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Abstract. It is shown that there does not exist any non-trivial warped
product SCR-lightlike submanifold of the type M⊥×λMT in an indefinite
Kaehler manifold. Then, the existence of SCR-lightlike warped product
submanifolds of the type MT ×λ M⊥ in an indefinite Kaehler manifold is
proved. Further, it is derived that for a proper SCR-lightlike warped prod-
uct submanifold of an indefinite Kaehler manifold, the induced connection
∇ can never be a metric connection. We also find some characterization
theorems in terms of the canonical structures f and ω on a SCR-lightlike
submanifold of an indefinite Kaehler manifold forcing it to be a SCR-
lightlike warped product submanifold. Finally, we classify SCR-lightlike
warped product submanifolds of indefinite Kaehler manifolds by develop-
ing a sharp inequality for the squared norm of the second fundamental
form h in terms of the warping function λ.
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1 Introduction

From last few decades, the geometry of warped product manifolds is one of the most
popular research topic for mathematicians and physicists. The concept of warped
product manifolds have several significant contributions in differential geometry and
mathematical physics, especially, in the general theory of relativity. The available
literature on warped product manifolds demonstrates that various geometrical ob-
jects take canonical forms in warped products. For example, the general formulae
for Levi-Civita connection and the Riemann curvature tensor can be expressed in
terms of the warped products (see [14]). In [16], Rajaratnam et. al., discussed the
application of warped product decompositions of a given space, for construction of
Killing tensors and coordinates to separate the Hamilton-Jacobi equation. Apart
from differential geometric studies, the warped product manifolds provide an excel-
lent setting to model spacetime near black holes or bodies with large gravitational
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field (see [15]). For instance, Robertson-Walker spacetimes, asymptotically flat space-
times, Schwarzschild spacetimes and Reissner- Nordström spacetimes are examples of
warped product manifolds (for details, see [10]). Also, the warped product manifolds
give solutions to Einstein’s field equations (see [2]), thus the study of this class of
manifolds assumes significance in general.

However, the notion of warped product manifolds was proposed by Bishop and
O’Neill (see [4]). But, the study of warped products attained momentum, when Chen,
introduced the concept of CR-warped products in Kaehler manifolds, by proving the
non-existence of non-trivial warped product CR-submanifolds of the type M⊥×λMT

in a Kaehler manifold (see [5]). Later on, many research articles appeared exploring
various geometrical aspects of warped product submanifolds in Kaehler manifolds.
Far less common are studies, where the warped products are considered in the semi-
Riemannian settings. In the present scenario, the need of such studies is growing
because the relativity theory leads to the geometry of semi-Riemannian manifolds,
which turns out to be the most general framework for the study of warped products
and may result in some remarkable applications. In [17], Sahin brought our attention
to geometry of warped product lightlike submanifolds and obtained some basic results
for this class of warped products. Recently, Kumar [12]-[13], studied warped product
lightlike submanifolds of indefinite nearly Kaehler manifolds and obtained some sig-
nificant characterizations on warped product lightlike submanifolds. Moreover, the
geometry of indefinite Kaehler manifolds is very important from mathematical point
of view and the lightlike submanifolds of indefinite Kaehler manifolds have extensive
applications in mathematical physics.

Therefore, in present paper, we investigate warped product SCR-lightlike sub-
manifolds of indefinite Kaehler manifolds. We prove that there does not exist any
non-trivial warped product SCR-lightlike submanifold of the type M⊥ ×λ MT in an
indefinite Kaehler manifold. Then, we prove the existence of SCR-lightlike warped
product submanifolds of the type MT ×λ M⊥ in an indefinite Kaehler manifold by a
characterization in terms of the shape operator. Further, we prove that for a proper
SCR-lightlike warped product submanifold of an indefinite Kaehler manifold, the
induced connection ∇ can never be a metric connection. We also find some charac-
terization theorems in terms of the canonical structures f and ω on a SCR-lightlike
submanifold of an indefinite Kaehler manifold forcing it to be a SCR-lightlike warped
product submanifold. Finally, we classify SCR-lightlike warped product submanifolds
of indefinite Kaehler manifolds by developing a sharp inequality for the squared norm
of the second fundamental form h in terms of the warping function λ.

2 Preliminaries

2.1 Geometry of lightlike submanifolds

In this section, we recall some basic formulae and notations for lightlike submanifolds
following [7].
Let (M̄, ḡ) be a real (m+n)-dimensional semi-Riemannian manifold of constant index
q such that m,n ≥ 1, 1 ≤ q ≤ m+n−1 and (M, g) be an m-dimensional submanifold
of M̄ and g be the induced metric of ḡ on M . If ḡ is degenerate on the tangent bundle
TM of M , then M is called a lightlike submanifold of M̄ . For a degenerate metric g



A note on SCR-lightlike warped product submanifolds 157

on M , TM⊥ is a degenerate n-dimensional subspace of TxM̄ . Thus both TxM and
TxM

⊥ are degenerate orthogonal subspaces, but no longer complementary. In this
case, there exists a subspace Rad(TxM) = TxM ∩ TxM

⊥, which is known as radical
(null) subspace. If the mapping Rad(TM) : x ∈ M −→ Rad(TxM), defines a smooth
distribution on M of rank r > 0, then the submanifold M of M̄ is called an r-lightlike
submanifold and Rad(TM) is called the radical distribution on M .
The screen distribution S(TM) is a semi-Riemannian complementary distribution of
Rad(TM) in TM , that is

(2.1) TM = Rad(TM)⊥S(TM)

and S(TM⊥) is a complementary vector subbundle to Rad(TM) in TM⊥. Let
tr(TM) and ltr(TM) be complementary (but not orthogonal) vector bundles to TM
in TM̄ |M and to Rad(TM) in S(TM⊥)⊥, respectively. Then we have

(2.2) tr(TM) = ltr(TM)⊥S(TM⊥).

