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Abstract. The objective of the present research article is to investigate
the characteristics of weakly symmetric and weakly concircular symmetric
almost Kenmotsu (κ, µ, ν)-spaces admitting conformal Ricci solitons. In
addition, we also discuss some results based on almost pseudo Ricci sym-
metric and weakly cyclic Z symmetric almost Kenmotsu (κ, µ, ν)-spaces.
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1 Introduction

In 1982, Hamilton [12] popularized the concept of Ricci flow principle and proved
its existence. The Ricci flow is the evolution equation for the Riemannian manifold
metrics given by

(1.1)
∂

∂t
g = −2S,

where the Riemannian metric g and the Ricci tensor S. A self-similar approach to
the Ricci flow [12], [34] is called Ricci soliton [11], if it only moves through a single
family of diffeomorphism and scaling parameters. The equation, Ricci soliton is given
by

(1.2) LV g + 2S + 2λg = 0,

where L, V , and λ indicates a Lie derivative, a complete vector field, and a real scalar,
respectively, on a Riemannian manifold. A Ricci soliton is also said to be expanding,
shrinking, steady, and as λ is positive, negative and zero. A Ricci soliton reduced to
Einstein equation with V=0. It has become much more necessary to solve the long-
standing Poincar é conjecture posed in 1904 when Grigory Perelman implemented
solitons to Ricci.

The notion of conformal Ricci flow was developed by Fischer [10], an alteration of
the classical Ricci flow equation that rearranges the unit volume restriction of that
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equation to a scalar curvature constraint. In terms of equation, the conformal Ricci
flow on a smooth connected n-manifold M [10] is defined as:

(1.3)
∂g

∂t
+ 2

(
S +

g

n

)
= −pg, r(g) = −1,

where p is a non-dynamic field (time dependent scalar field), r(g) is a n-dimensional
multiple scalar curvature. It is similar to the Navier-Stokes fluid dynamics equations
and because of this similarity the time-dependent scalar area p is called a conformal
pressure and because of the actual physical pressure in fluid mechanics that serves
to preserve the fluid’s incompressibility, the conformal pressure acts as a Lagrange
multiplier to deform the metric flow conformally so as to maintain the scalar cur-
vature constraint. The equilibrium points of the conformal Ricci flow equations are
Einstein metrics with Einstein constant - 1n . Thus the conformal pressure p at a point
of equilibrium is zero and positive otherwise.
In 2015, Basu and Bhattacharyya [2] established the theory of conformal Ricci soliton
and equation defined as

(1.4) LV g + 2S +

[
2λ− (p+

2

2n+ 1
)

]
g = 0,

where λ is a constant . This equation is the generalized form of the Ricci soliton
equation, and the conformal Ricci flow equation is also satisfied. Pigola et al. [25]
initially introduced the concept of almost Ricci soliton. In addition, Sharma [28] also
did an excellent job in nearly Ricci soliton.
A (Mn, g) Riemannian manifold is almost a Ricci soliton [4], if a complete vector field
X exists and a smooth soliton function λ : Mn → < satisfying Rij + 1

2 (Xij +Xji) +
λgij = 0, where Xij + Xji and Rij hold for the Lie derivative (LXg) and the Ricci
tensor in local coordinates respectively. If λ > 0, λ = 0 or λ < 0; A conformal Ricci
soliton is said to be almost conformal to Ricci soliton if it satisfies (1.4), it will be
expanding, steady or shrinking, respectively.

In their articles [32] and [33], Tamassy and Binh respectively proposed the con-
cept of weakly symmetrical manifolds and and weakly Ricci symmetric manifolds.
There after many geometers studied these conditions on different manifolds [7], [22],
[27], [39], [29]. The notion of weakly concircular symmetric manifold was introduced
by Shaikh and Hui [26]. Recently, several authors investigated these condition on
Kenmotsu manifolds [13], Trans-Sasakian manifolds [13],[24], Lorentzian concircular
structure manifolds [21], generalized Sasakian space forms [31], (ε)-trans Sasakian
manifolds [15], etc.
Recently, Mantica and Molinari [17] introduced weakly Z symmetric manifolds which
generalize the term of weakly Ricci symmetric manifolds. Also De et al. [8] have
proposed the idea that of weakly cyclic Z symmetric manifolds. Such a manifold is
denoted by (WCZS)n.
In 1972, Kenmotsu [14] introduced and studied well-known manifold called as Ken-
motsu manifolds. The characteristics of Kenmotsu manifolds were examined by sev-
eral writers such as [1], [36], [37], and others. Koufogiorgos el al. [16] introduced in
the notion of (κ, µ, ν)-contact metric manifold defined as follow:

(1.5) R(X,Y )ξ = η(Y )(kI + µh+ νϕh)X − η(X)(kI + µh+ νϕh)Y,
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for some smooth functions k, µ and ν on M . Ozturk et al. [23] studied almost α-
cosymplectic (κ, µ, ν)-space under different conditions (like η-parallelism) and gave
an example in dimension three. These almost Kenmotsu manifolds whose almost
Kenmotsu structures (ϕ, ξ, η, g) satisfy the condition

R(ξ,X)Y = k(g(Y,X)ξ − η(X)Y ) + µ(g(hY,X)ξ − η(Y )hX)(1.6)

+ν(g(ϕhY,X)ξ − η(Y )ϕhX),

for κ, µ, ν ∈ <n(M2n+1), where <n(M2n+1) be the subring of the ring of smooth
functions f on M2n+1 for which df ∧ η = 0 [5], [16].

A non-flat differentiable manifold M2n+1 is called weakly symmetric if there exist
a vector field P and 1-forms α, β, γ, δ (not simultaneously zero) on M2n+1, such that

(∇XR)(Y,Z)W = α(X)R(Y,Z)W + β(Y )R(X,Z)W(1.7)

+γ(Z)R(Y,X)W + δ(W )R(Y,Z)X

+g(R(Y,Z)W,X)P,

holds for all vector fields X,Y, Z,W ∈ χ(M2n+1). A weakly symmetric manifold
(M2n+1, g) is said to be pseudo-symmetric if β=γ=δ= 1

2α and α(X)=g(X,P ), locally
symmetric if α=β=γ=δ=0 and P=0. A weakly symmetric manifold is said to be
proper if at least one of the 1-forms α, β, γ, δ is not zero or P 6= 0.

