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Abstract. The aim of the present paper is to study the semiconformal
curvature tensor for spacetime of general relativity. We establish the re-
sults on Killing and conformally Killing vectors satisfying Einstein’s field
equations in the case of semiconformally flat spacetimes. We extend the
same case for the study of cosmological models with dust and perfect fluid.
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1 Introduction and Preliminaries

Let gij and g̃ij be two metric tensors of the Riemannian spaces V and Ṽ respectively,
related by the equation

(1.1) g̃ij = e2βgij ,

for β a real scalar function of the co-ordinates.
The Riemannian spaces V and Ṽ are conformal spaces and the correspondence

between V and Ṽ is identified as a conformal transformation ([2]). Harmonic func-
tions are the functions whose Laplacian is zero and generally these do not transform
into harmonic functions under conformal transformation. The conharmonic transfor-
mation introduced by Ishii ([5]) form a subgroup of the conformal transformations
(1.1). The condition under which the harmonic functions remain invariant is 1

(1.2) βi
;i + β;iβ

i
; = 0,

A four ranked tensor Zl
ijk which remains invariant under conharmonic transformations

in an n-dimensional (n ≥ 4) Riemannian manifold (Mn, g) is

(1.3) Zl
ijk = Rl

ijk +
1

n− 2
(δljRik − δlkRij + gikR

l
j − gijR

l
k),
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1The indices take hereafter values from 1, 2, 3......, n. Semicolon (;) and comma (,)indicate the
covariant derivative and the partial derivative, respectively.
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where Rl
ijk, Rik are the Riemann and the Ricci curvature tensors, respectively.

Here, in this paper study a curvature-like tensor introduced by J. Kim ([6]), which
caries the same property of invariance like Zl

ijk under conharmonic transformation.

He named this new curvature-like four rank tensor Sl
ijk as semiconformal curvature

tensor, which can be expressed as ([7])

(1.4) Sl
ijk = −(n− 2)σW l

ijk + [λ+ (n− 2)σ]Zl
ijk,

provided that λ and σ are non-simultaneously vanishing constants.

The mixed form (of type (1, 3)) of the conformal curvature tensor is given by
(1.5)

W l
ijk = Rl

ijk +
1

n− 2
(δlcRik − δldRij + gikR

l
j − gijR

l
k) +

R

(n− 1)(n− 2)
(δlkgij − δljgik),

where Rij is the Ricci tensor and R is the scalar curvature tensor.

Under the remarkable substitutions λ = 1 and σ = − 1

n− 2
, the semiconformal

curvature tensor reduces to the conformal curvature tensor, while for λ = 1 and σ = 0,
it reduces to the conharmonic curvature tensor. For instance, it may be noted that the
semiconformal curvature tensor Slijk of type (0, 4) satisfies the following symmetry
properties

(1.6) Slijk = −Siljk = −Slikj = Sjkli,

and

(1.7) Slijk + Sjlik + Sijlk = 0.

When the semiconformal curvature tensor vanishes at every point of a manifold, then
the manifold is called semiconformally flat. So, this tensor shows the deviation of
the manifold from semiconformally flatness due to non-vanishing components. In
this paper the relativistic significance of the semiconformal curvature tensor has been
investigated, and it is seen that a semiconformally flat spacetime is an Einstein space
and consequently a space of constant curvature under certain conditions. We have
studied the Killing and conformal Killing vector fields and their existence for the
spacetime of general relativity satisfying Einstein’s field equations with cosmological
term. Also, we consider the vanishing of the semiconformal curvature tensor, in some
special cases (different models of the universe). We are encouraged to use the concept
of invariance of a tensor under conharmonic transformation from the paper in [11].

Definition 1.1. Einstein-like Spacetime. A Riemannian space Vn(n > 2) is said
to be an Einstein space if its Ricci tensor has the form

(1.8) Rij = φgij

where φ =
R

n
is a scalar and R is the scalar curvature. If the Ricci tensor is simply

proportional to the metric tensor, we call this space as Einstein-like space.



16 Musavvir Ali and Naeem Ahmad Pundeer

Definition 1.2. Einstein field equations with cosmological constant. The
interaction of matter and gravitation through Einstein’s famous field equations with
cosmological term is given by

(1.9) Rij −
1

2
Rgij + ∧gij = kTij ,

where k is a constant, Tij is the energy-momentum tensor and ∧ is the cosmological
constant.