(2.3) TM̄ |M= TM ⊕ tr(TM) = (Rad(TM)⊕ ltr(TM))⊥S(TM)⊥S(TM⊥).

For a quasi-orthonormal fields of frames on TM , we have

Theorem 2.1. ([7]). Let (M, g, S(TM), S(TM⊥)) be an r-lightlike submanifold of a
semi-Riemannian manifold (M̄, ḡ). Then there exists a complementary vector bundle
ltr(TM) of Rad(TM) in S(TM⊥)⊥ and a basis of Γ(ltr(TM) |u) consisting of smooth
section {Ni} of S(TM⊥)⊥ |u, where u is a coordinate neighborhood of M such that

(2.4) ḡ(Ni, ξj) = δij , ḡ(Ni, Nj) = 0, for any i, j ∈ {1, 2, .., r},

where {ξ1, ..., ξr} is a lightlike basis of Γ(Rad(TM)).

Let ∇̄ be the Levi-Civita connection on M̄ , then according to the decomposition
(2.3), the Gauss and Weingarten formulae are given by

(2.5) ∇̄XY = ∇XY + h(X,Y ), ∇̄XU = −AUX +∇t
XU,

for anyX,Y ∈ Γ(TM) and U ∈ Γ(tr(TM)), where {∇XY,AUX} and {h(X,Y ),∇t
XU}

belong to Γ(TM) and Γ(tr(TM)), respectively. Here ∇ is a torsion-free linear con-
nection on M , h is a symmetric bilinear form on Γ(TM) which is called second
fundamental form, AU is a linear operator on M and is known as shape operator.
According to (2.2), considering the projection morphisms L and S of tr(TM) on
ltr(TM) and S(TM⊥) respectively, then Gauss and Weingarten formulae become

(2.6) ∇̄XY = ∇XY + hl(X,Y ) + hs(X,Y ), ∇̄XU = −AUX +Dl
XU +Ds

XU,

where we put hl(X,Y ) = L(h(X,Y )), hs(X,Y ) = S(h(X,Y )), Dl
XU = L(∇t

XU),
Ds

XU = S(∇t
XU). As hl and hs are Γ(ltr(TM))-valued and Γ(S(TM⊥))-valued

respectively, therefore they are called the lightlike second fundamental form and the
screen second fundamental form on M . In particular,

(2.7) ∇̄XN = −ANX+∇l
XN+Ds(X,N), ∇̄XW = −AWX+∇s

XW +Dl(X,W ),
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where X ∈ Γ(TM), N ∈ Γ(ltr(TM)) and W ∈ Γ(S(TM⊥)). Using (2.6) and (2.7),
we obtain

(2.8) ḡ(hs(X,Y ),W ) + ḡ(Y,Dl(X,W )) = g(AWX,Y ),

(2.9) ḡ(Ds(X,N),W ) = ḡ(AWX,N),

for any X,Y ∈ Γ(TM), W ∈ Γ(S(TM⊥)) and N ∈ Γ(ltr(TM)).
Let P be the projection morphism of TM on S(TM), then using (2.1), we can induce
some new geometric objects on the screen distribution S(TM) on M as

(2.10) ∇XPY = ∇∗
XPY + h∗(X,Y ), ∇Xξ = −A∗

ξX +∇∗t
Xξ,

for any X,Y ∈ Γ(TM) and ξ ∈ Γ(Rad(TM)), where {∇∗
XPY,A∗

ξX} and {h∗(X,Y ),

∇∗t
Xξ} belong to Γ(S(TM)) and Γ(Rad(TM)), respectively. Using (2.6) and (2.10),

we obtain

(2.11) ḡ(hl(X,PY ), ξ) = g(A∗
ξX,PY ), ḡ(h∗(X,PY ), N) = g(ANX,PY ),

for any X,Y ∈ Γ(TM), ξ ∈ Γ(Rad(TM)) and N ∈ Γ(ltr(TM)).
In general, the induced connection ∇ on M is not a metric connection. Since ∇̄ is a
metric connection, by using (2.6), we get

(2.12) (∇Xg)(Y, Z) = ḡ(hl(X,Y ), Z) + ḡ(hl(X,Z), Y ).

However, it is important to note that ∇∗ is a metric connection on S(TM).