A differentiable manifold M2n+1 is called weakly Ricci-symmetric if there exists
1-forms ε, σ, ρ on M2n+1 such that the condition

(1.8) (∇XS)(Y, Z) = ε(X)S(Y, Z) + σ(Y )S(X,Z) + ρ(Z)S(X,Y ),

holds for all vector fields X,Y, Z,W ∈ χ(M2n+1). If ε=σ=ρ, then M2n+1 is called
pseudo Ricci-symmetric [6].
In view of (1.7), if M2n+1 is weakly symmetric, we have

(∇XS)(Z,W ) = α(X)S(Z,W ) + β(R(X,Z)W ) + γ(Z)S(X,W )(1.9)

+δ(W )S(X,Z) + ρ(R(X,W )Z),

where the 1-form ρ is defined by ρ(X)=g(X,P ) for all X ∈ χ(M2n+1).
A transformation of an n-dimensional Riemannian manifold M , which transforms

every geodesic circle of M into a geodesic circle, is called a concircular transformation.
A concircular transformation is always a conformal transformation. Here geodesic cir-
cle means a curve in M whose first curvature is constant and whose second curvature
is identically zero. A concircular curvature tensor of (2n + 1)-dimensional almost
Kenmotsu (κ, µ, ν)-space is given by[38]

C(X,Y, Z, U) = R(X,Y, Z, U)(1.10)

− r

2n(2n+ 1)
[g(Y,Z)g(X,U)− g(X,Z)g(Y,U)]

If {ei : i = 1, 2, 3, · · · , (2n+ 1)} is an orthonormal basis of the tangent space at each
point of the manifold and we define

(1.11) Ĉ(X,U) =

2n+1∑
i=1

C(X, ei, ei, U).
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In fact of (1.10) and (1.11), we get

(1.12) Ĉ(Y,Z) = S(Y,Z)− r

2n+ 1
g(Y, Z).

In a Riemannian or a semi-Riemannian manifold (Mn, g), (n > 2), a (0, 2) symmetric
tensor is a generalized Ẑ tensor if

(1.13) Ẑ(X,Y ) = S(X,Y ) + πg(X,Y ),

where π is an arbitrary scalar function. The tensor Ẑ was introduced in [18] and used
in [19] and [20]. The classical Z-tensor is obtained with the choice If π=- rn , where r
is the scalar curvature. Hereafter we refer to the generalized Z-tensor simply as the
Z-tensor. In particular, if the Z-tensor of a Riemannian manifold vanishes, then the
manifold is Einstein. The scalar ẑ is obtained by (1.13) as follows

(1.14) ẑ = r + nπ,

where the scalar curvature r=
∑n
i=1 εiS(ei, ei), g(ei, ei)=εi, εi=±1 and {ei} is an or-

thonormal basis of the tangent space at each point of the manifold. In a recent
paper [17], the authors introduced weakly Ẑ symmetric manifolds which is denoted
by (WẐS)n. A Riemannian or a semi-Riemannian manifold is said to be weakly Ẑ
symmetric, denoted by (WẐS)n, if the generalized Ẑ tensor satisfies the condition

(1.15) (∇X Ẑ)(U, V ) = A(X)Ẑ(U, V ) +B(U)Ẑ(X,V ) +D(V )Ẑ(U,X),

where A, B and D are 1-forms not simultaneously zero. If π=0, we recover from (1.15)
a (WRS)n, and as a particular case pseudo Ricci symmetric manifolds (PRS)n [6].
If π=- rn (classical Z tensor) and A is replaced by 2A and B and D are replaced by A,

then Ẑ(U, V )=n−1
n P (U, V ), where P (U, V ) is the projective Ricci tensor considered

by Chaki and Saha [6] and obtained by a contraction of the projective curvature
tensor [9].

A non-flat Riemannian or a semi-Riemannian manifold (Mn, g),(n > 2) is called
weakly cyclic Ẑ symmetric if the generalized Ẑ tensor is non-zero and satisfies the
condition

(∇X Ẑ)(U, V ) + (∇U Ẑ)(V,X) + (∇V Ẑ)(X,U)(1.16)

= A(U)Ẑ(U, V ) +B(U)Ẑ(V,X) +D(V )Ẑ(X,U),

where Ẑ is the generalized Ẑ tensor and it is denoted by (WCẐS)n[8].

2 Almost Kenmotsu (κ, µ, ν)-space

Let (M2n+1, ϕ, ξ, η, g) be a (2n+1)-dimensional almost contact Riemannian manifold,
where ϕ is a (1, 1) tensor field, ξ is the structure vector field, η is a 1-form and g is
Riemannian metric. Thus the almost contact structure (ϕ, ξ, η, g) satisfies

(2.1) η(ξ) = 1, ϕξ = 0, η ◦ ϕ = 0,

(2.2) ϕ2X = −X + η(X)ξ, η(X) = g(X, ξ),
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and

(2.3) g(ϕX,ϕY ) = g(X,Y )− η(X)η(Y ),

for any vector fields X,Y on M2n+1. The 2-form Ψ on M2n+1 defined by Ψ(X,Y ) =
g(ϕX, Y ), is called the fundamental 2-form of the almost contact metric manifold
M2n+1. Almost contact metric manifolds such that dη=0 and dΨ=2η ∧Ψ are almost
Kenmotsu manifolds. Finally, a normal almost Kenmotsu manifold is called Kenmotsu
manifold. An almost Kenmotsu manifold is a nice example of an almost contact man-
ifold which is neither K-contact nor Sasakian manifolds. We recall some fundamental
curvature properties of almost Kenmotsu manifolds which satisfy (1.5),(1.6) and the
following properties

(2.4) (∇Xϕ)Y = g(ϕX + hX, Y )ξ − η(Y )(ϕX + hX),

(2.5) ∇Xξ = −ϕ2X − ϕhX,

(2.6) S(X, ξ) = 2nkη(X),

(2.7) Qζ = 2nkζ,

(2.8) l = −kϕ2 + µh+ νϕh,

(2.9) lϕ− ϕl = 2µhϕ+ 2νh,

(2.10) h2 = (k + 1)ϕ2, k ≤ −1,

(2.11) ∇ξh = −µϕh+ (ν − 2)h.

where Q is the Ricci operator, that is, g(QX,Y )=S(X,Y ), r is the scalar curvature
of M2n+1 and l, h are the operators defined by l(X)=R(X, ξ)ξ and h= 1

2Lξ ϕ, where
L is the Lie derivative operator.

