)]2)
,

(3)Kf (XV , Y V ) = 0,

Proof. for any orthonormal vector fields X,Y ∈ Γ(TM),

Q(X,Y ) = 1 , Qf (XH , Y H) = 1 + [X(f)]2 + [Y (f)]2.

Since M has constant curvature K(X,Y ) = λ, then

R(X,Y )u = λ
[
g(Y, u)X − g(X,u)Y

]
,

and direct calculations lead to

[g(R(u, Y )X, grad f)]2 = λ2g(X,u)2[Y (f)]2,

∥R(X,Y )u∥2 = λ2
[
g(X,u)2 + g(Y, u)2

]
,

∥R(u, Y )X∥2 = λ2g(X,u)2,

then the result. □

Remark 3.1. Let (M, g) be anm-dimensional Riemannian manifold and let (TM, gHf )
be its tangent bundle equipped with the horizontal Sasaki gradient metric. If (Ei)i=1,m

a local orthonormal frame on M such that E1 =
grad f

α− 1
, α ̸= 1, then, we get an or-

thonormal frame (Fa)a=1,2m on TM , where

F1 =
1√
α
EH

1 , Fi = EH
i and Fm+j = EV

j , i = 2,m , j = 1,m.

Then the following Lemma is a direct consequence of Remark 3.1

Lemma 3.6. Let (M, g) be a m-dimensional Riemannian manifold and let (TM, gHf )
be its tangent bundle equipped with the horizontal Sasaki gradient metric. If (Ei)i=1,m

is a local orthonormal frame on M and (Fa)a=1,2m is a local orthonormal frame on
TM defined by Remark 3.1, then

1) Qf (Fa, Fb) = 1 , Kf (Fa, Fb) = Gf (Fa, Fb) , a, b = 1, 2m et a ̸= b,

2) E1(f) =
√
α− 1 , Ej(f) = 0 , j = 2,m,

3) 2g(∇Ei
grad f, grad f) = Ei(α) , i = 1,m.
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Lemma 3.7. Let (M, g) be a m-dimensional Riemannian manifold and let (TM, gHf )
be its tangent bundle equipped with the horizontal Sasaki gradient metric. If (Ei)i=1,m

(resp., (Fa)a=1,2m) are local orthonormal frames on (M resp., TM), then the sectional

curvature Kf satisfies the following equations for i, j = 2,m and k, l = 1,m

Kf (Fi, Fj) = K(Ei, Ej)−
3

4
∥R(Ei, Ej)u∥2 −

1

α
[g(Ei,∇Ejgrad f)]

2

+
1

α
g(Ei,∇Ei

grad f)g(Ej ,∇Ej
grad f),

Kf (F1, Fj) =
1

α
K(E1, Ej)−

3

4α
∥R(E1, Ej)u∥2 −

1

α2
[g(E1,∇Ej

grad f)]2

+
1

α2
g(E1,∇E1

grad f)g(Ej ,∇Ej
grad f),

Kf (Fi, Fm+k) =
1

4
∥R(u,Ek)Ei∥2 −

1

4α
[g(R(u,Ek)Ei, grad f)]

2,

Kf (F1, Fm+k) =
1

4α
∥R(u,Ek)E1∥2,

Kf (Fm+l, Fm+k) =0.

Proof. The statement is a direct consequence of Theorem 3.4 and Lemma 3.6. □

3.3 The scalar curvature

Theorem 3.8. Let (M, g) be a m-dimensional Riemannian manifold and let (TM, gHf )
be its tangent bundle equipped with the horizontal Sasaki gradient metric. If σ (resp.,
σf ) denote the scalar curvature of (M, g) (resp., (TM, gHf )), then we have

σf = σ − 1

4

m∑
i,j=1

∥R(Ei, Ej)u∥2 −
1

2α

m∑
i,j=1

[g(R(Ei, Ej)u, grad f)]
2 +

1

α
∆(f)2

− 2

α

m∑
j=1

g(R(grad f,Ej)Ej , grad f)−
α+ 2

2α(α− 1)

m∑
j=1

∥R(u,Ej)grad f∥2

− 1

α

m∑
i,j=2

[g(∇Eigrad f,Ej)]
2 − 1

α2
g(grad f, gradα)∆(f) +

1

α2
∥gradα∥2.

where (Ei)i=1,m is a local orthonormal frame of (M, g) and ∆ is the Laplacian of f .
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Proof.