2.2 Indefinite Kaehler manifolds

Let M̄ be an indefinite almost Hermitian manifold with an almost complex structure
J̄ of type (1, 1) and Hermitian metric ḡ, then (M̄, ḡ, J̄) is called an indefinite Kaehler
manifold (see ([1])), if

(2.13) J̄2 = −I, ḡ(J̄U, J̄V ) = ḡ(U, V ), (∇̄U J̄)V = 0, ∀ U, V ∈ Γ(TM),

where ∇̄ is the Levi-Civita connection on M̄ .

2.3 Screen Cauchy-Riemann (SCR)-lightlike submanifolds

Definition 2.1. ([9]). Let (M, g, S(TM)) be a real lightlike submanifold of an indef-
inite Kaehler manifold (M̄, ḡ, J̄), then M is called a Screen Cauchy-Riemann (SCR)-
lightlike submanifold, if the following conditions are satisfied

(A) There exists a real non-null distribution D ⊂ S(TM) such that

S(TM) = D ⊕D⊥, J̄D⊥ ⊂ S(TM⊥), D ∩D⊥ = {0},

where D⊥ is orthogonal complementary to D in S(TM).

(B) Rad(TM) is invariant with respect to J̄ .
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Further, it follows that D and ltr(TM) are invariant with respect to J̄ , that
is, J̄D = D, J̄ ltr(TM) = ltr(TM), TM = D′ ⊕ D⊥ and D′ = D⊥Rad(TM).
Denote the orthogonal complement to J̄D⊥ in S(TM⊥) by ν. Then tr(TM) =
ltr(TM)⊥J̄D⊥⊥ν.

Let Q and P be the projections on D′ and D⊥, respectively. Then for any X ∈
Γ(TM), we have

(2.14) X = QX + PX,

applying J̄ to (2.14), we obtain

(2.15) J̄X = J̄QX + J̄PX,

and we can write equation (2.15) as

(2.16) J̄X = fX + ωX,

where fX and wX are the tangential and transversal components of J̄X, respectively.
Similarly,

(2.17) J̄V = BV + CV,

for any V ∈ Γ(tr(TM)), where BV and CV are the sections of TM and tr(TM),
respectively. Applying J̄ to (2.16) and (2.17), we get f2 = −I−Bω and C2 = −I−ωB.
Differentiating (2.16) and using (2.6), (2.7) and (2.17), we obtain

(∇Xf)Y = AωY X +Bhs(X,Y ),(2.18)

∇s
XωY = ω∇XY + Chs(X,Y )− hs(X, fY ),(2.19)

Dl(X,ωY ) = Chl(X,Y )− hl(X, fY ),(2.20)

for any X,Y ∈ Γ(TM).
Using Kaehlerian property of ∇̄ with (2.5), we have the following lemma.

Lemma 2.2. Let M be a SCR-lightlike submanifold of an indefinite Kaehler manifold
M̄ . Then we have

(∇Xf)Y = AωY X +Bh(X,Y )(2.21)

and

(∇t
Xω)Y = Ch(X,Y )− h(X, fY ),(2.22)

for any X,Y ∈ Γ(TM), where

(2.23) (∇Xf)Y = ∇XfY − f∇XY, (∇t
Xω)Y = ∇t

XωY − ω∇XY.

Now, we will recall the conditions for the integrability of distributions D′ and D⊥.
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Theorem 2.3. ([9]). Let M be a SCR-lightlike submanifold of an indefinite Kaehler
manifold M̄ . Then the distribution D′ is integrable if and only if

h(X, J̄Y ) = h(J̄X, Y ),

for any X,Y ∈ Γ(D′).

Theorem 2.4. ([9]). Let M be a SCR-lightlike submanifold of an indefinite Kaehler
manifold M̄ . Then D⊥ is integrable if and only if

AJ̄V W = AJ̄WV,

for any V,W ∈ Γ(D⊥).

Definition 2.2. ([8]). A lightlike submanifold (M, g) of a semi-Riemannian manifold
(M̄, ḡ) is said to be totally umbilical in M̄ , if there is a smooth transversal vector field
H ∈ Γ(tr(TM)) on M , called the transversal curvature vector field of M , such that

(2.24) hl(X,Y ) = H lg(X,Y ), hs(X,Y ) = Hsg(X,Y ), Dl(X,W ) = 0,

for any X,Y ∈ Γ(TM) and W ∈ Γ(S(TM⊥)).

3 Warped product SCR-lightlike submanifolds

Bishop and O’Neill defined warped product manifolds as

Definition 3.1. ([4]). Let B and F be two Riemannian manifolds with Riemannian
metrics gB and gF , respectively and λ be a positive differentiable function on B.
Consider the product manifold B × F with its projection π : B × F → B and η :
B×F → F . The warped product M = B×λ F is the manifold B×F equipped with
Riemannian metric g such that

g = gB + λ2gF .

More explicitly, if U is tangent to M = B ×λ F at (p, q), then

∥U∥2 = ∥π∗(U)∥2 + λ2(π(U))∥η∗(U)∥2.

Here function λ is called the warping function of the warped product and a warped
product manifold is said to be trivial, if λ is constant. For differentiable function λ
on M , the gradient ∇λ is defined by

g(∇λ,U) = Uλ, ∀ U ∈ Γ(TM).

