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Abstract. The Tzitzeica curve equation is a nonlinear ordinary differen-
tial equation arising in differential geometry whose solutions define a space
curve for which the ratio of its torsion and the square of the distance from
the origin to its osculating plane at an arbitrary point of the curve is
constant. These curves have been introduced by the Romanian geometer
Gheorghe Tzitzeica in 1911 in his study of affine invariants. Nowadays,
there are known only a few examples of Tzitzeica curves. The aim of this
paper is to analyze a special case in which the Tzitzeica curve equation
may be reduced to an auxiliary third order homogeneous linear ordinary
differential equation with constant coefficients whose characteristic equa-
tion is the depressed cubic equation, along with a linear equation for the
curve’s constant. Consequently, it is shown that any three linearly inde-
pendent solutions of the auxiliary differential equation define a Tzitzeica
curve. This new technique allows us to introduce three classes of tran-
scendental Tzitzeica curves defined in parametric form and classify them
according to the sign of the determinant to the depressed cubic equation.
Previous and new results in the context of theory of Tzitzeica curves are
obtained.
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1 Introduction

One of the most famous mathematicians who is recognized today as the founder of
the Romanian school of differential geometry, Gheorghe Tzitzeica (1873-1939), has
dedicated part of his research work to the study of geometrical objects invariant
under affine transformations. In fact, the curves and surfaces that he introduced and
analyzed are early examples of affine invariants. In 1911, as a result of his work on a
particular class of surfaces that he originally called S-surfaces [7], Tzitzeica introduced
a type of spatial curves that satisfy the property that the ratio of the curve’s torsion τ
and the square of the distance d from the origin to the osculating plane at an arbitrary
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point of the curve is constant, i.e.,

(1.1)
τ

d2
= α,

where α ̸= 0 is a real constant [8]. The curves satisfying the condition (1.1) are called
nowadays Tzitzeica curves. A Tzitzeica surface is a surface for which the ratio of
its Gaussian curvature and the fourth power of the distance from the origin to the
tangent plane at any arbitrary point of the surface is constant. It may be shown
that the asymptotic lines of a Tzitzeica surface with negative Gaussian curvature are
Tzitzeica curves (see, e.g., [1]).

Interestingly, although the Tzitzeica curves have occurred occasionally in the
mathematics literature, their related ordinary differential equation (ODE) resulting
from the condition (1.1) has not been studied in detail so far. At the moment, there
are known only a few examples of algebraic, transcendental, and integral Tzitzeica
curves (see [1], [4], and [10]). Agnew et al [1] have used the Mathematica software to
determine and visualize the asymptotic curves of the Tzitzeica surface of revolution
z(x2 + y2) = 1 and expressed them in terms of logarithmic and exponential functions
in cylindrical coordinates. In [4], Crâşmăreanu has shown that there exist integral
Tzitzeica curves derived from a particular forced harmonic oscillator equation. In [10],
specific Tzitzeica curves expressed in terms of polynomial, rational, and logarithmic
functions have been determined explicitly.

This current work is motivated by the aim of finding new closed-form solutions
to the nonlinear ODE (2.3) that will be called the Tzitzeica curve equation. We
explore an interesting case in which the defining functions of a Tzitzeica curve are
linearly independent solutions of a third order homogeneous linear ODE with constant
coefficients (3.8) whose characteristic equation is the depressed cubic equation (3.9).
The main result of the paper given in Theorem 3.1 states that the nonlinear ODE
(2.3) reduces to the relation (3.6) and the linear ODE (3.8). In fact, (3.6) may
be regarded as a linear equation for the curve’s constant α once the solutions of
(3.8) are known. In other words, by using this technique, we obtain three classes of
transcendental Tzitzeica curves that may be classified according to the determinant
D in (3.10) related to the depressed cubic equation (3.9) which is the characteristic
equation of the ODE (3.8). These classes of curves are given in parametric form in
terms of exponential and trigonometric functions in (3.11), (3.13), and (3.15). The
Figures 1–3 show the GeoGebra plots of a few resulting Tzitzeica curves.