Definition 1.3. Spaces of constant curvature. In cosmology, the spaces of con-
stant curvature or the space forms are of great importance. The highlights of spaces of
constant curvature are no preferred point/direction which by default follow the prin-
ciple of cosmology, i.e., the universe is isotropic and homogeneous. These spaces of

constant curvature are also called as maximally symmetric spaces and have
1

2
n(n+1)

independent Killing vectors in the Riemannian spaces of dimension n. So, in space-
times (of constant curvature), i.e., spaces whose curvature depends on the time, the
independent Killing vectors are ten and these spacetimes are de-Sitter models. The
three dimensional space-like surfaces of constant curvature are Robertson-Walker met-
rics which are acquired by the de-Sitter cosmological model [8].

Definition 1.4. Symmetries of Spacetime. In general theory of relativity, the
curvature tensor characterizes the gravitational field into two parts, viz., the matter
part and the free gravitational part. The interaction between the matter and the grav-
itational parts is described through the Bianchi identities. In gravitational physics,
the main objective of all investigations is the construction of the gravitational poten-
tial satisfying the Einstein field equations. For a given distribution of matter, this is
achieved by imposing symmetries on the geometry compatible with the dynamics of
the chosen distribution of matter. The geometrical symmetries of the spacetime are
representable through the following equation [12]

(1.10) £ξD − 2fD = 0,

where £ξ represents the Lie derivative with respect to the vector field ξi (this vector
may be time-like, space-like or null), D denotes a geometrical/physical quantity and
f is a scalar.

A simple example can be provided here as the metric inheritance symmetry for
D = gij in equation (1.10) and if f is zero, then ξi is a Killing vector ([9],[10]). Until
this date, more than 30 geometric symmetries have been found in literature. The
semiconformal curvature tensor is used throughout in the present paper and the sym-
metry of spacetime corresponding to this tensor is given in [3]. (For a comprehensive
analysis of symmetry inheritance and related results, see [1]).

2 Semiconformally flatness in spacetime of general
relativity

The semiconformal curvature tensor from equation (1.4) in V4 is

(2.1) Sl
ijk = −2σW l

ijk + [λ+ 2σ]Zl
ijk,
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where W l
ijk and Zl

ijk are the conformal and the conharmonic curvature tensors, re-
spectively. In V4, from equations (1.3) and (1.5), these tensors may be written in the
following form

(2.2) Zl
ijk = Rl

ijk +
1

2
(δlcRik − δlkRij + gikR

l
j − gijR

l
k),

and

(2.3) W l
ijk = Rl

ijk +
1

2
(δljRik − δlkRij + gikR

l
j − gijR

l
k) +

R

6
(δlkgij − δljgij).

The use of equations (2.2) and (2.3) in equation (2.1) yields

(2.4) Sl
ijk = λ[Rl

ijk +
1

2
(δljRik − δlkRij + gikR

l
j − gijR

l
k)]−

σR

3
(δlkgij − δljgik).

The contraction of equation (2.4) provides

(2.5) Sij = −
(
λ+ 2σ

2

)
Rgij ,

and under the condition (1.2), the equation (2.5) is invariant.
If the semiconformal curvature tensor vanishes, then (2.4) leads to

(2.6) λRl
ijk =

λ

2

(
δlkRij − δljRik + gijR

l
k − gikR

l
j

)
+

σR

3

(
δlkgij − δljgik

)
,

or,

−λRl
ijk =

λ

2

(
δljRik − δlkRij + gikR

l
j − gijR

l
k

)
+

σR

3

(
δljgik − δlkgij

)
.

The contractions over l and j give rise to

(2.7) Rik = −
(
λ+ 2σ

λ

)
1

4
Rgik,

where R is the scalar curvature.
Thus, we may state the following result:

Theorem 2.1. A semiconformally-flat spacetime is an Einstein-like space.

Corollary 2.2. A semiconformally-flat spacetime is an Einstein space for σ = 0 and
λ non-zero constant.

Moreover, from equation (2.6), we have
(2.8)

λRtijk = λgtlR
l
ijk =

λ

2

(
gtkRij − gtjRik + gijRtk − gikRtj

)
+

σR

3

(
gtkgij − gtjgij

)
.

In view of equation (2.7), the above equation reduces to

(2.9) Rtijk =

(
3λ+ 2σ

12λ

)
R(gtjgik − gtkgij),

Thus, we have the following theorem
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Theorem 2.3. A semiconformally-flat spacetime is of constant curvature.