Theorem 3.1. ([4]). Let M = B×λF be a warped product manifold. If X,Y ∈ T (B)
and U, V ∈ T (F ), then

(3.1) ∇XY ∈ T (B),

(3.2) ∇XV = ∇V X =

(
Xλ

λ

)
V,

(3.3) ∇UV = −g(U, V )

λ
∇λ.



A note on SCR-lightlike warped product submanifolds 161

Corollary 3.2. ([4]). On a warped product manifold, M = B ×λ F ,

(i) B is totally geodesic in M .

(ii) F is totally umbilical in M .

We know that on a CR-submanifold, there exist two orthogonal complementary
distributions such that one of them is invariant, while the other is anti-invariant under
the action of almost complex structure of the ambient space, (see [3]). Moreover, a
warped product manifold has fiber and base. Chen [5], observed this similarity be-
tween a warped product manifold and a CR-submanifold and introduced the notion
of a CR-warped product submanifold of a Kaehler manifold. Further, O’Neill gener-
alized the concept of Riemannian warped products to semi-Riemannian warped prod-
ucts, (see [15]). In [6], Duggal introduced two classes of warped products of lightlike
manifolds. Later on, Sahin [17], to construct a new class of lightlike submanifolds,
whose geometry is essentially the same as that of their chosen screen distribution,
introduced warped product lightlike submanifolds of semi-Riemannian manifolds as
follows.

Definition 3.2. ([17]). Let (M1, g1) be a totally lightlike submanifold of dimension
r and (M2, g2) be a semi-Riemannian submanifold of dimension m of a semi-Riemann
manifold M̄ . Then the product manifold M = M1 ×λ M2 is said to be a warped
product lightlike submanifold of M̄ with the degenerate metric g defined by

g(U, V ) = g1(π∗U, π∗V ) + (λ ◦ π)2g2(η∗U, η∗V ),

for every U, V ∈ Γ(TM) and ∗ is the symbol for the tangent map. Here π∗ : M1 ×
M2 → M1 and η∗ : M1 ×M2 → M2 denote the projection maps given by π(p, q) = p
and η(p, q) = q for (p, q) ∈ M1 ×M2.

Thus, we study SCR-lightlike warped product submanifolds of indefinite Kaehler
manifolds similar to the idea of CR-warped product submanifolds given by Chen.
Firstly, we will investigate SCR-lightlike submanifolds of an indefinite Kaehler man-
ifold, which are warped products of the type M⊥ ×λ MT , where M⊥ is a totally real
submanifold and MT is a holomorphic submanifold of M .

Theorem 3.3. Let M be a totally umbilical SCR-lightlike submanifold of an indef-
inite Kaehler manifold M̄ . If M = M⊥ ×λ MT is a warped product SCR-lightlike
submanifold such that M⊥ is a totally real submanifold and MT is a holomorphic
submanifold of M̄ , then it is a SCR-lightlike product.

Proof. Assume that M = M⊥×λMT be a warped product SCR-lightlike submanifold
of an indefinite Kaehler manifold M̄ . Then for any X ∈ Γ(TMT ) and Z ∈ Γ(TM⊥),
using (3.2), we have

(3.4) ∇XZ = ∇ZX = (Zlnλ)X.

Now for any X,Y ∈ Γ(D⊥), from (2.21), we get f∇XY = −AωY X −Bh(X,Y ), then
for any Z ∈ Γ(D) and using (2.6) and (3.4), we obtain g(f∇XY, Z) = −g(AωY X,Z) =
ḡ(∇̄X J̄Y, Z) = −ḡ(J̄Y, ∇̄XZ) = −g(J̄Y,∇XZ) = 0, then using non-degeneracy of D,
we derive f∇XY = 0, which further gives that ∇XY ∈ Γ(D⊥), this implies D⊥
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defines a totally geodesic foliation in M .
Let hT and AT , respectively, denote the second fundamental form and shape operator
of MT in M , then for any X,Y ∈ Γ(D′) and Z ∈ Γ(D⊥), we have g(hT (X,Y ), Z) =
g(∇XY, Z) = ḡ(∇̄XY, Z) = −ḡ(Y, ∇̄XZ) = −g(Y,∇XZ), further using (3.4), we get

(3.5) g(hT (X,Y ), Z) = −(Zlnλ)g(X,Y ).

Now let ĥ be the second fundamental form of MT in M̄ , therefore we have

(3.6) ĥ(X,Y ) = hT (X,Y ) + hl(X,Y ) + hs(X,Y ),

for any X,Y tangent to MT . Then for Z ∈ Γ(D⊥), using (3.6), we obtain

(3.7) g(ĥ(X,Y ), Z) = g(hT (X,Y ), Z) = −(Zlnλ)g(X,Y ).

Since MT is a holomorphic submanifold of M̄ , therefore

(3.8) ĥ(X, J̄Y ) = ĥ(J̄X, Y ) = J̄ ĥ(X,Y ).

Thus using (3.7) and (3.8), we obtain

(3.9) g(ĥ(X,Y ), Z) = −g(ĥ(J̄X, J̄Y ), Z) = (Zlnλ)g(X,Y ).

On adding (3.7) and (3.9), we derive

(3.10) g(ĥ(X,Y ), Z) = 0.

Thus from (3.6), (3.8) and (3.10), we have

(3.11) g(h(X,Y ), J̄Z) = g(ĥ(X,Y ), J̄Z) = −g(ĥ(X, J̄Y ), Z) = 0.