The structure of the paper is the following. The Tzitzeica curve equation is derived
in Section 2. In Section 3, a specific reduction case is analyzed in detail along with
the new transcendental solutions of the Tziteica curve equation. Section 4 is reserved
for conclusions.

2 The Tzitzeica curve equation

In this section we determine the second order nonlinear ODE corresponding to the
Tzitzeica curves by using concepts from the theory of space curves. Consider a regular
curve defined by

(2.1) r(t) = (x(t), y(t), z(t)) ,
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where t ∈ I is the curve parameter, and I ⊂ R is an interval. Assume that the curve’s
curvature k is nonzero at any point of the curve. Recall that the curve’s torsion is
defined as follows

τ(t) =
⟨r′(t), r′′(t), r′′′(t)⟩
||r′(t)× r′′(t)||2

,

where the primes denote the derivatives with respect to t, the vector r′ × r′′ is the
cross product of the tangent vector r′ and the acceleration vector r′′, ||r′(t)× r′′(t)||
is the magnitude of r′ × r′′, and

⟨r′(t), r′′(t), r′′′(t)⟩ =

∣∣∣∣∣∣
x′(t) y′(t) z′(t)
x′′(t) y′′(t) z′′(t)
x′′′(t) y′′′(t) z′′′(t)

∣∣∣∣∣∣
is the mixed product of vectors r′, r′′, and r′′′ (see, e.g., [6], p. 48). We assume that
(2.1) has nonzero torsion at each point on the curve. Now consider the osculating
plane at an arbitrary point of the curve (2.1) given in the determinant form by∣∣∣∣∣∣

x− x(t) y − y(t) z − z(t)
x′(t) y′(t) z′(t)
x′′(t) y′′(t) z′′(t)

∣∣∣∣∣∣ = 0.

The osculating plane is generated by the unit tangent vector T(t) and the unit normal
vector N(t) at each point of the curve or, equivalently, by the tangent vector r′(t)
and the acceleration vector r′′(t). If d is the distance from the origin to the osculating
plane of the curve, then

d2 =
1

||r′(t)× r′′(t)||2

∣∣∣∣∣∣
x(t) y(t) z(t)
x′(t) y′(t) z′(t)
x′′(t) y′′(t) z′′(t)

∣∣∣∣∣∣
2

.

The substitution of the torsion τ and the expression for d2 into the condition (1.1)
leads to the following equation

(2.2)

∣∣∣∣∣∣
x′(t) y′(t) z′(t)
x′′(t) y′′(t) z′′(t)
x′′′(t) y′′′(t) z′′′(t)

∣∣∣∣∣∣ = α

∣∣∣∣∣∣
x(t) y(t) z(t)
x′(t) y′(t) z′(t)
x′′(t) y′′(t) z′′(t)

∣∣∣∣∣∣
2

,

which may be written equivalently as

(2.3) az′′′ − a′z′′ + bz′ = α (cz′′ − c′z′ + az)
2
,

where the t-dependent functions a, b, and c are defined by

a = x′y′′ − x′′y′, b = x′′y′′′ − x′′′y′′, and c = xy′ − x′y.

Consequently, we have derived the following result:

Proposition 2.1. The space curve (2.1) is a Tzitzeica curve if and only if its defining
functions x, y, and z are solutions to the nonlinear ODE (2.3).
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Definition 2.1. The equation (2.3) is called the Tzitzeica curve equation.

Remark 2.2. In (2.3), the function z may be seen as the unknown function, while x
and y may be regarded as arbitrary functions. A circular permutation of the functions
x, y, and z implies equivalent Tzitzeica curve equations. Another way of looking at
this equation is to consider x, y, and z as the unknown functions, and, hence, (2.3)
becomes a nonlinear ODE in three unknowns.