3 Conformal Ricci soliton on almost Kenmotsu
(κ, µ, ν)-space

Now, we recall the notion of conformal Ricci soliton on almost Kenmotsu (κ, µ, ν)-
space. Then from (2.5), we have

(3.1)
1

2
(Lξg)(X,Y ) = g(X,Y )− 1

2
{g(ϕhX, Y ) + g(ϕhY,X)} − η(X)η(Y ),

In view of (1.4) and (3.1), we get

S(X,Y ) =

[
−1 +

{
λ− (p+

2

2n+ 1
)

}]
g(X,Y ) + η(X)η(Y )(3.2)

+
1

2
{g(ϕhX, Y ) + g(ϕhY,X)},
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which yields

(3.3) S(X, ξ) =

[{
λ− (p+

2

2n+ 1
)

}]
η(X) +

1

2
η(ϕhX),

(3.4) S(ξ, ξ) =

{
λ− (p+

2

2n+ 1
)

}
,

(3.5) QX =

[
−1 +

{
λ− (p+

2

2n+ 1
)

}]
X + η(X)ξ + ϕhX,

(3.6) r = −2(n+ 1) + (2n+ 1)(λ− p),

At this glance, keeping in mind (3.6), we have

Proposition 3.1. A conformal Ricci soliton (g, ξ, λ) on almost Kenmotsu (κ, µ, ν)-
space is always expanding if r ≥ 0.

Corollary 3.2. At an equilibrium stage if almost Kenmotsu (κ, µ, ν)-space admitting
conformal Ricci soliton (g, ξ, λ) then soliton is expanding,shrinking or steady according
as r > 2(n+ 1),r < 2(n+ 1),or r=2(n+ 1) respectively.

4 Weakly symmetric almost Kenmotsu (κ, µ, ν)-space
admitting conformal Ricci soliton (g, ξ, λ)

In this section, we light the impact of conformal Ricci soliton (g, ξ, λ) on weakly
symmetric almost Kenmotsu (κ, µ, ν)-space. So we have

Theorem 4.1. If a weakly symmetric almost Kenmotsu (κ, µ, ν)-space admitting con-
formal Ricci soliton (g, ξ, λ) then, either the sum of 1-form is zero everywhere or the
soliton is expanding.

Proof. Let M2n+1 is a weakly symmetric almost Kenmotsu (κ, µ, ν)-space. Then
substituting W=ξ in (1.9), we have

(∇XS)(Z, ξ) = α(X)S(Z, ξ) + β(R(X,Z)ξ)(4.1)

+γ(Z)S(X, ξ) + δ(ξ)S(X,Z) + ρ(R(X, ξ)Z).

In view of (1.5), (3.2) and (3.3), equation (4.1) reduces to

(∇XS)(Z, ξ) =

{
λ− (p+

2

2n+ 1
)

}
η(Z)α(X) +

1

2
α(X)η(ϕhZ)(4.2)

+κη(Z)β(X) + µη(Z)β(hX) + νη(Z)β(ϕhX)

−κβ(Z)η(X)− µη(X)β(hZ)− νη(X)β(ϕhZ)

+

{
λ− (p+

2

2n+ 1
)

}
η(X)γ(Z) +

1

2
γ(Z)η(ϕhX)

+

{
λ− (p+

2

2n+ 1
)

}
g(X,Z)δ(ξ) + η(X)η(Z)δ(ξ)

+
1

2
δ(ξ) {g(ϕhX,Z) + g(ϕhZ,X)}+ ρ(R(X, ξ)Z).
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Taking covariant differentiation of the Ricci tensor S along the vector field X, we
have

(∇XS)(Z, ξ) = ∇XS(Z, ξ)− S(∇XZ, ξ)− S(Z,∇Xξ).
By the use of (2.5) and (3.3) above equation takes the form

(∇XS)(Z, ξ) =

{
λ− (p+

2

2n+ 1
)

}
[g(∇XZ, ξ) + g(Z,∇Xξ)](4.3)

+
1

2
{g(∇Xϕ)hZ, ξ) + g(ϕ(∇Xh)Z, ξ) + g(ϕh(∇XZ), ξ)

+g(ϕhZ,∇Xξ)}+

{
λ− (p+

2

2n+ 1
)

}
g(∇XZ, ξ)

−1

2
g(ϕh∇XZ, ξ)− S(Z,X) +

{
λ− (p+

2

2n+ 1
)

}
×η(Z)η(X) +

1

2
g(ϕhZ, ξ)η(X) + S(Z,ϕhX).

Comparing the right hand sides of (4.2) and (4.3), we obtain{
λ− (p+

2

2n+ 1
)

}
η(Z)α(X) +

1

2
α(X)η(ϕhZ) + κη(Z)β(X)(4.4)

+µη(Z)β(hX) + νη(Z)β(ϕhX)− κβ(Z)η(X)− µη(X)β(hZ)

−νη(X)β(ϕhZ) +

{
λ− (p+

2

2n+ 1
)

}
η(X)γ(Z)

+
1

2
γ(Z)η(ϕhX)

{
λ− (p+

2

2n+ 1
)

}
g(X,Z)δ(ξ) + η(X)η(Z)δ(ξ)

+
1

2
δ(ξ){g(ϕhX,Z) + g(ϕhZ,X)}+ ρ(R(X, ξ)Z)

=

{
λ− (p+

2

2n+ 1
)

}
[g(∇XZ, ξ) + g(Z,∇Xξ)]

+
1

2
{g(∇Xϕ)hZ, ξ) + g(ϕ(∇Xh)Z, ξ) + g(ϕh(∇XZ), ξ) + g(ϕhZ,∇Xξ)}

+

{
λ− (p+

2

2n+ 1
)

}
g(∇XZ, ξ)−

1

2
g(ϕh∇XZ, ξ)− S(Z,X)

+

{
λ− (p+

2

2n+ 1
)

}
η(Z)η(X) +

1

2
g(ϕhZ, ξ)η(X) + S(Z,ϕhX).

