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Abstract. We present several nonstandard definitions of cusps and we
establish relations between them as well with the classical definitions of
cusps. Somewhat surprisingly, differentiability does not appear to be of
paramount importance. We present a new method to determine the enve-
lope to a family of C1 curves. In the final section we will apply the results
to the well known problem of the coffee-cup caustic.

This is a first attempt of using the basic foundations in [5]; namely, we
essentially use unit vectors in order to characterize particular kinds of
tangency in finite dimensional Euclidian spaces; advanced treatments of
Differential Geometry itself may be found in the work of Goze and Stroyan
[10, 11, 16, 19].
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1 Introduction

In this section we present a brief exposition on nonstandard analysis. Basically, we will
fix some terminology needed and give a nonstandard characterization of continuity
and differentiability. In the references below the reader may find more on the subject.
For applications on differentiable manifolds, see e.g. [2, 3, 4, 8, 10, 11, 12, 13]. For
general theory on manifolds, see e.g. [1, 17].

Definition 1.1. Let x and y be two (possibly not standard) vectors in (an enlarge-
ment of) a normed space (∗E, | · |). We say that

1. x is infinitesimal if |x| < r, for every r ∈ R+; the set of infinitesimals will be
denoted by inf(∗E) and x ≈ 0 will abbreviate x ∈ inf(∗E).

2. x is finite if |x| < r, for some r ∈ R+; the set of finite vectors is denoted by
fin(∗E);

3. x is infinite if it is not finite; x ≈ ∞ abbreviates x 6∈ fin(∗E);

4. x and y are infinitely close if x− y ≈ 0 and this is also abbreviated by x ≈ y;
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5. x is nearstandard if there exists z ∈ E with x ≈ z; z will be called the standard
part of x and denoted st(x). The set of nearstandard vectors is denoted by
ns(∗E).

If E is a normed space, it is clear that ns(∗E) ⊆ fin(∗E). Moreover, E is finite
dimensional if and only if ns(∗E) = fin(∗E).

In the following, E and F are two normed spaces.

Theorem 1.1. [14] Let f : E → F be a function. Then

1. f is continuous iff for all x ∈ E and y ∈ ∗E, if x ≈ y then f(x) ≈ f(y);

2. f is uniformly continuous iff for all x, y ∈ ∗E, if x ≈ y then f(x) ≈ f(y).

Let A be a subset of E. In the following we will denote

ns(∗A) := {x ∈ ∗A |x ∈ ns(∗E) ∧ st(x) ∈ A}

Given a linear operator D from ∗E to ∗F , we say that D is finite if D(fin(∗E)) ⊆
fin(∗F ).

Theorem 1.2. [19] Let U be an open subset of E and f : U → F a function with
f(ns(∗U)) ⊆ ns(∗F ). Then

1. f is differentiable iff for all x ∈ U , there exists an internal finite linear operator
from ∗E into ∗F , Dx ∈ L(E,F ), such that whenever y ≈ x, there exists an
infinitesimal vector η satisfying

f(x)− f(y) = Dx(x− y) + |x− y|η;

2. f is of class C1 iff for all x ∈ ns(∗U), there exists an internal finite linear
operator Dx ∈ ∗L(E, F ) such that, whenever y ≈ x, there exists an infinitesimal
vector η satisfying

f(x)− f(y) = Dx(x− y) + |x− y|η.

When such a Dx exists we shall denote it by Dfx. More generally, let SLinh(E, F )
denote the set of symmetric h-linear operators from E × . . .× E = Eh into F .

Theorem 1.3. Taylor’s Theorem [19] Let f : U → F be a function. Then f is of
class Ck iff there exist a unique map Dh

(.) : U → SLinh(E,F ), h ∈ {1, . . . , k} such
that, whenever a ∈ ns(∗U) and x ≈ a, there exists an infinitesimal η ∈ ∗F satisfying

f(x) =
k∑

h=0

1
h!

Dh
a(x− a)(h) + |x− a|kη.

Moreover, the map Dh
(.) is the usual derivative of f , Dhf(.).
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2 Cusps

Let α : I → Rn be a curve (possibly with side derivatives α′+ and α′−). In the
literature we may find two distinct definitions of cusp:

1. α(t) is called a cusp if α′+(t) = −α′−(t) 6= 0;

2. α(t) is called a cusp if α′(t) = 0 and α′′(t) 6= 0.

We begin this section by presenting four nonstandard definitions of cusp. Later
we establish some relations between them and with Definitions 1 and 2 from above.

Let a be a positive real number and α :]− a, a[→ Rn, with n ≥ 2, be a continuous
curve such that

α(0) = 0 and α is 1− 1.

Define

ρ(t) :=
|α(t)− α(−t)|

|α(t)| (t 6= 0).

