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Abstract. Non-existence of warped product semi-slant submanifolds of
locally product Riemannian manifolds is proved in [3, 21]. In this pa-
per, we study warped products of slant and anti-invariant submanifolds
of a locally product Riemannian manifold and we prove the existence of
such kind of warped products by a characterization. Also, we construct
examples and derive an inequality for the squared norm of the second
fundamental form of such immersions in terms of the warping function.

M.S.C. 2010: 53C40, 53C42, 53B25.
Key words: slant submanifolds; psudo-slant submanifolds; mixed totally geodesic;
warped products; locally product Riemannian manifold.

1 Introduction

Recently, Sahin studied slant submanifolds of locally product Riemannian manifolds
[19] and this idea was extended by Li and Li for semi-slant submanifolds of locally
product Riemannian manifolds [16], which are generalizations of the semi-invariant
submanifolds studied in [2, 5, 18]. They obtained some characterization results on
the underlying submanifolds of locally product Riemannian manifolds.

On the other hand, the warped product submanifolds in a locally product Rieman-
nian manifold were studied in [1, 4, 20]. For a survey on warped product submanifolds
we also refer to [13, 14]. Recently, Sahin [21] and Atceken [3] studied warped prod-
uct semi-slant submanifolds of a locally product Riemannian manifold. They proved
that the warped products of the form MT ×f Mθ and M⊥ ×f Mθ do not exist in

a locally product Riemannian manifold M̃ , where MT , M⊥ and Mθ are invariant,
anti-invariant and proper slant submanifolds of M̃ , respectively. They provided some
examples on the existence of warped product submanifolds of the form Mθ ×f MT

and Mθ ×f M⊥.
In this paper, we study the warped product submanifolds of the form M =

Mθ ×f M⊥ (we call such warped products pseudo-slant warped products) of a lo-

cally product Riemannian manifold M̃ , where Mθ and M⊥ are proper slant and anti-
invariant submanifolds of M̃ , respectively. We give first some preparatory results for
later use, provide two examples of such warped product immersions and obtain a

Differential Geometry - Dynamical Systems, Vol.18, 2016, pp. 147-158.
c⃝ Balkan Society of Geometers, Geometry Balkan Press 2016.



148 Siraj Uddin, Akram Ali, Najwa M. Al-Asmari, Wan Ainun Othman

characterization for warped products. Also, we establish a relationship between the
squared norm of the second fundamental form and the warping function, and consider,
furthermore, the equality case of the inequality.

2 Preliminaries

Let M̃ be an n-dimensional Riemannian manifold with a tensor field of type (1, 1),
such that F 2 = I (F ̸= ±I), where I denotes the identity transformation. Then we
say that M̃ is an almost product manifold with almost product structure F . If an
almost product manifold M̃ admits a Riemannian metric g such that

(2.1) g(FU,FV ) = g(U, V ), g(FU, V ) = g(U,FV ),

for any vector fields U and V on M̃ , then M̃ is called an almost product Riemannian
manifold. Let ∇̃ denote the Levi Cevita connection on M̃ with respect to g. If
(∇̃UF )V = 0, for all U, V ∈ Γ(TM̃), where Γ(TM̃) denotes the set of all vector fields
of M̃ , then (M̃, g) is called a locally product Riemannian manifold with Riemannian
metric g [5].

Let M be a submanifold of a locally product Riemannian manifold M̃ with the
induced Riemannian metric g. If ∇ and ∇⊥ are the induced Riemannian connections
on the tangent bundle TM and on the normal bundle T⊥M of M respectively, then
the Gauss and Weingarten formulas are:

(2.2) ∇̃UV = ∇UV + h(U, V ), ∇̃UN = −ANU +∇⊥
UN,

for each U, V ∈ Γ(TM) and N ∈ Γ(T⊥M), where h and AN are the second funda-
mental form and the shape operator (corresponding to the normal vector field N)
respectively, for the immersion of M into M̃ . They are related by

(2.3) g(h(U, V ), N) = g(ANU, V ).