σf =

m∑
i,j=1
i ̸=j

Kf (Fi, Fj) + 2

m∑
i,j=1

Kf (Fi, Fm+j) +

m∑
i,j=1
i̸=j

Kf (Fm+i, Fm+j)

=

m∑
i,j=2
i ̸=j

Kf (Fi, Fj) + 2

m∑
j=1

Kf (F1, Fj) + 2

m∑
j=1

Kf (F1, Fm+j)

+ 2

m∑
i=2,j=1

Kf (Fi, Fm+j)

=

m∑
i,j=2
i ̸=j

[
K(Ei, Ej)−

3

4
∥R(Ei, Ej)u∥2 −

1

α
[g(Ei,∇Ej

grad f)]2

+
1

α
g(Ei,∇Ei

grad f)g(Ej ,∇Ej
grad f)

]
+ 2

m∑
j=1

[ 1
α
K(E1, Ej)−

3

4α
∥R(E1, Ej)u∥2 −

1

α2
[g(E1,∇Ej

grad f)]2

+
1

α2
g(E1,∇E1

grad f)g(Ej ,∇Ej
grad f)

]
+ 2

m∑
j=1

1

4α
∥R(u,Ej)E1∥2

+ 2

m∑
i=2,j=1

[1
4
∥R(u,Ej)Ei∥2 −

1

4α
[g(R(u,Ej)Ei, grad f)]

2
]

=σ − 2

m∑
j=1

K(E1, Ej)−
3

4

m∑
i,j=1

∥R(Ei, Ej)u∥2 −
1

α

m∑
i,j=1

[g(Ei,∇Ej
grad f)]2

+
1

α

m∑
j=1

[g(E1,∇Ej
grad f)]2 +

1

α

m∑
i,j=1

g(Ei,∇Ei
grad f)g(Ej ,∇Ej

grad f)

− 1

α

m∑
j=1

g(E1,∇E1grad f)g(Ej ,∇Ejgrad f) +
2

α

m∑
j=1

K(E1, Ej)

− 3

2α

m∑
j=1

∥R(E1, Ej)u∥2 −
2

α2

m∑
j=1

[g(E1,∇Ejgrad f)]
2

+
2

α2
g(E1,∇E1

grad f)

m∑
j=1

g(Ej ,∇Ej
grad f) +

1

2α

m∑
j=1

∥R(u,Ej)E1∥2

+
1

2

m∑
i,j=1

∥R(u,Ej)Ei∥2 −
1

2

m∑
j=1

∥R(u,Ej)E1∥2
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− 1

2α

m∑
i,j=1

[g(R(u,Ej)Ei, grad f)]
2

In order to simplify this last expression, we put u =

m∑
j=1

uiEi and get

m∑
i,j=1

∥R(u,Ej)Ei∥2 =

m∑
i,j,k,l=1

ukulg(R(Ek, Ej)Ei, R(El, Ej)Ei)

=

m∑
i,j,k,l,s=1

ukulg(R(Ek, Ej)Ei, Es)g(R(El, Ej)Ei, Es)

=

m∑
i,j,k,l,s=1

ukulg(R(Ei, Es)Ek, Ej)g(R(Ei, Es)El, Ej)

=

m∑
i,j,s=1

g(R(Ei, Es)u, g(R(Ei, Es)u,Ej)Ej)

=

m∑
i,j=1

∥R(Ei, Ej)u∥2.