Setting X=Z=ξ in (4.4) and on simplification, we yield{
λ− (p+

2

2n+ 1
)

}
{α(ξ) + γ(ξ) + δ(ξ)} = 0.

This implies that either λ = (p+ 2
2n+1 ), or α(ξ)+γ(ξ)+δ(ξ)=0. Since the vanishing the

sum of 1-form α+γ+δ over the vector field ξ necessary in order that M2n+1 be a con-
formal Ricci soliton on weakly symmetric almost Kenmotsu (κ, µ, ν)-space. Now we

can easily show that, as similar to the previous calculation,
{
λ− (p+ 2

2n+1 )
}

[α(X)+

γ(X) + δ(X)] = 0, holds for arbitrary vector field X on M2n+1, which prove the The-
orem 4.1. �
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Ozturk et al. [23] proved that on an almost Kenmotsu (κ, µ, ν)-space of dimension
n ≥ 5, the function κ, µ, ν only vary in the direction of ξ, i.e., X(κ)=X(µ)=X(ν)=0
for every vector field X orthogonal to ξ. Due to this fact and Theorem 4.1, we have
the following corollaries.

Corollary 4.2. Let M2n+1 be an almost Kenmotsu (κ, µ, ν)-space of dimension n ≥
5, the function κ, µ, ν only vary in the direction of ξ, i.e., X(κ)=X(µ)=X(ν)=0 for
every vector field X orthogonal to ξ, then there does not exists weakly symmetric
almost Kenmotsu (κ, µ, ν)-space M2n+1, (κ ≤ −1), if α + γ + δ is not everywhere
zero.

Corollary 4.3. Let M2n+1 be an almost Kenmotsu (κ, µ, ν)−space of dimension
n ≥ 5, the function κ, µ, ν only vary in the direction of ξ, i. e., X(κ)=X(µ)=X(ν)=0
for every vector field X orthogonal to ξ, then there exist no weakly symmetric confor-
mal Ricci soliton almost Kenmotsu (κ, µ, ν)-space M2n+1, (κ ≤ −1), if the soliton is
expanding in nature.

Aktan et al. [1] proved that the Ricci tensor S on weakly symmetric almost Kenmotsu
(κ, µ, ν)-spaces has the form

S(X,Z) =
1

δ(ξ)
{2nX(κ)η(Z) + 2nκg(Z,∇Xξ)− S(Z,∇Xξ)(4.5)

−2nκα(X)− β(κ)η(Z)X − κη(Z)β(X)− β(µ)η(Z)hX

−µη(Z)β(hX)− β(ν)η(Z)ϕhX − νη(Z)β(ϕhX)

+β(κ)η(X)Z + κη(X)β(Z) + β(µ)η(X)hZ

+µη(X)β(hZ) + β(ν)η(X)ϕhZ + νη(X)β(ϕhZ)

−2nκγ(Z)η(X) + ρ(κ)(g(X,Z)ξ − η(Z)X) + κ(g(X,Z)

×ρ(ξ)− η(Z)ρ(X)) + ρ(µ)(g(hZ,X)ξ − η(Z)(hX))

+µ(g(hZ,X)ρ(ξ)− η(Z)ρ(hX)) + ρ(ν)(g(ϕhZ,X)ξ

−η(Z)(ϕhX)) + ν(g(ϕhZ,X)ρ(ξ)− η(Z)ρ(ϕhX))}

provided δ(ξ) 6= 0. We suppose that ĥ is a (0, 2) type symmetric parallel tensor field
on an almost Kenmotsu (κ, µ, ν)-space M2n+1, (κ ≤ −1), such that

(4.6) ĥ (X,Z) = (Lξg)(X,Z) + 2S(X,Z).

Setting X=Z=ξ in (4.6) and then using (2.5) and (4.5), we observe that

(4.7) ĥ (ξ,ξ) =
4n

δ(ξ)
{ξ(κ)− κ{α(ξ) + γ(ξ)}} .

If (g, ξ, λ) be a conformal Ricci soliton on almost Kenmotsu (κ, µ, ν)-space. Then
from (3.2), we get

(4.8) ĥ(ξ, ξ) = −2

{
λ− (p+

2

2n+ 1
)

}
.

In view of (4.7) and (4.8), we yields

(4.9) λ =
1

2

(
p+

2

(2n+ 1)

)
− 2n

δ(ξ)
{κ(α(ξ) + γ(ξ))− ξ(κ)} .
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Thus, we can state the following:

Theorem 4.4. If the tensor field Lξg + 2S of type (0, 2) on a weakly symmetric
almost Kenmotsu (κ, µ, ν)-space M2n+1, (κ ≤ −1), with δ(ξ) 6= 0 is parallel, then
the conformal Ricci soliton (g, ξ, λ) is shrinking, steady or expanding according as
ξ(k) ≥ 0, δ(ξ) > 0, ξ(k) = k{α(ξ) + γ(ξ)} or ξ(k) = 0, δ(ξ) < 0 respectively.

5 Weakly Ricci symmetric almost Kenmotsu (κ, µ, ν)-
space admitting conformal Ricci soliton (g, ξ, λ)

This section deals with the conformal Ricci soliton (g, ξ, λ) on weakly Ricci symmetric
almost Kenmotsu (κ, µ, ν)-space and we conclude the results.

Theorem 5.1. Let (g, ξ, λ) be a conformal Ricci soliton on a weakly Ricci symmetric
almost Kenmotsu (κ, µ, ν)-space, then the sum of 1-forms is zero, i.e., ε + σ + ρ=0
everywhere provided that the conformal Ricci soliton is to be either shrinking or ex-
panding.

Proof. Let M2n+1 is a weakly Ricci symmetric almost Kenmotsu (κ, µ, ν)-space.
Putting Z=ξ in (1.8) and by use of (3.3), we have

(∇XS)(Y, ξ) = [ε(X){λ− (p+
2

2n+ 1
)}η(Y ) +

1

2
η(ϕhY )](5.1)

+[σ(Y ){λ− (p+
2

2n+ 1
)}η(X)]

+
1

2
η(ϕhX)}+ ρ(ξ)S(X,Y ).