Thus g(h(D′, D′), J̄D⊥) = 0, this yields that h(D′, D′) has no component in J̄D⊥,
which implies that D′ defines a totally geodesic foliation in M . Hence, we conclude
that M = M⊥ ×λ MT is a SCR-lightlike product. �

From Theorem (3.3), we conclude that there exist no warped product SCR-
lightlike submanifold of the type M = M⊥ ×λ MT in an indefinite Kaehler mani-
fold M̄ . Therefore, in the proceeding part of the paper, we consider warped product
SCR-lightlike submanifolds of the type M = MT ×λ M⊥ in an indefinite Kaehler
manifold M̄ . For simplification, we call a warped product SCR-lightlike submanifold
of the type M = MT ×λM⊥, a SCR-lightlike warped product. Now, we prove a basic
lemma for later use.

Lemma 3.4. Let M be a SCR-lightlike warped product submanifold of an indefinite
Kaehler manifold M̄ , then

(i) ḡ(hs(D,D), J̄D⊥) = 0,

(ii) ḡ(hs(X,Z), J̄V ) = −J̄X(lnλ)g(Z, V ),

for any X ∈ Γ(D′) and Z, V ∈ Γ(D⊥).
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Proof. Since M̄ is a Kaehler manifold, therefore for any X ∈ Γ(D) and Z ∈ Γ(D⊥),
we have J̄∇̄XZ = ∇̄X J̄Z. Using (2.6) and (2.7), we have J̄∇XZ + J̄h(X,Z) =
−AJ̄ZX + Dl(X, J̄Z) + ∇s

X J̄Z, then taking inner product with J̄Y , for Y ∈ Γ(D),
we have g(∇XZ, Y ) = −g(AJ̄ZX, J̄Y ). On taking into account (2.8) and (3.2), we
derive ḡ(hs(X, J̄Y ), J̄Z) = 0, which proves (i).
Next for any X ∈ Γ(D′) and Z, V ∈ Γ(D⊥), from (2.6), (2.13) and (3.2), we have

ḡ(hs(X,Z), J̄V ) = ḡ(∇̄ZX, J̄V ) = −ḡ(J̄∇̄ZX,V )

= −ḡ(∇̄Z J̄X, V ) = −g(∇Z J̄X, V )

= −J̄X(lnλ)g(Z, V ),

which proves (ii). �

Lemma 3.5. Let M = MT ×λM⊥ be a SCR-lightlike warped product submanifold of
an indefinite Kaehler manifold M̄ , then

hl(X,Z) = 0 and h∗(X,Z) = 0,

for any X ∈ Γ(D′) and Z ∈ Γ(D⊥).

Proof. For anyX ∈ Γ(D′), Y ∈ Γ(Rad(TM)) ⊂ Γ(D′) and Z ∈ Γ(D⊥), from (2.6), we
have ḡ(hl(X,Z), Y ) = ḡ(∇̄XZ, Y ). Further we have ḡ(hl(X,Z), Y ) = −ḡ(Z, ∇̄XY ) =
−g(Z,∇XY ). Since M is a SCR-lightlike warped product submanifold, therefore D′

defines a totally geodesic foliation in M and thus we have ḡ(hl(X,Z), Y ) = 0, which
gives that hl(X,Z) = 0. Similarly, we can prove the second part of the assertion. �

Now we are ready to give a characterization theorem for existence of SCR-lightlike
warped product submanifolds of indefinite Kaehler manifolds.

Theorem 3.6. A proper totally umbilical SCR-lightlike submanifold M of an indef-
inite Kaehler manifold M̄ with totally real distribution D⊥ being integrable is locally
a SCR-lightlike warped product if and only if

(3.12) AJ̄ZX = −(J̄X)(µ)Z,

for each X ∈ Γ(D′), Z ∈ Γ(D⊥) and µ is a C∞− function on M such that Zµ = 0
for each Z ∈ Γ(D⊥).

Proof. Let M be a proper totally umbilical SCR-lightlike warped product submani-
fold of the type MT ×λM⊥. As M̄ is a Kaehler manifold, therefore for each X ∈ Γ(D′)
and Z ∈ Γ(D⊥), from (2.13), we have ∇̄X J̄Z = J̄∇̄XZ, which on using (2.5), (2.24)
and (3.2) gives that −AJ̄ZX +∇t

X J̄Z = J̄X(lnλ)Z. On equating tangential compo-
nents on both sides, we derive AJ̄ZX = −J̄X(lnλ)Z. As µ = lnλ is a function on
MT , therefore Z(µ) = Z(lnλ) = 0, for all Z ∈ Γ(D⊥).