The semiconformal curvature tensor stands for the deviation of the manifold V4

from the spacetime having the constant curvature. We use the following operator for
the measurement of the deviation from semiconfromal flatness

S = supD
|StijkD

tiDjk|
DijDij

where Dtj = Y tXj − Y jXt; X and Y are mutually orthogonal unit vectors. Also,

Dij = −Dji.

The covariant derivative of equation (2.7) gives

(2.10) Rik;j = −
(
λ+ 2σ

λ

)
1

4
gikR,j .

The product of gkl in the equation (2.10), leads to

(2.11) Rl
i;j = −

(
λ+ 2σ

λ

)
1

4
δliR,j ;

contracting over l and i, we get

(2.12) R,j = 0, since 2(λ+ σ) ̸= 0.

This equation implies that the spacetime is of constant scalar curvature.
In view of (2.7), equation (1.9) yields

(2.13)

{
∧ −

(
3λ+ 2σ

λ

)
1

4
R

}
gij = kTij ,

since R is due to (2.12); then, operating the Lie derivative on equation (2.13), we
have

(2.14)

{
∧ −

(
3λ+ 2σ

λ

)
1

4
R

}
£ξgij = k£ξTij .

For ξ as Killing vector field, (2.14), gives

(2.15) £ξgij = 0.

Using equations (2.14) and (2.15), we infer

(2.16) £ξTij = 0.

Conversely, if equation (2.16) holds and since k, ∧,
(
3λ+ 2σ

λ

)
and R are constants,

then the use of equation (2.16), leads to

£ξgij = 0.

Hence ξ is a Killing vector field. Thus, we may state
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Theorem 2.4. In a semiconformally-flat spacetime admitting Einstein field equations
with a cosmological term, for the existence of Killing vector ξ, the necessary and
sufficient condition is that the Lie derivative of energy-momentum tensor vanishes
along ξ.

Under a conformal transformation, the angle between two arbitrary vectors of the
Riemannian manifold is preserved (cf., equation (1.1)). For having an one-parameter
group of transformations spanned by the vector field ξ as group of conformal transfor-
mations, the necessary and sufficient condition is that ξ satisfies the following equation
(cf., [12]),

(2.17) £ξgij = 2fgij ,

where f is a scalar function. In (2.17) the vector field ξ is called conformal Killing vec-
tor field (CKV). The invariance of the semiconformal curvature tensor under conhar-
monic transformations, which is a special case of conformal transformations provides
an idea to investigate the role of semiconformally-flat spacetimes.

Making use of (2.17) in (2.14), we get

(2.18)

{
∧ −

(
3λ+ 2σ

λ

)
1

4
R

}
2fgij = k£ξTij .

From (2.13) and (2.18), we get

(2.19) £ξTij = 2fTij ,

which implies that the symmetry inheritance property is admitted by the energy-
momentum tensor. Conversely, we can show that (2.17) will hold, if the equation
(2.19) holds.

So, we deduce the next result

Theorem 2.5. The necessary and sufficient condition for a semiconformally-flat
spacetime satisfying Einstein’s field equations with cosmological term to admit a con-
formal Killing vector field, is that it admits the symmetry inheritance property for the
energy-momentum tensor.

3 Cosmological model with vanishing semiconfor-
mal curvature tensor

For setting some cosmological models of the universe, we use Einstein’s equations.
Einstein considered the global case, i.e., the universe on large scale follows cosmolog-
ical principles. The presence of matter doesn’t violate the isotropy and homogeneity
conditions of universe. The matter contents of the universe, i.e., Stars, Galaxies,
Nebulas etc., were considered to be a perfect fluid.

Let us consider a perfect fluid spacetime with vanishing semiconformal curvature
tensor. The energy-momentum tensor Tij of a perfect fluid is given by

(3.1) Tij = (µ+ ρ)uiuj + ρgij ,
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where µ is the energy density, ρ is the isotropic pressure and ui is the fluid four
velocity vector, such that uiu

i = −1.
Using (3.1) and (2.13), we get

(3.2)

{
∧ −

(
3λ+ 2σ

λ

)
1

4
R− kρ

}
gij = k(µ+ ρ)uiuj .

Multiplication by gti of (3.2) yields

(3.3)

{
∧ −

(
3λ+ 2σ

λ

)
1

4
R− kρ

}
δtj = k(µ+ ρ)utuj ,

and contracting over t and j, we infer

(3.4)

(
3λ+ 2σ

λ

)
R = 4 ∧+k(µ− 3ρ).

Furthermore, multiplying by ui and using uiui = −1 in (3.2), we get

(3.5)

(
3λ+ 2σ

λ

)
R = 4 ∧+4kµ.