Let θ(t) be the angle between α(t) and α(−t)

θ(t) := ∠α(t) 0 α(−t),

so that

cos(θ(t)) =
α(t) · α(−t)
|α(t)| · |α(−t)| (t 6= 0).

Let R(t) be the ratio

R(t) :=
|α(−t)|
|α(t)| (t 6= 0).

Definition 2.1.

1. α(0) is a V ector − Cusp (or short V − Cusp) if

(2.1) ∃u ∈ Rn

[
|u| = 1 & ∀ ε ≈ 0

[
ε 6= 0 ⇒ α(ε)

|α(ε)| ≈ u

]]
.

2. α(0) is a symmetric V − Cusp if

(2.2)
α(ε)
|α(ε)| ≈

α(−ε)
|α(−ε)| for all positive ε ≈ 0.

3. α(0) is a Triangle− Cusp (or short T − Cusp) if

(2.3) ρ(ε) ≈ 0, for all non-zero ε ≈ 0.

4. α(0) is a T+ − Cusp if

(2.4) ρ(ε) ≈ 0, for all positive ε ≈ 0.

For example, let α(t) = (t2, t3), t ∈ R. Then
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Figure 1: V-Cusp Figure 2: T-Cusp

1. α(0) is a V-cusp (Figure 1) since, for every non-zero ε,

α(ε)
|α(ε)| =

(1, ε)
|(1, ε)| ≈ (1, 0).

2. α(0) is a T-cusp (Figure 2) since, when 0 6= ε ≈ 0,

|α(ε)− α(−ε)|
|α(ε)| =

|(0, 2ε)|
|(1, ε)| =

2|ε|√
1 + ε2

≈ 0.

Remark 2.2. Given a 1-1 continuous curve α, defined in a neighborhood of some real
number t0, α :]t0−a, t0+a[→ Rn, α(t0) is, by definition, a Cusp of any of the previously
defined types (vide Definition 2.1) if β(0) is, where β(s) = α(s + t0)−α(t0) (|s| < a).

All definitions and all results proved henceforth have then an equivalent version
with adequate substitutions of t0 for 0, and therefore of t0 ± ε for ±ε respectively.

Assume that there exist

α′+(0) := st

(
α(ε)

ε

)
(0 < ε ≈ 0) and α′−(0) = st

(
α(ε)

ε

)
(0 > ε ≈ 0).

Theorem 2.1. The following relations hold:

1. (2.1) ⇒ (2.2);

2. (2.1) 6⇐ (2.2), (2.1) 6⇐ (2.3) and (2.1) 6⇒ (2.3);

3. If α′+(0) 6= 0 6= α′−(0),

(2.5) (2.1) ⇔ (2.2) ⇔ α′+(0)
|α′+(0)| = − α′−(0)

|α′−(0)| .

Proof. Relation 1 is obvious.
On what regards relation 2, we proceed to describe a continuous 1-1 curve α :

R→ R3 which verifies (2.2) and (2.3) but not (2.1); simply define

α(t) =





(t, t sin
(

1
t

)
, t2) t > 0

(0, 0, 0) t = 0
(−t, t sin

(
1
t

)
,−t2) t < 0
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To see that (2.1) 6⇒ (2.3), let β be given by

β(t) =
{

(t6, t4) t ≥ 0
(t3, t2) t < 0

This curve verifies (2.1) but not (2.3).
On what regards relation 3, consider the following. Let sgn(ε) := ε

|ε| . When
0 6= ε ≈ 0, whatever ε, we have

α(ε)
|α(ε)| =

ε

|α(ε)| ·
α(ε)

ε
= sgn(ε)

α(ε)
ε∣∣∣α(ε)
ε

∣∣∣

≈




α′+(0)

|α′+(0)| ε > 0

− α′−(0)

|α′−(0)| ε < 0

Therefore the two standard vectors
α′+(0)
|α′+(0)| , −

α′−(0)
|α′−(0)| are equal if and only if

they are infinitely close if and only if for all positive ε ≈ 0,
α(ε)
|α(ε)| ≈

α(−ε)
|α(−ε)| if and

only if all the
α(ε)
|α(ε)| have the same standard part. ¤

Theorem 2.2.

1. Conditions (2.3), (2.4) and the following are equivalent.

(2.6) θ(ε) ≈ 0 and R(ε) ≈ 1, whenever 0 6= ε ≈ 0;

2. (2.3) ⇒ (2.2) but (2.2) 6⇒ (2.3).

Proof.
1. According to the law of cosines, applied to the triangle with vertices 0, α(ε), α(−ε),

whatever the sign of ε might be,

|α(ε)− α(−ε)|2 = |α(ε)|2 + |α(−ε)|2 − 2|α(ε)| · |α(−ε)| · cos(θ(ε))

so that

ρ(ε)2 = 1 + R(ε)2 − 2R(ε) cos(θ(ε))
= (1−R(ε))2 + 2R(ε)(1− cos(θ(ε))).