3 A particular case of Tzitzeica curve equation

The nonlinearity encapsulated in the Tzitzeica curve equation is explored in this
section with the goal of finding particular solutions. We start by noticing that the
ODE (2.3) that is derived from (2.2) is rewritten in terms of Wronskians as follows

(3.1) W (x′, y′, z′)(t) = α [W (x, y, z)(t)]
2
,

where the Wronskian W (x, y, z)(t) of the functions x, y, and z is expressed as

W (x, y, z)(t) =

∣∣∣∣∣∣
x(t) y(t) z(t)
x′(t) y′(t) z′(t)
x′′(t) y′′(t) z′′(t)

∣∣∣∣∣∣ .
The relation (3.1) shows that the Wronskian W (x′, y′, z′)(t) and the square of the
Wronskian W (x, y, z)(t) are directly proportional, where α ̸= 0 is the constant of
proportionality. On the other hand, since a determinant is invariant under a cyclic
permutation of its rows, the left-hand side of (2.2) may be rewritten as

(3.2)

∣∣∣∣∣∣
x′′′(t) y′′′(t) z′′′(t)
x′(t) y′(t) z′(t)
x′′(t) y′′(t) z′′(t)

∣∣∣∣∣∣ = α

∣∣∣∣∣∣
x(t) y(t) z(t)
x′(t) y′(t) z′(t)
x′′(t) y′′(t) z′′(t)

∣∣∣∣∣∣
2

.

Let us suppose that the functions x, y, and z satisfy the auxiliary equations

(3.3)
x′′′ + βx′′ + γx′ + δx = 0,
y′′′ + βy′′ + γy′ + δy = 0,
z′′′ + βz′′ + γz′ + δz = 0,

where β, γ, and δ are arbitrary real numbers. Since the curve’s torsion is assumed to
be nonzero, here δ ̸= 0. The above equations (3.3) are equivalent to the condition that
the defining curve’s functions x, y, and z are solutions of the third order homogeneous
linear ODE with constant coefficients

(3.4) u′′′ + βu′′ + γu′ + δu = 0,

in the unknown function u = u(t), where β, γ, and δ real numbers with δ ̸= 0. Since
the curve’s torsion is nonzero at any point of the curve, the solutions x, y, and z are
chosen to be linearly independent.
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After substituting the third derivatives x′′′, y′′′, and z′′′ from the equations (3.3)
into (3.2), the latter equation becomes

−δ

∣∣∣∣∣∣
x(t) y(t) z(t)
x′(t) y′(t) z′(t)
x′′(t) y′′(t) z′′(t)

∣∣∣∣∣∣ = α

∣∣∣∣∣∣
x(t) y(t) z(t)
x′(t) y′(t) z′(t)
x′′(t) y′′(t) z′′(t)

∣∣∣∣∣∣
2

,

and this may be rewritten equivalently in Wronskians terms as below

−δW (x, y, z)(t) = α [W (x, y, z)(t)]
2
.

Since the functions x, y, and z are assumed to be linearly independent, the Wronskian
W (x, y, z)(t) is nonzero on the interval I. Therefore, the above equation implies

(3.5) W (x, y, z)(t) = − δ

α
.

So far, the Tzitzeica curve equation has been reduced to (3.4) and (3.5). The latter
equation implies that the Wronskian of the curve’s defining functions is a nonzero
constant. Once the Wronskian of the functions x, y, and z is determined, the relation
(3.5) may be seen as a linear equation whose solution is

(3.6) α = − δ

W (x, y, z)(t)
.

On the other hand, according to Abel’s differential identity ([3], p. 225), the
Wronskian of three independent solutions of (3.4) satisfies the first-order ODE

(3.7) W ′(x, y, z)(t) = −βW (x, y, z)(t).

After replacing (3.5) into (3.7), and taking into account that W (x, y, z)(t) is nonzero,
we obtain β = 0. Therefore, the linear ODE (3.4) becomes

(3.8) u′′′ + γu′ + δu = 0,

where γ and δ ̸= 0 are arbitrary real numbers.
In what follows, we discuss all possible cases of the ODE (3.8) in the context of

the Tzitzeica curves. By seeking solutions of the form u(t) = evt for (3.8), we find
that its characteristic equation

(3.9) v3 + γv + δ = 0

is the depressed cubic equation. The solutions vi, i = 1, 2, 3, of (3.9) satisfy the
following Viète’s relations  v1 + v2 + v3 = 0,

v1v2 + v1v3 + v2v3 = γ,
v1v2v3 = −δ.