Now, for any X ∈ Γ(TM) and N ∈ Γ(T⊥M), we write

(2.4) (i) FU = PU + ωU, (ii) FN = tN + fN,

where PU(tN) and ωU(fN) are the tangential and the normal components of FU(FN),
respectively. The covariant derivatives of the endomorphisms F , T and ω are respec-
tively defined as

(2.5)


(∇̃UF )V = ∇̃UFV − F ∇̃UV, ∀ U, V ∈ Γ(TM̃)

(∇̃UP )V = ∇UPV − P∇UV, ∀ U, V ∈ Γ(TM)

(∇̃Uω)V = ∇⊥
UωV − ω∇UV, ∀ U, V ∈ Γ(TM).

A submanifold M of a locally product Riemannian manifold M̃ is said to be totally
umbilical and totally geodesic respectively, if

h(U, V ) = g(U, V )H, and h(U, V ) = 0,
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for any U, V ∈ Γ(TM), where H is the mean curvature vector of M defined by
H = 1

m

∑m
i=1 h(ei, ei), with dimM = m and {e1, · · · , em} is a local orthonormal

frame of vector fields on M . Furthermore, if H = 0, then M is minimal in M̃ .
Let M be a submanifold of a locally product Riemannian manifold M̃ . Then,

for each nonzero vector U tangent to M at a point p ∈ M , we define an angle θ(U)
between FU and the tangent space TpM known as the Wirtinger angle of U in M .
If the angle θ(U) is constant, i.e., it is independent of the choice of U ∈ TpM and

p ∈ M , then M is said be a slant submanifold of M̃ . In particular, the invariant and
the anti-invariant submanifolds are slant submanifolds with slant angle θ = 0 and
θ = π/2, respectively. M is proper slant if it is neither invariant nor anti-invariant.
The normal bundle T⊥M of a slant submanifold M is decomposed as

T⊥M = ω(TM)⊕ µ,

where µ is the invariant normal subbundle with respect to F orthogonal to ω(TM).

We recall the following result for a slant submanifold of a locally product Rieman-
nian manifold.

Theorem 2.1. [19] Let M be a submanifold of a locally product Riemannian manifold
M̃ . Then M is slant if and only if there exists a constant δ ∈ [0, 1] such that P 2 = δI.
In this case, θ is slant angle of M and satisfies δ = cos2 θ.

The following relations are consequences of the above theorem:

g(PU,PV ) = cos2 θg(U, V ),
g(ωU, ωV ) = sin2 θg(U, V ),

for any U, V ∈ Γ(TM). Also, for a slant submanifold, (2.4) (i) and Theorem 2.1 yield

(2.6) tωU = sin2 θU, ωPU = −fωU.

Also, if {e1, · · · em} is an orthonormal basis of the tangent space TM of M , and er
belong to the orthonormal basis {em+1, · · · , en} of the normal bundle T⊥M , we define

(2.7) hr
ij = g(h(ei, ej), er) and ||h||2 =

m∑
i,j=1

g(h(ei, ej), h(ei, ej)).

As a consequence, for a differentiable function φ on M , we have

||∇⃗φ||2 =
m∑
i=1

(ei(φ))
2,

where ∇⃗φ is the gradient of φ, defined by g(∇⃗φ,U) = Uφ, for any U ∈ Γ(TM).

3 Pseudo-slant submanifolds

Recently, semi-slant subamnifolds of locally product Riemannian manifolds were stud-
ied by Li and Li [16]. They defined these submanifolds as follows:
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Definition 3.1. A submanifold M of a locally product Riemannian manifold M̃ is
said to be a semi-slant submanifold, if there exist two orthogonal distributions D and
Dθ such that

(i) TM = D ⊕Dθ,

(ii) the distribution D is invariant, i.e. F (D) = D,

(iii) the distribution Dθ is slant with slant angle θ ̸= 0.

On a similar line, we define pseudo-slant submanifolds as follows:

Definition 3.2. Let M be a submanifold of a locally product Riemannian manifold
M̃ with a pair of orthogonal distributions D⊥ and Dθ. Then M is said to be a
pseudo-slant submanifold of M̃ if

(i) TM = D⊥ ⊕Dθ,

(ii) the distribution D⊥ is anti-invariant under F , i.e., F (D⊥) ⊆ T⊥M ;

(iii) Dθ is a slant distribution with slant angle θ ̸= 0.