Conversely, let M be a proper totally umbilical SCR-lightlike submanifold of an
indefinite Kaehler manifold M̄ satisfying (3.12). For X,Y ∈ Γ(D′) and Z ∈ Γ(D⊥),
using (3.12), we have g(AJ̄ZX,Y ) = −g(((J̄X)µ)Z, Y ) = 0, then using (2.8), we get
ḡ(hs(X,Y ), J̄Z) = 0. Thus ḡ(hs(D′, D′), J̄Z) = 0 and also ḡ(hl(D′, D′), J̄Z) = 0, for
any Z ∈ Γ(D⊥). Therefore, we have

ḡ(h(D′, D′), J̄Z) = 0,
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that is, h(D′, D′) has no component in J̄D⊥, which implies that D′ defines a totally
geodesic foliation in M .
Now taking inner product of (3.12) with U ∈ Γ(D⊥) and using hypothesis alongwith
(2.6), (2.13), (2.24) and (3.2), we have

g(((J̄X)µ)Z,U) = −g(AJ̄ZX,U) = −ḡ(J̄Z,∇XU)

= −ḡ(J̄Z,∇UX) = ḡ(∇̄U J̄Z,X)

= −g(∇UZ, J̄X),(3.13)

where X ∈ Γ(D) and Z ∈ Γ(D⊥). Then using the definition of gradient g(∇ϕ,X) =
Xϕ in (3.13), we get

(3.14) g(∇UZ, J̄X) = −g(∇µ, J̄X)g(U,Z).

Let h′ be the second fundamental form of D⊥ in M and let ∇′ be the induced
connection of D⊥ in M , then for U,Z ∈ Γ(D⊥) and X ∈ Γ(D), we have

(3.15) g(h′(U,Z), J̄X) = g(∇UZ −∇
′

UZ, J̄X) = g(∇UZ, J̄X).

Then from (3.14) and (3.15), we derive

(3.16) g(h′(U,Z), J̄X) = −g(∇µ, J̄X)g(U,Z).

Then using non-degeneracy of D, from (3.16), we get

(3.17) h′(U,Z) = −∇µg(U,Z),

which implies that the distribution D⊥ is totally umbilical in M . By hypothesis, the
totally real distribution D⊥ is integrable and further, using (3.17) and the condition
Zµ = 0 for each Z ∈ Γ(D⊥) implies that each leaf of D⊥ is an intrinsic sphere in
M . Thus by virtue of the result of [11], which states that ”If the tangent bundle of a
Riemannian manifold M splits into an orthogonal sum TM = E0 ⊕E1 of non-trivial
vector sub-bundles such that E1 is spherical and it’s orthogonal complement E0 is auto
parallel, then the manifold M is locally isometric to a warped product M0×fM1”, thus
we conclude that M is locally a SCR-lightlike warped product of the type MT ×λM⊥
in M̄ , where λ = eµ. Hence the proof is complete. �

From (2.12), we notice that the induced connection ∇ on M is not a metric
connection, in general. Therefore, in next theorem, we give one important result on
induced connection for SCR-lightlike warped product submanifolds.

Theorem 3.7. For a proper SCR-lightlike warped product submanifold M = MT ×λ

M⊥ of an indefinite Kaehler manifold M̄ , the induced connection ∇ can never be a
metric connection.

Proof. If possible, then let ∇ is a metric connection on M , therefore, according to
(2.12), we have hl = 0. We know that ∇̄ is a metric connection on M̄ , therefore for
X ∈ Γ(Rad(TM)) and Z,W ∈ Γ(D⊥), we have ḡ(∇̄ZW,X) = −ḡ(W, ∇̄ZX), further
using (2.6) and (3.2), we derive

(3.18) ḡ(hl(Z,W ), X) = −X(lnλ)g(Z,W ).

Since hl = 0, therefore (3.18) becomes, X(lnλ)g(Z,W ) = 0, which implies that
X(lnλ) = 0 or g(Z,W ) = 0, but this a contradiction as M is a proper SCR-lightlike
warped product submanifold and D⊥ is non-degenerate. Hence the proof follows. �
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4 SCR-lightlike warped product submanifolds and
canonical structures

In this section, we derive some characterizations in terms of the canonical structures f
and ω on a SCR-lightlike submanifold of an indefinite Kaehler manifold under which
it reduces to a SCR-lightlike warped product submanifold. Before proving the main
results, firstly we give a basic lemma.

Lemma 4.1. Let M = MT ×λM⊥ be a SCR-lightlike warped product submanifold of
an indefinite Kaehler manifold M̄ , then

(∇Zf)X = fX(lnλ)Z,

(∇Uf)Z = f(∇lnλ)g(U,Z),

for any U ∈ Γ(TM), X ∈ Γ(D′) and Z ∈ Γ(D⊥), where ∇(lnλ) denotes the gradient
of lnλ.

Proof. For X ∈ Γ(D′) and Z ∈ Γ(D⊥), from (2.23) and (3.2), we have (∇Zf)X =
∇ZfX = fX(lnλ)Z.
Again using (2.23), for U ∈ Γ(TM) and Z ∈ Γ(D⊥), we get (∇Uf)Z = −f∇UZ,
which implies that (∇Uf)Z ∈ Γ(D′). Then for any X ∈ Γ(D), we have

g((∇Uf)Z,X) = −g(f∇UZ,X) = g(∇UZ, fX)

= ḡ(∇̄UZ, fX) = −ḡ(Z,∇UfX)

= −fX(lnλ)g(Z,U).(4.1)

Then from definition of gradient of λ and non-degeneracy of D, the result follows. �

Theorem 4.2. Let M be a SCR-lightlike submanifold of an indefinite Kaehler man-
ifold M̄ with totally real distribution D⊥ being integrable, then M is locally a SCR-
lightlike warped product submanifold if and only if

(4.2) (∇Uf)V = ((fV )µ)PU + g(PU,PV )J̄(∇µ),

for each U, V ∈ Γ(TM), where µ is a C∞− function on M satisfying Zµ = 0 for each
Z ∈ Γ(D⊥).