Also replacing Z with Y in (4.3) and comparing the right hand sides of the equation
(4.3) and (5.1), we obtain

[ε(X){λ− (p+
2

2n+ 1
)}η(Y ) +

1

2
η(ϕhY )] + [σ(Y ){λ− (p+

2

2n+ 1
)}η(X)](5.2)

+
1

2
η(ϕhX)}+ ρ(ξ)S(X,Y )

=

{
λ− (p+

2

2n+ 1
)

}
[g(∇XY, ξ) + g(Y,∇Xξ)]

+
1

2
{g(∇Xϕ)hY, ξ) + g(ϕ(∇Xh)Y, ξ) + g(ϕh(∇XY ), ξ) + g(ϕhY,∇Xξ)}

+

{
λ− (p+

2

2n+ 1
)

}
g(∇XY, ξ)−

1

2
g(ϕh∇XY, ξ)− S(Y,X)

+

{
λ− (p+

2

2n+ 1
)

}
η(Y )η(X) +

1

2
g(ϕhY, ξ)η(X) + S(Y, ϕhX).

Taking X=Y=ξ in (5.2) and using (2.1) and (3.4), we get

(5.3)

{
λ−

(
p+

2

2n+ 1

)}
[ε(ξ) + σ(ξ) + ρ(ξ)] = 0.
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Again putting X=ξ in (5.1), we have

(5.4) {λ− (p+
2

2n+ 1
)}σ(Y )η(Y ) = −σ(ξ){−{λ− (p+

2

2n+ 1
)}η(Y )+1/2η(ϕhY )}.

Replacing Y with X, we yield

(5.5) {λ−(p+
2

2n+ 1
)}σ(X)η(X) = −σ(ξ){−{λ−(p+

2

2n+ 1
)}η(X)+1/2η(ϕhX)}.

If we take Y = ξ in (5.2), we obtain

(5.6) {λ− (p+
2

2n+ 1
)}ε(X)η(X) = −α(ξ){−{λ− (p+

2

2n+ 1
)}η(X)+1/2η(ϕhX)}

and

(5.7) {λ−(p+
2

2n+ 1
)}ρ(X)η(X) = −ρ(ξ){−{λ−(p+

2

2n+ 1
)}η(X)+1/2η(ϕhX)}.

Taking the summation of (5.5), (5.6) and (5.7), using (5.3), gives

{λ− (p+
2

2n+ 1
)}η(X){σ(X) + ε(X) + ρ(X)} = 0,

for all X ∈ χ(M2n+1).
So either λ=(p+ 2

2n+1 ) or σ(X) + ε(X) + ρ(X) = 0. In general η(X) 6= 0 on almost
Kenmotsu manifolds, thus the Theorem 5.1 is proved. �

In view of Theorem 5.1 and the results of Ozturk et al. [23], we state the corollary.

Corollary 5.2. Let M be an almost Kenmotsu (κ, µ, ν)-space of dimension greater
than or equal to 5, the function κ, µ, ν only vary in the direction of ξ, i.e., X(κ)=X(µ)
=X(ν)=0 for every vector field X orthogonal to ξ, then there does not exist conformal
Ricci soliton on weakly Ricci symmetric almost Kenmotsu (κ, µ, ν)-space M2n+1, (κ ≤
−1), if the sum of the 1−forms, i.e., ε+ σ + ρ, is not everywhere zero.

It is also observed that [1] the Ricci tensor S of a weakly Ricci symmetric almost
Kenmotsu (κ, µ, ν)-space has the from

S(X,Y ) =
1

ρ(ξ)
{2nX(κ)η(Y ) + 2nκg(Y,∇Xξ)− S(Y,∇Xξ)(5.8)

−2nκε(X)η(Y )− 2nκσ(Y )η(X)},

provided ρ(ξ) 6= 0. Again let ĥ is a (0, 2)-type symmetric parallel tensor field on an
almost Kenmotsu (κ, µ, ν)-space M2n+1, (κ ≤ −1), such that

(5.9) ĥ (X,Y) = (Lξg)(X,Y ) + 2S(X,Y ).

Taking X=Y=ξ and using (3.1) and (5.8), equation(5.9) takes the form

(5.10) ĥ (ξ,ξ) =
4n

ρ(ξ)
{ξ(κ)− κ{ε(ξ) + σ(ξ)}} .
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In view of (4.8) and (5.10), we get

(5.11) λ =
1

2

(
p+

2

(2n+ 1)

)
− 2n

ρ(ξ)
{κ{ε(ξ) + σ(ξ)} − ξ(κ)} .

Thus, we can state the following:

Theorem 5.3. If the tensor field Lξg+2S of type (0, 2) on a weakly Ricci symmetric
almost Kenmotsu (κ, µ, ν)-space M2n+1, (κ ≤ −1), with ρ(ξ) 6= 0 is parallel, then
conformal Ricci soliton (g, ξ, λ) is shrinking, steady and expanding according as ξ(k) ≥
0, ρ(ξ) > 0; ξ(k) = k{α(ξ) + γ(ξ)} and ξ(k) = 0, ρ(ξ) < 0 respectively.

6 Weakly concircular symmetric almost Kenmotsu
(κ, µ, ν)-space admitting conformal Ricci soliton
(g, ξ, λ)

A Riemannian manifold (Mn, g), (n > 2) is called weakly concircular symmetric
manifold [23] if its concircular curvature tensor C of type (0, 4) is not identically zero
and satisfies

(∇XC)(Y,Z, U, V ) = A(X)C(Y,Z, U, V ) +B(Y )C(X,Z,U, V )(6.1)

+H(Z)C(Y,X,U, V ) + E(V )C(Y, Z,X, V )

+D(V )C(Y, Z, U,X).

In a weakly concircular symmetric manifold, it is also known that B=H and D=E
[23]. Then

(∇XC)(Y,Z, U, V ) = A(X)C(Y,Z, U, V ) +B(Y )C(X,Z,U, V )(6.2)

+B(Z)C(Y,X,U, V ) +D(V )C(Y, Z,X, V )

+D(V )C(Y, Z, U,X),

holds for all vector fields X,Y, Z, U, V ∈ χ(M2n+1).

Theorem 6.1. In a weakly concircular symmetric almost Kenmotsu (κ, µ, ν)-space
admitting conformal Ricci soliton (g, ξ, λ), then the relation (6.5) holds.