Let us denote by m1 and m2, the dimensions of D⊥ and Dθ. Then M is anti-
invariant if m2 = 0 and proper slant if m1 = 0. It is proper pseudo-slant, if the slant
angle is different from 0 and π/2 and m1 ̸= 0.

Moreover, if µ is an invariant normal subbundle under F of the normal bundle
T⊥M , then in case of pseudo-slant submanifolds, the normal bundle T⊥M can be
decomposed as T⊥M = FD⊥ ⊕ ωDθ ⊕ µ.

A pseudo-slant submanifold of a locally product Riemannian manifold is said to
be mixed totally geodesic if h(X,Z) = 0, for any X ∈ Γ(Dθ) and Z ∈ Γ(D⊥).

First, we give the following example of a proper pseudo-slant submanifold.

Example 3.3. Consider a submanifold M of R4 = R2 ×R2 with coordinates (x1, x2,
y1, y2), and the product structure

F

(
∂

∂xi

)
=

∂

∂xi
, F

(
∂

∂yi

)
= − ∂

∂yi
, i = 1, 2.

For any θ ∈ (0, π
4 ), consider a submanifoldM into R4, which is given by the immersion

f(u, v) = (u cos θ, v, u sin θ, v), u, v ̸= 0.

Then the tangent space TM of M is spanned by the following vector fields

e1 = cos θ
∂

∂x1
+ sin θ

∂

∂y1
, e2 =

∂

∂x2
+

∂

∂y2
.

With respect to the product Riemannian structure F , we find

Fe1 = cos θ
∂

∂x1
− sin θ

∂

∂y1
, F e2 =

∂

∂x2
− ∂

∂y2

It is easy to see that Fe2 is orthogonal to TM , thus the anti-invariant distribution
is D⊥ = span{e2} and Dθ1 = span{e1} is the slant distribution with slant angle

θ1 = arccos
(

g(Fe1,e1)
∥Fe1∥∥e1∥

)
= 2θ, and hence M is a proper pseudo-slant submanifold

with slant angle θ1 = 2θ.
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The detailed study of pseudo-slant submanifolds of a locally product Riemannian
manifold is given in [22] under the name of hemi-slant submanifolds. Now, we have
the following result for later use.

Proposition 3.1. On a proper pseudo-slant submanifold M of a locally product Rie-
mannian manifold M̃ , we have

g(∇XY, Z) = sec2 θ (g(AFZPY,X) + g(AωPY Z,X)) ,

for any X,Y ∈ Γ(Dθ) and Z ∈ Γ(D⊥).

Proof. For any X,Y ∈ Γ(Dθ) and Z ∈ Γ(D⊥), we have

g(∇XY, Z) = g(∇̃XY, Z) = g(F ∇̃XY, FZ) = g(∇̃XFY, FZ)− g((∇̃XF )Y, FZ).

Using (2.4) and the locally product Riemannian structure, we get

g(∇XY, Z) = g(∇̃XPY, FZ) + g(∇̃XωY, FZ)

= g(h(X,PY ), FZ) + g(F ∇̃XωY,Z)

= g(AFZPY,X) + g(∇̃XFωY,Z)− g((∇̃XF )ωY,Z).

Similarly, by using (2.4) and the locally product Riemannian structure, we derive

g(∇XY,Z) = g(AFZPY,X) + g(∇̃XtωY, Z) + g(∇̃XfωY, Z).

Then from (2.6), we obtain

g(∇XY, Z) = g(AFZPY,X) + sin2 θg(∇̃XY, Z)− g(∇̃XωPY,Z).

Using (2.2), we infer

cos2 θ · g(∇XY,Z) = g(AFZPY,X) + g(AωPY X,Z),

and thus the assertion follows from the last relation. �

4 Warped product submanifolds

In this section, we study warped products of slant and anti-invariant submanifolds of a
locally product Riemannian manifold. We first we give a brief introduction of warped
product manifolds, which were first introduced by R. L. Bishop and B. O’Neill in [6].
They defined these manifolds as follows. Let (M1, g1) and (M2, g2) be two Riemannian
manifolds, and f : M1 → (0,∞) a positive differentiable function on M1. Consider
the product manifold M1 ×M2 with the canonical projections π1 : M1 ×M2 → M1,
π2 : M1×M2 → M2, with the projection maps given by π1(p, q) = p and π2(p, q) = q,
for every t = (p, q) ∈ M1 × M2. Then the warped product M = M1 ×f M2 is the
product manifold M1 ×M2 equipped with the Riemannian structure, such that