Proof. Assume that M be a SCR-lightlike warped product submanifold of an indefi-
nite Kaehler manifold M̄ . Then, for any U, V ∈ Γ(TM), we have

(4.3) (∇Uf)V = (∇QUf)QV + (∇PUf)QV + (∇Uf)PV.

Since D′ defines a totally geodesic foliation in M , therefore using (2.21), we have

(4.4) (∇QUf)QV = 0.

Further using Lemma (4.1), we obtain

(4.5) (∇PUf)QV = f(QV )(lnλ)PU,
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(4.6) (∇Uf)PV = g(U,PV )f(∇lnλ) = g(PU,PV )f(∇lnλ).

Then from (4.3) - (4.6), we derive (4.2). Since µ = lnλ is a function on MT , therefore
Z(µ) = Z(lnλ) = 0, for all Z ∈ Γ(D⊥).

Conversely, let M be a SCR-lightlike submanifold of an indefinite Kaehler mani-
fold M̄ satisfying (4.2). Let U, V ∈ Γ(D′), then (4.2) implies that (∇Uf)V = 0, then
using (2.21), we have Bh(U, V ) = 0, this shows that h(U, V ) has no component in
J̄D⊥, for each U, V ∈ Γ(D′), which yields that D′ defines a totally geodesic foliation
in M .
Now for U, V ∈ Γ(D⊥), from (4.2), we have

(4.7) (∇Uf)V = g(PU,PV )J̄∇µ.

Taking inner product of (4.7) with X ∈ Γ(D), we obtain

(4.8) g((∇Uf)V,X) = g(PU,PV )g(J̄∇µ,X) = −g(PU,PV )g(∇µ, J̄X).

Then for U, V ∈ Γ(D⊥) and X ∈ Γ(D), using (2.21), we get

g((∇Uf)V,X) = g(AωV U,X) = −ḡ(∇̄U J̄V,X)

= g(∇UV, J̄X).(4.9)

From (4.8) and (4.9), we have

(4.10) g(∇UV, J̄X) = −g(PU,PV )g(∇µ, J̄X).

Let h′ be the second fundamental form of D⊥ in M and let ∇′ be the induced
connection of D⊥ in M , then for U, V ∈ Γ(D⊥) and X ∈ Γ(D), we get

(4.11) g(h′(U, V ), J̄X) = g(∇UV −∇
′

UV, J̄X) = g(∇UV, J̄X).

Now from (4.10) and (4.11), we derive

(4.12) g(h′(U, V ), J̄X) = −g(PU,PV )g(∇µ, J̄X),

then the non-degeneracy of D implies that h′(U, V ) = −∇µg(PU,PV ), which shows
that the distribution D⊥ is totally umbilical in M . Moreover, by hypothesis, the
totally real distribution D⊥ is integrable and in view of condition that Zµ = 0, for
each Z ∈ Γ(D⊥), each leaf of D⊥ is an intrinsic sphere. Thus, by similar argument as
in Theorem (3.6), M is locally a SCR-lightlike warped product of the type MT ×λM⊥
in M̄ with a warping function λ = eµ, which completes the proof. �

Theorem 4.3. Let M be a SCR-lightlike submanifold of an indefinite Kaehler man-
ifold M̄ with totally real distribution D⊥ being integrable, then M is locally a SCR-
lightlike warped product submanifold if and only if

(4.13) ḡ((∇t
Uω)V, J̄W ) = −QV (µ)g(U,W ),

for any U, V ∈ Γ(TM) and W ∈ Γ(D⊥), where µ is a C∞− function on M satisfying
Wµ = 0 for each W ∈ Γ(D⊥).
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Proof. Let M be SCR-lightlike warped product submanifold of an indefinite Kaehler
manifold M̄ . Therefore, the distribution D′ defines a totally geodesic foliation in M ,
thus using (2.23) for U, V ∈ Γ(D′) and W ∈ Γ(D⊥), we have

ḡ((∇t
Uω)V, J̄W ) = ḡ(−ω∇UV, J̄W ) = −g(∇UV,W ) = 0.(4.14)

For U,W ∈ Γ(D⊥) and V ∈ Γ(D′), using (2.22) and Lemma (3.4), we obtain

ḡ((∇t
Uω)V, J̄W ) = −ḡ(hs(U, fV ), J̄W ) = J̄fV (lnλ)g(U,W )

= −QV (lnλ)g(U,W ).(4.15)

Now for U ∈ Γ(D′) and V ∈ Γ(D⊥) or U, V ∈ Γ(D⊥), using (2.22), we get

ḡ((∇t
Uω)V, J̄W ) = ḡ(Ch(U, V ), J̄W ) = 0,(4.16)

where W ∈ Γ(D⊥). Thus from (4.14)-(4.16), we derive (4.13). As µ = lnλ is a func-
tion on MT , therefore W (µ) = W (lnλ) = 0, for all W ∈ Γ(D⊥).