Proof. We suppose that almost Kenmotsu (κ, µ, ν)-space admitting conformal Ricci
soliton (g, ξ, λ) is weakly concircular symmetric then its satisfies (6.2) . For fix
Y=V=ei in (6.2) and taking summation over i, 1 ≤ i ≤ 2n+ 1, we get

(∇XS)(Z,U)− dr(X)

(2n+ 1)
g(Z,U)(6.3)

= A(X)[S(Z,U)− r

(2n+ 1)
g(Z,U)] +B(Z)[S(X,U)− r

(2n+ 1)
g(X,U)]

+D(U)[S(Z,X)− r

(2n+ 1)
g(Z,X)] +B(R(X,Z)U) +D(R(X,U)Z)

− r

2n(2n+ 1)
[(B(X) +D(X))g(Z,U)− g(X,U)B(Z)− g(X,Z)D(U)].
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On substituting X=Z=U=ξ in (6.3) and using (3.4) and (4.3), we obtain

(6.4) [λ− (p+
2

(2n+ 1)
)][A(ξ) +B(ξ) +D(ξ)] =

−dr(ξ)
(2n+ 1)

,

which is equivalent to

(6.5) A(ξ) +B(ξ) +D(ξ) =
−dr(ξ)

(2n+ 1)(λ− p)− 2
.

This complete the prove. �

Also, we have the following result

Corollary 6.2. If a weakly concircular symmetric almost Kenmotsu (κ, µ, ν)-space
admitting conformal Ricci soliton (g, ξ, λ), then either the sum of the 1-forms A,B
and D is zero everywhere over the filed ξ, or the soliton is always expanding provided
the scalar curvature r of the manifold is constant.

If we equated any two of the vector fields X,Z and U to ξ, using (3.3),(4.3), then
from (6.3), one can easily obtain

(6.6) D(U) = D(ξ)η(U),

(6.7) B(Z) = B(ξ)η(Z),

(6.8) A(X) = [
dr(ξ)

(2n+ 1)(λ− p)− 2
−A(ξ)]η(X) +

dr(X)

(2n+ 1)(λ− p)− 2
.

Thus, we state the following theorem:

Theorem 6.3. In a weakly concircular symmetric almost Kenmotsu (κ, µ, ν)-space
admitting conformal Ricci soliton (g, ξ, λ) the associated 1-forms are given by (6.6),(6.7)
and(6.8) respectively.

7 Weakly concircular Ricci almost Kenmotsu (κ, µ, ν)-
space admitting conformal Ricci soliton (g, ξ, λ)

Right now, we light up weakly concircular Ricci almost Kenmotsu (κ, µ, ν)-space
admitting conformal Ricci soliton (g, ξ, λ). Now, we recall the following.

Definition 7.1. A Riemannian manifold (Mn, g),(n > 2) is said to be weakly con-
circular Ricci symmetric manifold if its concircular Ricci curvature Ĉ of type (0, 2) is
not identically zero and satisfies the condition [10]:

(7.1) (∇XĈ)(Y, Z) = A(X)Ĉ(Y, Z) +B(Y )Ĉ(X,Z) +D(Z)Ĉ(X,Y ),

holds for all vector fields X,Y, Z ∈ χ(M2n+1).
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Theorem 7.1. If a weakly concircular Ricci symmetric almost Kenmotsu (κ, µ, ν)-
space admitting conformal Ricci soliton (g, ξ, λ),then the relation (7.1) holds.

Proof. In view of (1.12) and (7.1), we obtain

(∇XS)(Y, Z)− dr(X)

(2n+ 1)
g(Y,Z)(7.2)

= A(X)[S(Y, Z)− r

(2n+ 1)
g(Y, Z)] +B(Y )[S(XZ)− r

(2n+ 1)
g(X,Z)]

+D(Z)[S(X,Y )− r

(2n+ 1)
g(X,Y )],

On substituting X=Y=Z=ξ in (7.2) and using (3.3) and (4.3), we get

(7.3) [λ− (p+
2

(2n+ 1)
)][A(ξ) +B(ξ) +D(ξ)] =

−dr(ξ)
(2n+ 1)

,

which implies that

(7.4) A(ξ) +B(ξ) +D(ξ) =
−dr(ξ)

(2n+ 1)(λ− p)− 2
.

Again, we equated any two of the vector fields X,Y and Z to ξ, using (3.3),(4.3), then
from equation (7.2), one can obtain

(7.5) D(Z) = D(ξ)η(Z),

(7.6) B(Y ) = B(ξ)η(Y ),

(7.7) A(X) = [
dr(ξ)

(2n+ 1)(λ− p)− 2
+A(ξ)]η(X) +

dr(X)

(2n+ 1)(λ− p)− 2
.

Adding (7.5),(7.6),(7.7), and using (7.4), we have

A(X) +B(X) +D(X) =
dr(X)

(2n+ 1)(λ− p)− 2
.

�

This completes the proof of the Theorem 7.1. Also as per this sequel, we have the
following corollary

Corollary 7.2. If a weakly concircular Ricci symmetric almost Kenmotsu (κ, µ, ν)-
space admitting conformal Ricci soliton (g, ξ, λ) the sum of the 1-forms A,B and D
is zero everywhere if and only if the scalar curvature r of the manifold is constant.

The notion of a special weakly Ricci symmetric manifold was introduced and studied
by Singh and Quddus [30]. An n-dimensional Riemannian manifold (M, g) is called
a special weakly concircular Ricci symmetric manifold (SWRS)n if

(7.8) (∇XĈ)(Y, Z) = 2ε(X)Ĉ(Y,Z) + ε(Y )Ĉ(X,Z) + ε(Z)Ĉ(X,Y ),

where ε is a 1-form and is defined by ε(X)=g(X, ρ), where ρ is the associated vector
field. Keeping in mind we recall
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Theorem 7.3. If a special weakly concircular Ricci symmetric almost Kenmotsu
(κ, µ, ν)-space with conformal Ricci soliton (g, ξ, λ) admits cyclic Ricci tensor then
the associated 1-form A must vanishes, provided λ 6= (p+ 2

(2n+1) + r
(2n+1) ).