Since δ ̸= 0, the last relation above implies that vi ̸= 0, for all i = 1, 2, 3. We notice
that the case v1 = v2 = v3 does not lead to a Tzitzeica curve because the first Viète’s
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relation would imply v1 = 0 which contradicts the condition δ ̸= 0. The character of
the solutions of the equation (3.9) is given by the sign of its associated determinant

(3.10) D = −4γ3 − 27δ2.

In discussing the solutions of (3.8), it is convenient to consider the sign of D to classify
the Tzitzeica curves that occur in each of these special cases.

Case 1. If D > 0, i.e., 4γ3 + 27δ2 < 0, the equation has three real distinct solutions

vi ̸= 0, i = 1, 2, 3. Since the sum of the solution is zero and v3 ̸= vi, with i = 1, 2,
we obtain that v2 ̸= −2v1 and v2 ̸= −v1/2. In this case, the general solution of the
auxiliary ODE (3.8) is

u(t) = C1 exp(v1t) + C2 exp(v2t) + C3 exp[−(v1 + v2)t], t ∈ R,

where Ci are arbitrary real constants. Since a Tzitzeica curve is invariant under a
centro-affine transformation, without losing the generality, we may choose the set of
fundamental solutions of the ODE (3.8) to be the curve’s defining functions. There-
fore, we have obtained the class of transcendental Tzitzeica curves in parametric form

(3.11) x(t) = exp(v1t), y(t) = exp(v2t), z(t) = exp[−(v1 + v2)t], t ∈ R.

In this situation, the Wronskian of the curve’s defining functions is

W (x, y, z)(t) = (v2 − v1)(2v1 + v2)(v1 + 2v2),

and the curve’s constant α becomes

α = − v1v2(v1 + v2)

(v2 − v1)(2v1 + v2)(v1 + 2v2)
.

The reduction case presented above is shown in the following example.

Example 1. If γ = −7 and δ = 6, then D = 400. The ODE (3.8) becomes
u′′′ − 7u′ + 6u = 0, and its characteristic equation v3 − 7v + 6 = 0 has the solutions
v1 = 1, v2 = 2, and v3 = −3. The corresponding Tzitzeica curve (3.11) has the
parametric equations

(3.12) x(t) = exp(t), y(t) = exp(2t), z(t) = exp(−3t), t ∈ R.

The Wronskian of the above functions is W (x, y, z)(t) = 20, and the curve’s constant
is given by α = −3/10. The curve (3.12) is plotted in Figure 1 by using GeoGebra.
This is the most common Tzitzeica curve occurring in the mathematics literature.

Case 2. If D = 0, that is, 4γ3 +27δ2 = 0, the equation (3.9) has three real solutions
out of which two are equal, i.e., v1 = v2 ̸= 0 and v3 = −2v1. By integrating (3.8), we
obtain its general solution given by

u(t) = C1 exp(v1t) + C2t exp(v1t) + C3 exp(−2v1t),

where Ci are arbitrary real constants. Consequently,

(3.13) x(t) = exp(v1t), y(t) = t exp(v1t), z(t) = exp(−2v1t), t ∈ R,
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Figure 1: The Tzitzeica curve (3.12) graphed for t ∈ [−10, 13].

defines a transcendental Tzizteica curve. The Wronskian related to the above func-
tions is W (x, y, z)(t) = 9v21 while the equation’s constant is α = −2v1/9. To the
best of our knowledge, (3.13) is a new Tzitzeica curve that we could not find in the
mathematics literature. The following example illustrates this case.

Example 2. For γ = −3 and δ = 2, the discriminant D is zero. The equation (3.8)
turns into u′′′ − 3u′ + 2u = 0, and its characteristic equation is v3 − 3v + 2 = 0. By
using the solutions v1 = v2 = 1 and v2 = −2, we construct the Tzitzeica curve

(3.14) x(t) = exp(t), y(t) = t exp(t), z(t) = exp(−2t) t ∈ R.

The Wronskian of the curve’s defining functions is W (x, y, z)(t) = 9, and the curve’s
constant is α = −2/9. The graph of (3.14) is shown in Figure 2.