||U ||2 = ||π1∗(U)||2 + f2(π1(p))||π2∗(U)||2,

for any tangent vector U ∈ Γ(TM), where ∗ is the the tangent map symbol. Thus,
we have g = g1 + f2g2. The function f is called the warping function on M . The
following result from [6] is useful in our further study.
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Lemma 4.1. [6] Let M = M1 ×f M2 be a warped product manifold. For any X,Y ∈
Γ(TM1) and Z,W ∈ Γ(TM2), we have

(i) ∇XY ∈ Γ(TM1),

(ii) ∇ZX = ∇XZ = (X ln f)Z,

(iii) ∇ZW = ∇′
ZW − g(Z,W )∇ ln f,

where ∇ and ∇′ denote the Levi-Civita connections on M and M2, respectively.

Now, we will consider the warped product pseudo-slant submanifolds of the form
M = Mθ×f M⊥, where Mθ and M⊥ are proper slant and anti-invariant submanifolds

of a locally product Riemannian manifold M̃ , respectively. In [3], Atceken has given an
example for the existence of such warped products. In the following, M = Mθ ×f M⊥
is called proper warped product pseudo-slant if M⊥ and Mθ are anti-invariant and
proper slant submanifolds of M̃ , respectively.

For a proper warped product pseudo-slant submanifold M = Mθ ×f M⊥, we have
the following useful lemmas.

Lemma 4.2. On a warped product pseudo-slant submanifold M = Mθ ×f M⊥ of a

locally product Riemannian manifold M̃ , we have

(i) g(h(X,Y ), FZ) = −g(h(X,Z), ωY )

(ii) g(h(PX, Y ), FZ) = −g(h(PX,Z), ωY ),

for any X,Y ∈ Γ(TMθ) and Z ∈ Γ(TM⊥).

Proof. For any X ∈ Γ(TMθ) and Z ∈ Γ(TM⊥), we have

g(h(X,Y ), FZ) = g(∇̃XY, FZ).

Then from (2.1) and (2.4)(i), we obtain

g(h(X,Y ), FZ) = g(∇̃XPY,Z) + g(∇̃XωX,Z).

Since Mθ is totally geodesic in M , using this fact in the above relation, from (2.2) we
get

g(h(X,Y ), FZ) = −g(AωY X,Z) = −g(h(X,Z), ωY ),

which is exactly the assertion (i). If we interchange X by PX in (i), we can get (ii).
Thus, the lemma is proved. �

Lemma 4.3. Let M = Mθ ×f M⊥ be a proper warped product pseudo-slant subman-

ifold of a locally product Riemannian manifold M̃ . Then

(i) g(h(Z,W ), ωX) = −g(h(X,Z), FW ) + (PX ln f)g(Z,W )

(ii) g(h(Z,W ), ωPX) = −g(h(PX,Z), FW ) + cos2 θ(X ln f)g(Z,W ),

for any X,Y ∈ Γ(TMθ) and Z,W ∈ Γ(TM⊥).
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Proof. For any X ∈ Γ(TMθ) and Z,W ∈ Γ(TM⊥), we have

g(h(Z,W ), ωX) = g(∇̃ZW,ωX).

From (2.4)(i), we get

g(h(Z,W ), ωX) = g(∇̃ZW,FX)− g(∇̃ZW,PX) = g(F ∇̃ZW,X) + g(∇̃ZPX,W ).

By Lemma 4.1 (ii), we derive

g(h(Z,W ), ωX) = g(∇̃ZFW,X) + (PX ln f)g(Z,W ).

Using (2.2), we get

g(h(Z,W ), ωX) = −g(AFWZ,X) + (PX ln f)g(Z,W )
= −g(h(X,Z), FW ) + (PX ln f)g(Z,W ),

which proves (i). If we interchange X by PX in the above relation and using Theorem
2.1, we can easily get the second part, which completely proves the lemma. �

Now, we construct the following example of a proper warped product pseudo-slant
submanifold in a locally product Riemannian manifold.