Then, using the formula

∇grad fgrad f =
1

2
gradα,

we infer

σf = σ − 1

4

m∑
i,j=1

∥R(Ei, Ej)u∥2 −
1

2α

m∑
i,j=1

[g(R(Ei, Ej)u, grad f)]
2 +

1

α
∆(f)2

− 2

α

m∑
j=1

g(R(grad f,Ej)Ej , grad f)−
α+ 2

2α(α− 1)

m∑
j=1

∥R(u,Ej)grad f∥2

− 1

α

m∑
i,j=2

[g(∇Eigrad f,Ej)]
2 − 1

α2
g(grad f, gradα)∆(f) +

1

α2
∥gradα∥2.

□

Proposition 3.9. Let (M, g) be a m-dimensional Riemannian manifold of constant
sectional curvature λ and (TM, gHf ) its tangent bundle equipped with the horizontal

Sasaki gradient metri. Si σf denote the scalar curvature of (TM, gHf ), then, we have

σf =
[α(3−m) + 3− 2m

2α(α− 1)
g(u, grad f)2 − α(m+ 3) + 2

2α
∥u∥2

]
λ2

+
α(m− 2) + 2

α
(m− 1)λ+

1

α2
∥gradα∥2

− 1

α

m∑
i,j=2

[g(∇Ei
grad f,Ej)]

2 +
1

α
∆(f)2 − 1

α2
g(grad f, gradα)∆(f),

where (Ei)i=1,m is a local orthonormal frame of (M, g).
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Proof. Using the formulas of curvature and scalar curvature of a Riemannian manifold
with constant sectional curvature λ we have, for all vector fields X,Y, Z ∈ TM ,

R(X,Y )Z = λ[g(Y, Z)X − g(X,Z)Y ]

and

σ = m(m− 1)λ.

Hence

m∑
i,j=1

∥R(Ei, Ej)u∥2 =2(m− 1)λ2∥u∥2,

m∑
i,j=1

[g(R(Ei, Ej)u, grad f)]
2 =2λ2[(α− 1)∥u∥2 − g(u, grad f)2],

m∑
j=1

g(R(grad f,Ej)Ej , grad f) =(m− 1)(α− 1)λ,

m∑
j=1

∥R(u,Ej)grad f∥2 =2λ2[(α− 1)∥u∥2 + (m− 2)g(u, grad f)2].

From Theorem (3.8), we deduce the result. □

3.4 Curvature properties.

We shall now compare the geometries of the manifold (M, g) of and its tangent bundle
(TM, gHf ) equipped with the horizontal Sasaki gradient metric.

Theorem 3.10. Let (M, g) be a Riemannian manifold, let (TM, gHf ) be its tangent
bundle equipped with the horizontal Sasaki gradient metric and let f be a constant.
Then TM is flat if and only if M is flat.

Proof. If f is constant, then from Theorem 3.1, we have that R = 0 implies Rf = 0.
Applying formula (3.6), for all X,Y, Z ∈ Γ(TM) and x ∈ M , we have

Rf
(x,0)(X

H , Y H)ZH = (Rx(X,Y )Z)H .

Then Rf = 0 implies R = 0. □

Corollary 3.11. Let (M, g) be a Riemannian manifold, let (TM, gHf ) be its tangent
bundle equipped with the horizontal Sasaki gradient metric, and let f be nonconstant.
Then TM flat implies M flat.
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Proof. Applying formula (3.3), for all X,Y, Z ∈ Γ(TM) and x ∈ M , we have

Rf
(x,0)(X

V , Y V )ZH = (Rx(X,Y )Z)H ;

then Rf = 0 implies R = 0. □

Corollary 3.12. Let (M, g) be a Riemannian manifold, let (TM, gHf ) be its tangent
bundle equipped with the horizontal Sasaki gradient metric and let f be constant. Then
(TM, gHf ) has constant scalar curvature if and only if the scalar curvature is zero.

Proof. The result is an immediate consequence of Theorem 3.8. □
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