Case 3. For D < 0, or equivalently, 4γ3 + 27δ2 > 0, the equation (3.9) has two
nonreal complex conjugate solutions, v1,2 = m ± in and one real nonzero solution
v3 = −2m, where m,n ̸= 0 are real numbers. The integration of (3.8) leads to its
general solution

u(t) = C1 exp(mt) cos(nt) + C2 exp(mt) sin(nt) + C1 exp(−2mt),

where Ci are arbitrary real constants. Therefore, the functions

(3.15) x(t) = exp(mt) cos(nt), y(t) = exp(mt) sin(nt), z(t) = exp(−2mt)

define a transcendental Tzitzeica curve in parametric form. In this situation, the
Wronskian of the above functions is

W (x, y, z)(t) = n(9m2 + n2),

and the curve’s constant is given by

α = −2m(m2 + n2)

n(9m2 + n2)
.
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Figure 2: The Tzitzeica curve defined by (3.14) with t ∈ [−10, 13].

A particular case of a Tzitzeica curve of the from (3.15) but expressed in a more com-
plicated form in cylindrical coordinates may be found in the paper [1]. To illustrate
the third case, we consider the example below.

Example 3. If γ = 0 and δ = −1, we have D = 4. The auxiliary ODE (3.8) is
u′′′ − u = 0, and its characteristic equation v3 − 1 = 0 has the solutions v1 = 1 and
v2,3 = −1/2± i

√
3/2. The corresponding Tzitzeica curve is defined by

(3.16) x(t) = exp

(
− t

2

)
cos

(√
3

2
t

)
, y(t) = exp

(
− t

2

)
sin

(√
3

2
t

)
, z(t) = exp(t),

with t ∈ R. The Wronskian and the curve’s constant are given, respectively, by
W (x, y, z)(t) = 3

√
3/2 and α = 2

√
3/9. The curve (3.16) is plotted in Figure 3.

In conclusion, we have shown that there are three classes of transcendental Tzitze-
ica curves that are classified in terms of the sign of the determinant D of the depressed
equation (3.9). These curves are given in parametric form by (3.11), (3.13), and (3.15)
(here the constants vi occurring in the curve’s functions satisfy the depressed cubic
equation (3.9)).

Theorem 3.1. Any three linearly independent solutions of the auxiliary third order
homogeneous linear ODE with constant coefficients (3.8) define a Tzitzeica curve.
The curve’s constant α is given by the relation (3.6).

4 Conclusions

The Tzitzeica curve equation has been written in the particular form (2.3) in the
paper [10]. In this nonlinear equation, one of the functions, say z, may be regarded
as the unknown function while x and y are seen as arbitrary functions. Alternatively,
x, y, and z are all considered unknown functions. In both cases, it is still difficult to
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Figure 3: The Tzitzeica curves defined in (3.16) for t ∈ [−10, 13].

find closed-form solutions, even with computer assistance. In this paper, we turned
our attention to a special side condition given by an auxiliary equation that followed
from the observation that the Tzitzeica curve equation may be expressed in terms
of Wronskians. This key remark led us to explore the assumption that the defining
functions of a Tzitzeica curve satisfy a third order homogeneous linear ODE with con-
stant coefficients (3.8). In Section 3, we have shown that the characteristic equation
of the auxiliary ODE is the depressed cubic equation (3.9) and, consequently, there is
a correspondence between the set of its solutions vi and specific Tzitzeica curves. The
determinant D in (3.10) of the cubic equation may be used to classify the resulting
Tzitzeica curves. By using this technique, Tzitzeica curve equation (2.3) reduces to a
linear equation (3.6) for α. Interestingly, we have obtained that the nonlinear Tzitze-
ica curve equation admits closed-form transcendental solutions originated by solving
a linear ODE. Since of a Tzitzeica curve is invariant under a centro-affine transfor-
mations, according to the symmetry group theory (see Olver [5]), one can use that
property to construct new Tzitzeica curves from the known ones. More restrictively,
by using central equi-affine transformations in generating new Tzitzeica curves, it
may be shown that the curve’s constant α is preserved under these transformations
[10]. Having in mind that there is no general theory for solving nonlinear ODEs, these
results indicate that it will be exciting to further investigate other possible side condi-
tions augmented to the Tzitzeica curve equation that might help us reveal meaningful
information about the nonlinearity encapsulated in this intriguing equation.
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