Example 4.1. Consider a submanifoldM of R7 = R3×R4 with coordinates (x1, x2, x3,
y1, y2, y3, y4) and the product structure

F

(
∂

∂xi

)
=

∂

∂xi
, F

(
∂

∂yj

)
= − ∂

∂yj
, i = 1, 2, 3 and j = 1, 2, 3, 4.

Let us consider the immersion f of M into R7 as follows

f(u, φ) = (u cosφ, u sinφ, 2u,
√
2u,−u, u sinφ, u cosφ), φ ̸= 0 u ̸= 0.

Then the tangent space TM of M is spanned by the following vector fields

Z1 = cosφ
∂

∂x1
+ sinφ

∂

∂x2
+ 2

∂

∂x3
+
√
2

∂

∂y1
− ∂

∂y2
+ sinφ

∂

∂y3
+ cosφ

∂

∂y4

and

Z2 = −u sinφ
∂

∂x1
+ u cosφ

∂

∂x2
+ u cosφ

∂

∂y3
− u sinφ

∂

∂y4
.

Then with respect to the product Riemannian structure F , we get

FZ1 = cosφ
∂

∂x1
+ sinφ

∂

∂x2
+ 2

∂

∂x3
−

√
2

∂

∂y1
+

∂

∂y2
− sinφ

∂

∂y3
− cosφ

∂

∂y4

and

FZ2 = −u sinφ
∂

∂x1
+ u cosφ

∂

∂x2
− u cosφ

∂

∂y3
+ u sinφ

∂

∂y4
.

It is easy to see now that FZ2 is orthogonal to TM , and thus the anti-invariant dis-
tribution satisfies D⊥ = span{Z2} and the slant distribution verifies Dθ = span{Z1},
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with slant angle θ = arccos
(

g(FZ1,Z1)
∥FZ1∥∥Z1∥

)
= arccos

(
1
9

)
. It is easy to see that both the

distributions are integrable. If the integral manifolds of D⊥ and Dθ are denoted by
M⊥ and Mθ respectively, then the induced metric tensor gM on M is given by

gM = 9du2 + 2u2dφ2 = gMθ
+
(√

2u
)2

gM⊥ .

Thus M is a warped product submanifold of the form M = Mθ×f1 M⊥, with warping
function f1 =

√
2u.

Theorem 4.4. Let M be a pseudo-slant submanifold of a locally product Riemannian
manifold M̃ . Then M is locally a mixed totally geodesic warped product submanifold
if and only if

(4.1) (i) AFZX = 0, (ii) AωPXZ = cos2 θ(Xλ)Z,

for each X ∈ Γ(TMθ) and λ a C∞-function on M , with Zλ = 0, for each Z ∈ Γ(D⊥).

Proof. If M is a mixed totally geodesic warped product submanifold of a locally
product Riemannian manifold M̃ , then for any X ∈ Γ(TMθ) and Z,W ∈ Γ(TM⊥),
we have g(AFZX,W ) = g(h(X,W ), FZ) = 0, i.e., AFZX has no component in TM⊥.
Also, from Lemma 4.2 we have g(AFZX,Y ) = 0, i.e., AFZX has no component in
TMθ. Therefore, it follows that AFZX = 0, which is first part of (4.1). Similarly,
g(AωPXZ, Y ) = g(h(Y, Z), ωPX) = 0, i.e., AωPXZ has no component in TMθ for
any X,Y ∈ Γ(TMθ) and Z ∈ Γ(TM⊥). Therefore, the second part of (4.1) follows
from Lemma 4.3 (ii).

Conversely, let M be a proper pseudo-slant submanifold of a locally product Rie-
mannian manifold M̃ such that (4.1) holds. Then by Proposition 3.1 and the relation
(4.1) we find g(∇XY,Z) = 0, which means that the leaves of Dθ are totally geodesic
in M . On the other hand, for any X ∈ Γ(Dθ) and Z,W ∈ Γ(D⊥) we have

g([Z,W ], PX) = g(∇̃ZW,PX)− g(∇̃WZ,PX).

From (2.4) (i), we get

g([Z,W ], PX) = g(∇̃ZW,FX)− g(∇̃ZW,ωX)− g(∇̃WZ,FX) + g(∇̃ZW,ωX).