Conversely, let M be a SCR-lightlike submanifold of an indefinite Kaehler man-
ifold M̄ with totally real distribution D⊥ integrable, satisfying (4.13). For any
U, V ∈ Γ(D′) and W ∈ Γ(D⊥), from (4.13), we have ḡ(w∇UV, J̄W ) = 0, then
g(∇UV,W ) = 0, which implies that ∇UV ∈ Γ(D′), that is, D′ defines a totally
geodesic foliation in M . Next for V ∈ Γ(D) and U,W ∈ Γ(D⊥), from (4.13), we have

−V (µ)g(U,W ) = ḡ((∇t
Uω)V, J̄W ) = −ḡ(ω∇UV, J̄W )

= −g(∇UV,W ) = −ḡ(∇̄UV,W )

= g(V,∇UW ).(4.17)

Then using the definition of gradient g(∇ϕ, V ) = V ϕ in (4.17), we get

(4.18) g(∇UW,V ) = −g(∇µ, V )g(U,W ).

Let h′ and ∇′, respectively, denote the second fundamental form and the induced
connection of D⊥ in M , then

(4.19) g(h′(U,W ), V ) = g(∇UW −∇
′

UW,V ) = g(∇UW,V ),

where U,W ∈ Γ(D⊥) and V ∈ Γ(D). Then from (4.18) and (4.19), we derive

(4.20) g(h′(U,W ), V ) = −g(∇µ, V )g(U,W ).

Then using non-degeneracy of D, from (4.20), we get

(4.21) h′(U,W ) = −∇µg(U,W ),

which implies that the distribution D⊥ is totally umbilical in M . From hypothesis,
the totally real distributionD⊥ is integrable and in view of condition thatWµ = 0, for
each W ∈ Γ(D⊥), each leaf of D⊥ is an intrinsic sphere. Thus, by similar argument as
in Theorem (3.6), M is locally a SCR-lightlike warped product of the type MT ×λM⊥
in M̄ with a warping function λ = eµ, which completes the proof. �
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5 An inequality for SCR-lightlike warped product
submanifolds

Now, we construct an inequality for the second fundamental form h of SCR-lightlike
warped product submanifolds of indefinite Kaehler manifolds. For this purpose, we
make use of formulae and results discussed in the previous sections.

Theorem 5.1. Let M = MT ×λ M⊥ be a SCR-lightlike warped product submanifold
of an indefinite Kaehler manifold M̄ . Then we have

(i) The squared norm of the second fundamental form satisfies

(5.1) ∥h∥2 ≥ 2q∥∇(lnλ)∥2,

where ∇(lnλ) is the gradient of lnλ and q is the dimension of M⊥.

(ii) If the equality sign in (5.1) holds identically, then MT is totally geodesic in M̄
and M⊥ is totally umbilical in M̄ .

Proof. Let {X1, X2, X3, ..., Xp, Xp+1 = J̄X1, Xp+2 = J̄X2, ..., X2p = J̄Xp, X2p+1 =
ξ1, X2p+2 = ξ2, ..., X2p+r = ξr, X2p+r+1 = J̄ξ1, X2p+r+2 = J̄ξ2, ..., X2p+2r = J̄ξr}
be a local orthonormal frame of vector fields on MT and {Z1, Z2, Z3, ..., Zq} a local
orthonormal frame of vector fields on M⊥, then we have

(5.2) ∥h∥2 = ∥h(D′, D′)∥2 + ∥h(D⊥, D⊥)∥2 + 2∥h(D′, D⊥)∥2.

By virtue of (2.4), (5.2) becomes

(5.3) ∥h∥2 = ∥hs(D′, D′)∥2 + ∥hs(D⊥, D⊥)∥2 + 2∥hs(D′, D⊥)∥2.

Further, we have

∥h∥2 =

2p+2r∑
i,j=1

ḡ(hs(Xi, Xj), h
s(Xi, Xj)) +

q∑
m,n=1

ḡ(hs(Zm, Zn), h
s(Zm, Zn))

+ 2

2p+2r∑
i=1

q∑
m=1

ḡ(hs(Xi, Zm), hs(Xi, Zm)).(5.4)

Thus,

∥h∥2 ≥ 2

2p+2r∑
i=1

q∑
m=1

ḡ(hs(Xi, Zm), hs(Xi, Zm)).(5.5)

Then using Lemma (3.4), (5.5) reduces to

∥h∥2 ≥ 2

2p+2r∑
i=1

q∑
m=1

(Xilnλ)
2g(Zm, Zm)

≥ 2q∥∇(lnλ)∥2,(5.6)
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which proves the assertion (i). Moreover, if the equality sign in (5.1) holds, then we
have

(5.7) hs(D′, D′) = 0, hs(D⊥, D⊥) = 0 and hs(D′, D⊥) ⊂ J̄D⊥.

Since MT is totally geodesic in M , then from first condition in (5.7), we have MT

is totally geodesic in M̄ . Moreover, as M⊥ is totally umbilical in M , the second
condition in (5.7) implies that M⊥ is totally umbilical in M̄ , which completes the
proof. �
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