Proof.Let the manifold M2n+1 satisfies (7.8). Then taking cyclic sum of (7.8), we get

(7.9)
(∇XĈ)(U, V ) + (∇U Ĉ)(X,V ) + (∇V Ĉ)(U,X)

= 4[A(X)Ĉ(U, V ) +A(U)Ĉ(X,V ) +A(V )Ĉ(U,X)]

If M2n+1 admits a cyclic Ricci tensor. Then (7.9) reduces to

(7.10) A(X)Ĉ(U, V ) +A(U)Ĉ(X,V ) +A(V )Ĉ(U,X) = 0.

Setting U=V=ξ in (7.10), we have

(7.11) [λ− (p+
2

(2n+ 1)
)[A(X) + 2A(ξ)η(X)] = 0,

this implies that either λ = (p+ 2
(2n+1) + r

(2n+1) ), or A(X) + 2A(ξ)η(X)=0.

Now, if λ 6= (p+ 2
(2n+1) + r

(2n+1) ), then

(7.12) A(X) + 2A(ξ)η(X) = 0

Again taking X=ξ in (7.12), we obtain that A(ξ) = 0. With reference to this and
(7.12), we yield A(X)=0, ∀X. The proof is completed.

Theorem 7.4. A special weakly concircular Ricci symmetric almost Kenmotsu (κ, µ, ν)-
space can not be an Einstein manifolds if the scalar curvature r of the manifold is
constant.

Proof. As we known that for Einstein manifold, we have S(Y,Z)=τg(Y, Z), and
(∇XS)(Y,Z)=0. Thus for (SWCRS) almost Kenmotsu (κ, µ, ν)-space, we get

− dr(X)

(2n+ 1)
g(Y, Z) = 2A(X)[α− r

(2n+ 1)
]g(Y,Z)(7.13)

+A(Y )[α− r

(2n+ 1)
]g(X,Z)

+A(Z)[α− r

(2n+ 1)
]g(X,Y ),

On substituting X=Y=Z=ξ in (7.13), we get

(7.14) 4A(ξ)[r − (2n+ 1)α] = dr(ξ),

which implies that if r is constant then η(ρ)=0, that is A(Y )=0, ∀Y . This completes
the proof of the theorem 7.4.

Corollary 7.5. A special weakly concircular Ricci symmetric almost Kenmotsu (κ, µ, ν)-
space admits cyclic Ricci tensor, can not be an Einstein manifolds if the scalar cur-
vature r of the manifold is constant.

Corollary 7.6. In a special weakly concircular Ricci symmetric an Einstein almost

Kenmotsu (κ, µ, ν)-space the 1-form A is given by A(ξ)= dr(ξ)
4[(2n+1)α−r] , provided r 6=

(2n+ 1)α.
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8 Almost pseudo Ricci symmetric almost Kenmotsu
(κ, µ, ν)-space

Chaki and Kawaguchi [13] introduced the concept of almost pseudo Ricci symmetric
manifolds as an extended class of pseudo symmetric manifolds. A Riemannian mani-
fold (M, g) is called an almost pseudo Ricci symmetric manifold (APRS)n, if its Ricci
tensor S of type (0, 2) is not identically zero and satisfying the following condition:

(8.1) (∇XS)(Y,Z) = [A(X) +B(X)]S(Y,Z) +A(Y )S(X,Z) +A(Z)S(X,Y ),

where A and B are two non-zero 1-forms defined by A(X)=g(X, ρ1), B(X)=g(X, ρ2).

Theorem 8.1. There is no almost pseudo Ricci symmetric almost Kenmotsu (κ, µ, ν)-
space admitting cyclic Ricci tensor, unless 3A+B vanishes everywhere on M2n+1.

Proof.Let M2n+1 is almost pseudo Ricci symmetric almost Kenmotsu (κ, µ, ν)-space.
Then from (8.1), taking cyclic sum we have

(∇XS)(Y,Z) + (∇Y S)(X,Z) + (∇ZS)(X,Y )

= [3A(X) +B(X)]S(Y, Z) + [3A(Y ) +B(Y )]S(X,Z) + [3A(Z) +B(Z)]S(X,Y )

Let M2n+1 admits a cyclic Ricci tensor, then

[3A(X) +B(X)]S(Y,Z) + [3A(Y ) +B(Y )]S(X,Z) + [3A(Z) +B(Z)]S(X,Y ) = 0

Replacing X=Y=Z=ξ in above we conclude that

(8.2) 2nk[3η(ρ1) + η(ρ2)] = 0,

which implies that 3η(ρ1) + η(ρ2)=0, thus we get 3A(X) +B(X)=0. � �

Corollary 8.2. A conformal Ricci soliton on almost pseudo Ricci symmetric almost
Kenmotsu (κ, µ, ν)-space admitting cyclic Ricci tensor, is always expanding, provided
3A+B 6= 0 on M2n+1.

9 Weakly Ẑ symmetric almost Kenmotsu (κ, µ, ν)-
space admitting conformal Ricci soliton (g, ξ, λ)

In this section, we need to demonstrate some results for weakly Ẑ symmetric almost
Kenmotsu (κ, µ, ν)-space with conformal Ricci soliton (g, ξ, λ) . Thus we prove the
following result

Theorem 9.1. If a (WẐS)2n+1 almost Kenmotsu (κ, µ, ν)-space admitting conformal
Ricci soliton (g, ξ, λ) then the relation (9.3) holds.

Proof. Let M2n+1 is a (WẐS)2n+1 almost Kenmotsu (κ, µ, ν)-space. Then substitut-
ing V=ξ in (1.15), and using (1.13), we have

(∇XS)(U, ξ) + dπ(X)g(U, ξ) = A(X)[S(U, ξ) + πg(U, ξ)](9.1)

+B(U)[S(X, ξ) + πg(X, ξ)]

+D(ξ)[S(U,X) + πg(U,X)],
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Putting X=U=ξ in (9.1) and keeping in mind (3.4) and (4.3), we obtain

(9.2) [λ− (p+
2

(2n+ 1)
) + π][A(ξ) +B(ξ) +D(ξ)] = dπ(ξ),

which implies that

(9.3) A(ξ) +B(ξ) +D(ξ) =
(2n+ 1)dπ(ξ)

(2n+ 1)(λ− p+ π)− 2
.

This complete the desired result. �

We have the following corollary

Corollary 9.2. If a (WẐS)2n+1 almost Kenmotsu (κ, µ, ν)-space admitting confor-
mal Ricci soliton (g, ξ, λ) the sum of the 1-forms A,B and D is zero everywhere over
the filed ξ if and only if the function π is constant.