Using (2.1), we obtain

g([Z,W ], PX) = g(∇̃ZFW,X)− g(∇̃ZωX,W )− g(∇̃WFZ,X) + g(∇̃WωX,Z).

Thus by (2.2), we derive

g([Z,W ], PX) = −g(AFWX,Z) + g(AωXZ,W ) + g(AFZX,W )− g(AωXW,Z).

The first and the third terms of right hand side are identically zero by using (4.1) (i),
and the second and fourth terms can be evaluated from (4.1) (ii) by interchanging X
by PX, as follows

g([Z,W ], PX) = (PXλ)g(Z,W )− (PXλ)g(W,Z) = 0,
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which means that the distribution D⊥ is integrable. Thus, if we consider M⊥ a
leaf of D⊥ in M , and h⊥ the second fundamental form of M⊥ in M then, for any
Z,W ∈ Γ(D⊥), we have

g(AFWPX,Z) = g(h(Z,PX), FW ) = g(∇̃ZPX,FW ).

Then by (2.1), we derive

g(AFWPX,Z) = g(F ∇̃ZPX,W ).

From (2.5) and the structure equation of the locally product Riemannian manifold,
we obtain

g(AFWPX,Z) = g(∇̃ZFPX,W ).

Using (2.4) (i), we get

g(AFWPX,Z) = g(∇̃ZP
2X,W ) + g(∇̃ZωPX,W ).

Thus by Theorem 2.1 and (2.2), we derive

g(AFWPX,Z) = cos2 θg(∇̃ZX,W )− g(AωPXZ,W )

= − cos2 θg(∇̃ZW,X)− g(AωPXZ,W ).

Since D⊥ is integrable, by using (2.2), we get

g(AFWPX,Z) = − cos2 θg(h⊥(Z,W ), X)− g(AωPXZ,W ).

From (4.1) (i) and (4.1) (iii), we obtain

cos2 θg(h⊥(Z,W ), X) + cos2 θ(Xλ)g(Z,W ) = 0.

Since M is proper slant, we find

g(h⊥(Z,W ), X) = −X(λ)g(Z,W ) = −g(Z,W )g(∇λ,X),

which means h⊥(Z,W ) = −g(Z,W )∇λ, that is, M⊥ is totally umbilical in M with
the mean curvature vector H⊥ = −∇λ. We can easily see that H⊥ is a parallel mean
curvature vector corresponding to the normal connection of M⊥ into M . Hence,
by a result of Hiepko [15], M is a warped product pseudo-slant submanifold, which
completely proves the theorem. �

5 An inequality for warped products

In this section, we obtain a sharp estimation between the squared norm of the second
fundamental form of the warped product immersion and the warping function. In
order to obtain the relation for the squared norm of the second fundamental form,
we first construct the following orthonormal frame fields for a proper warped product
pseudo-slant submanifold M = Mθ ×f M⊥.

LetM = Mθ×fM⊥ be am-dimensional warped product pseudo-slant submanifold

of an n-dimensional locally product Riemannian manifold M̃ , such that p = dimMθ



156 Siraj Uddin, Akram Ali, Najwa M. Al-Asmari, Wan Ainun Othman

and q = dimM⊥, where Mθ and M⊥ are proper slant and anti-invariant submanifolds
of M̃ , respectively. Denote the tangent bundles of Mθ and M⊥ by Dθ and D⊥,
respectively. Consider the orthonormal frame fields {e1, · · · , eq} and {eq+1 = e∗1 =
sec θPe∗1, · · · , em = e∗p = sec θPe∗p} of D⊥ and Dθ, respectively. Then the orthonormal

frame fields of the normal subbundles FD⊥, ωDθ and µ respectively are {em+1 =
Fe1, · · · , em+q = Feq}, {em+q+1 = ẽ1 = csc θωe∗1, · · · , em+p+q = ẽp = csc θωe∗p} and
{e2m+1, · · · , en}.