By combining equations (3.4) and (3.5), we get

(3.6) µ+ ρ = 0,

which opposes our assumption of perfect fluid.
Thus, we may state the following

Theorem 3.1. A spacetime with vanishing semiconformal curvature tensor and sat-
isfying the Einstein field equations with cosmological term is a perfect fluid space if
µ+ ρ ̸= 0

In case of the dust model, the energy-momentum tensor is given by

(3.7) Tij = µuiuj .

Equation (2.13) with the help of (3.7) may be written as

(3.8)

{
∧ −

(
3λ+ 2σ

λ

)
1

4
R

}
gij = kµuiuj .

Multiplying gti and then contracting over t and j with uiu
i = −1 leads to

(3.9)

(
3λ+ 2σ

λ

)
R = 4 ∧+kµ.

Now, by operating ui on both sides in equation (3.8), we get

(3.10)

(
3λ+ 2σ

λ

)
R = 4(∧+ kµ).

From (3.9) and (3.10), we have
µ = 0,

which is against of our assumption.
Thus, we may state the following
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Corollary 3.2. A spacetime satisfying the Einstein field equations and having a van-
ishing semiconformal curvature tensor represents a dust cosmological model if the
energy-density does not vanish.

For a spacetime with radiative perfect fluid (µ = 3ρ), the resulting universe must
be isotropic and homogeneous ([4]). So, by using this condition µ = 3ρ in equation
(3.2), we get

(3.11)

{
∧ −

(
3λ+ 2σ

4λ

)
R− kµ

3

}
gij =

4

3
kµuiuj .

Further, by operating gti on both sides and by contracting over t and j with uiu
i = −1,

(3.11) yields

(3.12)

(
3λ+ 2σ

λ

)
R = 4 ∧ .

Now, by multiplying ub on equation (3.11), we get

(3.13)

(
3λ+ 2σ

λ

)
R = 4 ∧+4kµ.

Using equations (3.12) and (3.13), we have

µ = 0,

which is not possible by our assumption.
Thus, we may state the following

Corollary 3.3. A spacetime with vanishing semiconformal curvature tensor and sat-
isfying the Einstein field equations with a cosmological term is an isotropic and ho-
mogeneous spacetime if the energy density of the fluid does not vansih.

References

[1] Z. Ahsan, On a geometrical symmetry of the spacetime of general relativity, Bull.
Cal. Math. Soc. 97(3) (2005), 191-200.

[2] Z. Ahsan, Tensor Analysis with Applications, Anamaya Publishers, New Delhi
and Anshan Ltd., Tunbridge Wells, United Kingdom 2008.

[3] M. Ali, N.A. Pundeer and Z. Ahsan, Semiconformal symmetry - a new symmetry
of the spacetime manifold of the General Relativity, arXiv:1901.03746v1 [gr-qc]
January 10, 2019.

[4] G.F.R. Ellis, Relativistic Cosmology in General Relativity and Cosmology, Edited
by R.K. Sachs, Academic Press, London, 1971.

[5] Y. Ishii, On conharmonic transformations, Tensor (N.S.) 7, (1957), 73-80.

[6] J. Kim, A type of conformal curvature tensor, Far East J. Math. Sci. 99(1) (2016),
61-74.

[7] J. Kim, On pseudo semiconformally symmetric manifolds, Bull. Korean Math.
Soc. 54(1) (2017), 177-186.



22 Musavvir Ali and Naeem Ahmad Pundeer

[8] J.V. Narlikar, General Relativity and Gravitation, The Macmillan Company of
India 1978.

[9] T. Opera, 2-Killing vector fields on Riemannian manifolds, Balkan Journal of
Geometry and Its Applications, 13(1) (2008), 87-92.

[10] G. Shabbir, Proper affine vector fields in Bianchi type V space-time, Differential
Geometry-Dynamical Systems 10 (2008), 288-293.

[11] S.A. Siddiqui and Z. Ahsan, Conharmonic curvature tensor and the spacetime of
General Relativity, Differential Geometry-Dynamical Systems, 12, (2010), 213-
220.

[12] K. Yano,Formulas in Riemannian Geometry, Marcel Dekker, Inc., New York,
1970.

Authors’ address:

Musavvir Ali and Naeem Ahmad Pundeer
Department of Mathematics, Faculty of Science,
Aligarh Muslim Univeristy, Aligarh, 202002, India.
E-mails: musavvirali.maths@amu.ac.in , pundir.naeem@gmail.com