Corollary 9.3. If a (WẐS)2n+1 almost Kenmotsu (κ, µ, ν)-space admitting confor-
mal Ricci soliton (g, ξ, λ) then soliton is expanding, shrinking and steady according
as
i) (p+ 2

(2n+1) ) > π,

ii) (p+ 2
(2n+1) ) < π and

iii) (p+ 2
(2n+1) ) = π, respectively.

Theorem 9.4. If a (WCẐS)n+1 almost Kenmotsu (κ, µ, ν)-space admitting confor-
mal Ricci soliton (g, ξ, λ) then either the sum of 1-form is zero everywhere over the
vector filed ξ or λ = (p+ 2

(2n+1) )− π.

Proof. Let M2n+1 is a (WCẐS)2n+1 almost Kenmotsu (κ, µ, ν)-space admitting con-
formal Ricci soliton (g, ξ, λ) then from (1.13) and (1.15), we have

A(U)[S(U, V ) + πg(U, V )] +B(U)[S(V,X)(9.4)

+πg(V,X)] +D(V )[S(X,U) + πg(X,U)] = 0

Putting X=U=V=ξ in (9.4) and keeping in mind (3.4), we yield

(9.5) [λ− (p+
2

(2n+ 1)
) + π][A(ξ) +B(ξ) +D(ξ)] = 0,

which implies that either λ = (p + 2
(2n+1) ) − φ, or A(ξ) + B(ξ) + D(ξ)=0. This

completes the proof. �

Corollary 9.5. In a (WCẐS)2n+1 almost Kenmotsu (κ, µ, ν)-space admitting con-
formal Ricci soliton (g, ξ, λ) then soliton is expanding, shrinking or steady according
as
i). (p+ 2

(2n+1) ) > π,

ii). (p+ 2
(2n+1) ) < π or

iii). (p+ 2
(2n+1) ) = π,

provided the sum of 1-form is not zero everywhere over the vector filed ξ.
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10 Example of almost Kenmotsu (κ, µ, ν)-space
admitting conformal Ricci soliton (g, ξ, λ)

Let us assume a 3- dimensional manifold M =
{

(x, y, z) ∈ R3 : x > 0, y > 0, z > 0
}

,
where (x, y, z) are the Cartesian coordinates in R3. We define three vector fields on
M such as [16]

v1 =
∂

∂x
, v2 =

∂

∂y
, v3 = −4

z
effy

∂

∂x
+ ψ

∂

∂y
+ e

f
2
∂

∂z
,

are linearly independent at each point of M , where f = f(y, z) < 0 for all (y, z) is a
solution of the partial differential equation

(10.1) 2fyy + f2y = −ze−f ,

and the function ψ = ψ(x, y, z) solves the system of partial differential equations

(10.2) ψx =
4

zx2
ef , ψy =

1

2z
e

f
2 − fze

f/z

2
− 4effy

xz
.

We define a Riemannian metric g on M such that g(vi, vj) = δij for i, j = 1, 2, 3. We
easily obtain

(10.3) [v1, v2] = 0, [v1, v3] =
4ef

zx2
v2,

[v2, v3] = 2v1 +

(
1

2z
ef/z − fz

2
ef/2 − 4

xz
effy −

ψfy
2

)
+

1

2
fyv3.

Let η be the 1-from defined as g(Z, v1) = η(Z) for all Z ∈ χ(M) and ϕ be the tesnor
field of type (1, 1) defined by ϕv1 = 0, ϕv2 = v3, and ϕv3 = −v2. Using the linearity
of ϕ, dη, and g, we easily find that η(v1) = 1, dη(U,Z) = g(ϕU,Z), and g(ϕU,ϕZ) =
g(U,Z) − η(U)η(Z) for all vector fields U,Z on M . Hence (M,η, ξ = v1, ϕ, g) is
contact metric manifolds. Let ∇ be the Levi-Civita connection to g and R be the
Riemannian curvature tensor of g.
Setting ξ = v1, X = v2 and ϕX = v3 and using Koszul’s formula

2g(∇EF,G) = Eg(F,G) + Fg(G,E)−Gg(E,F )

+g([E,F ], G)− g([F,G], E) + g([G,E], F )

and also from equation (10.1) and (10.2), we compute the following values

∇Xξ =
(
− 2ef

zx2
− 1

)
v3, ∇ϕXξ =

(
1− 2ef

zx2

)
v2, ∇ϕXϕX =

1

2
fyv2,

∇ξX = −
(
1 +

2ef

zx2

)
ϕX, ∇ξϕX =

(
1 +

2ef

zx2

)
X, ∇ξξ = 0,

∇ϕXX = −1

2
fyϕX +

(
2ef

zx2
− 1

)
ξ, ∇XX =

(
− 1

2z
ef/2 +

fy
2
ef/2 +

4

xz
effy +

ψfy
2

)
ϕX,

∇XϕX =

(
1

2z
ef/2 − fy

2
ef/2 − 4

xz
effy −

ψfy
2

)
X +

(
2ef

zx2
+ 1

)
ξ.
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From the definition of the tensor field h and using relations from (10.3) we turn up
hξ = 0 and

(10.4) hX =
1

2
(Lξϕ)X =

1

2
([ξ, ϕX]− ϕ[ξ,X]) =

2ef

zx2
X.

Similarly, we find that

hϕX = −2ef

zx2
X.

Setting now κ = 1 − (4e2f )/(z2x4), µ = 2(1 + 2ef )/(zx2), and ν = − 2
x . Now using

the last two relation, we easily obtain the non-vanishing components of Riemannian
curvature and Ricci tensor

R(X, ξ)ξ = − 4

x3z
efϕX +

(
1 +

2ef

zx2

)2

X

R(ϕX, ξ)ξ = − 4

x3z
efϕX −

(
1 +

2ef

zx2

)2(
6ef

zx2
− 1

)
and

S(ξ, ξ) =

(
1 +

2ef

zx2

)
Adopting equation (3.4), we obtain

λ =

(
p+

2

2n+ 1

)
+

(
1 +

2ef

zx2

)
Thus, any conformal Ricci soliton (g, ξ, λ) on almost Kenmotsu (κ, µ, ν)-space is ex-
panding.
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