Theorem 5.1. Let M = Mθ ×f M⊥ be a mixed totally geodesic warped product

pseudo-slant submanifold of a locally product Riemannian manifold M̃ such that M⊥
is an anti-invariant submanifold and let Mθ be a proper slant submanifold of M̃ .
Then, we have:

(i) The squared norm of the second fundamental form h of M satisfies

||h||2 ≥ q cot2 θ||∇θ ln f ||2

where q = dimM⊥ and ∇θ ln f is the gradient of ln f along Mθ.

(ii) If the equality sign of (i) holds identically, then Mθ is totally geodesic and M⊥
is totally umbilical in M̃ .

Proof. From the definition, we have

||h||2 = ||h(Dθ,Dθ)||2 + ||h(D⊥,D⊥)||2 + 2||h(Dθ,D⊥)||2.

Since M is mixed totally geodesic, then the second term in the above relation is
identically zero, and thus we find

||h||2 = ||h(D⊥,D⊥)||2 + ||h(Dθ,Dθ)||2.

Then from (2.7), we obtain

||h||2 =

n∑
r=m+1

q∑
i,j=1

g(h(ei, ej), er)
2 +

n∑
r=m+1

p∑
i,j=1

g(h(e∗i , e
∗
j ), er)

2.

The above relation can be expressed in terms of the components of FD⊥, ωDθ and
µ, as follows

(5.1)

||h||2 =
∑q

r=1

∑q
i,j=1 g(h(ei, ej), Fer)

2 +
∑p

r=1

∑q
i,j=1 g(h(ei, ej), csc θ ωe

∗
r)

2

+
∑n

r=2m+1

∑q
i,j=1 g(h(ei, ej), er)

2 +
∑q

r=1

∑p
i,j=1 g(h(e

∗
i , e

∗
j ), F er)

2

+
∑p

r=1

∑p
i,j=1 g(h(e

∗
i , e

∗
j ), ẽr)

2 +
∑n

r=2m+1

∑p
i,j=1 g(h(e

∗
i , e

∗
j ), er)

2.

we shall leave terms g(h(ei, ej), Fer), for any i, j, r = 1, · · · q and g(h(e∗i , e
∗
j ), ẽr), for

any i, j, r = i, · · · , p in the above relation (5.1) unchanged. Also, the third and sixth
terms have µ-components, and therefore we also leave these two terms, and by using
Lemma 4.2 and Lemma 4.3, we derive

||h||2 ≥ csc2 θ

q∑
i,j=1

p∑
r=1

(Pe∗r ln f)
2 g(ei, ej)

2.
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From the orthonormal frame fields of Dθ, we have Pe∗r = cos θ e∗r , for r = 1, · · · , p.
Using this fact, we find

||h||2 ≥ cot2 θ

q∑
i,j=1

p∑
r=1

(e∗r ln f)
2 g(ei, ej)

2 = q cot2 θ∥∇θ ln f∥2

which is exactly the inequality (i). If the equality in (i) holds, then from the remaining
fifth and sixth terms of (5.1), we obtain the following conditions,

h(Dθ,Dθ) ⊥ ωDθ, h(Dθ,Dθ) ⊥ µ,

which means that

(5.2) h(Dθ,Dθ) ⊂ FD⊥.

Also, from Lemma 4.2, we get

(5.3) h(Dθ,Dθ) ⊥ FD⊥.

The,n from (5.2) and (5.3), we get

(5.4) h(Dθ,Dθ) = 0.

Then Mθ is totally geodesic in M̃ , by using the fact that Mθ is totally geodesic in M
[6,9] and (5.4). Also, from the remaining first and third terms in (5.1), we infer

(5.5) h(D⊥,D⊥) ⊥ FD⊥, h(D⊥,D⊥) ⊥ µ ⇒ h(D⊥,D⊥) ⊂ ωDθ.

From Lemma 4.3, for a mixed totally geodesic warped product submanifold, we have

(5.6) g(h(Z,W ), ωPX) = cos2 θ(X ln f)g(Z,W ).

Hence, by using the fact that M⊥ is totally umbilical in M [6, 9], with (5.5) and (5.6),
it follows that M⊥ is totally totally umbilical in M̃ . Thus the proof is complete. �

References

[1] F.R. Al-Solamy and S. Uddin, An inequality for warped product submanifolds of
a locally product Riemannian manifold, Hacettepe J. Math. Stat., accepted.

[2] M. Atceken, CR-submanifolds of Kaehlerian product manifolds, Balkan J. Geom.
Appl. 12 (2007), 8–20.

[3] M. Atceken, Warped product semi-slant submanifolds in locally Riemannian prod-
uct manifolds, Bull. Austral. Math. Soc. 77 (2008), 177–186.

[4] M. Atceken, Warped product semi-invariant submanifolds in locally decomposable
Riemannian manifolds, Hacettepe J. Math. Stat. 40 (2011), 401–407.

[5] A. Bejancu, Semi-invariant submanifolds of locally Riemannian product mani-
folds, Ann. Univ. Timisoara S. Math. XXII (1984), 3–11.

[6] R.L. Bishop and B. O’Neill, Manifolds of Negative curvature, Trans. Amer. Math.
Soc. 145 (1969), 1–49.



158 Siraj Uddin, Akram Ali, Najwa M. Al-Asmari, Wan Ainun Othman

[7] B.-Y. Chen, Slant immersions, Bull. Austral. Math. Soc. 41 (1990), 135–147.

[8] B.-Y. Chen, Geometry of Slant Submanifolds, Katholieke Universiteit Leuven,
1990.

[9] B.-Y. Chen, Geometry of warped product CR-submanifolds in Kaehler manifolds,
Monatsh. Math. 133 (2001), 177–195.

[10] B.-Y. Chen, Geometry of warped product CR-submanifolds in Kaehler manifolds
II, Monatsh. Math. 134 (2001), 103–119.

[11] B.-Y. Chen, Another general inequality for CR-warped products in complex space
forms, Hokkaido Math. J. 32, 2 (2003), 415–444.

[12] B.-Y. Chen, CR-warped products in complex projective spaces with compact holo-
morphic factor, Monatsh. Math. 141, 3 (2004), 177–186.

[13] B.-Y. Chen, Pseudo-Riemannian Geometry, δ-invariants and Applications,
World Scientific, Hackensack, NJ, 2011.

[14] B.-Y. Chen, Geometry of warped product submanifolds: a survey, J. Adv. Math.
Stud. 6, 2 (2013), 1–43.

[15] S. Hiepko, Eine inner kennzeichungder verzerrten produckt, Math, Ann. 244
(1979), 209–215.

[16] H. Li and X. Li, Semi-slant submanifolds of locally product manifold, Georgian
Math. J. 12 (2005), 273–282.

[17] S.Y. Perktas and E. Kilic, Biharmonic maps between doubly warped product man-
ifolds, Balkan J. Geom. Appl. 15 (2010), 159–170.

[18] B. Sahin and M. Atceken, Semi-invariant submanifolds of Riemannian product
manifolds, Balkan J. Geom. Appl. 8 (2003), 91–100.

[19] B. Sahin, slant submanifolds of an almost product Riemannian manifold, J. Ko-
rean Math. Soc. 43 (2006), 717–732.

[20] B. Sahin, Warped product semi-invariant submanifolds of a locally product Rie-
mannian manifold, Bull. Math. Soc. Sci. Math. Roumanie, Tome 49 (97) (2006),
383–394.

[21] B. Sahin, Warped product semi-slant submanifolds of a locally product Rieman-
nian manifold, Studia Sci. Math. Hungar. 46 (2009), 169-184.

[22] H. M. Tasten and F. Ozdemir, The geometry of hemi-slant submanifolds of a
locally product Riemannian manifolds, Turk. J. Math. 39 (2015), 268–284.

[23] S. Uddin and F. R. Al-Solamy, Warped product pseudo-slant submanifolds of
cosymplectic manifolds, An. St. Univ. Al. I. Cuza. Iasi (2015), in press.

Authors’ addresses:

Siraj Uddin and Najwa M. Al-Asmari
Department of Mathematics, Faculty of Science, King Abdulaziz University, 21589
Jeddah, Saudi Arabia.
E-mail: siraj.ch@gmail.com , dam3h 1410@hotmail.com

Akram Ali and Wan Ainun Mior Othman
Institute of Mathematical Sciences, Faculty of Science, University of Malaya, 50603
Kuala Lumpur, Malaysia.
E-mail: akramali133@gmail.com , wanainun@um.edu.my