Since (1 − R(ε))2, 2R(ε), (1 − cos(θ(ε))) are all nonnegative and ρ(−ε) = ρ(ε)
1

R(ε)
,

the equivalences
(2.3) ⇔ (2.4) ⇔ (2.6)

follow.
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2. Observe that∣∣∣∣
α(ε)
|α(ε)| −

α(−ε)
|α(−ε)|

∣∣∣∣ =
∣∣∣∣

α(ε)
|α(ε)| −

|α(ε)|
|α(−ε)| ·

α(−ε)
|α(ε)|

∣∣∣∣

=
∣∣∣∣

α(ε)
|α(ε)| −

1
R(ε)

· α(−ε)
|α(ε)|

∣∣∣∣ .

If ρ(ε) ≈ 0, then
1

R(ε)
≈ 1 and

α(−ε)
|α(ε)| is also finite (actually its norm is precisely

R(ε)) so that
∣∣∣∣

α(ε)
|α(ε)| −

1
R(ε)

· α(−ε)
|α(ε)|

∣∣∣∣ ≈
∣∣∣∣

α(ε)
|α(ε)| −

α(−ε)
|α(ε)|

∣∣∣∣ = ρ(ε) ≈ 0.

and (2.3) ⇒ (2.2) is proven. Finally, the curve β defined in the proof of Theorem 2.1
verifies (2.2) but not (2.3). ¤

Theorem 2.3. If α′+(0) 6= 0 (or α′−(0) 6= 0) then condition (2.3) is equivalent to the
following.

(2.7) α′+(0) = −α′−(0).

Proof. For 0 < ε ≈ 0, there exist η, ι ≈ 0 such that

α(ε)− α(−ε) = α′+(0)ε + εη + α′−(0)ε + ει

= (α′+(0) + α′−(0))ε + (η + ι)ε

and

ρ(ε) =
|(α′+(0) + α′−(0)) + (η + ι)|

|α′+(0) + η| .

As α′+(0) is standard and non-zero,

ρ(ε) ≈ 0 if and only if α′+(0) + α′−(0) ≈ 0.

Since α′−(0) is also standard,

ρ(ε) ≈ 0 if and only if α′+(0) + α′−(0) = 0.

as required. ¤

Theorem 2.4. If α is of class C2, α′(0) = 0 and α′′(0) 6= 0, then α(0) is a T − cusp
and a V − cusp.

Proof. For each positive infinitesimal ε, there exist η, ι ≈ 0 such that

α(ε)− α(−ε) = ε2(η − ι);

and therefore

ρ(ε) =
|η − ι|∣∣∣α′′(0)
2 + η

∣∣∣
≈ 0.

Furthermore, we have
α(ε)
|α(ε)| ≈

α′′(0)
|α′′(0)|

for all non-zero infinitesimal ε. ¤
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More generally, the following is a simple application of Taylor’s Theorem.

Theorem 2.5. Let α be a curve of class C2k+1.

1. If α(0) is a T − Cusp (or a V − Cusp) and, for all i ∈ {1, · · · , k},
α(2i)(0) = 0, then for all i ∈ {1, · · · , 2k + 1}α(i)(0) = 0.

2. If for all i ∈ {1, · · · , k}, α(2i−1)(0) = 0 and α(2k)(0) 6= 0, then

(a) α(0) is a T − Cusp,

(b) α(0) is a V − Cusp and, for all infinitesimal ε,

α(ε)
|α(ε)| ≈

α(2j)(0)
|α(2j)(0)| ,

where j := min{i ∈ {1, . . . , k} |α(2i)(0) 6= 0}.
Proof. 1. We know that α′(0) = 0; assume that α is C2k+1 and

α(j)(0) = 0 (0 ≤ j ≤ 2k).

Then, for some infinitesimals η1, η2,

0 ≈ ρ(ε) =
|α(ε)− α(−ε)|

|α(ε)|

=

∣∣∣ 2
(2k+1)!α

(2k+1)(0) + (η1 + η2)
∣∣∣

∣∣∣ 1
(2k+1)!α

(2k+1)(0) + η1

∣∣∣
,

for all non-zero infinitesimal ε.
This can happen only if the standard vector α(2k+1)(0) is 0.
Assume now that α(0) is a V − cusp. Similarly, we have

α(ε)
|α(ε)| = sgn(ε)

1
(2k+1)!α

(2k+1)(0) + η∣∣∣ 1
(2k+1)!α

(2k+1)(0) + η
∣∣∣
≈ u

for some u ∈ Rn and all ε only if α(2k+1)(0) = 0.
2. (a) is a straightforward adaptation of the proof above or of the proof of Theorem

2.4;
(b) is a very obvious application of Taylor’s formula for there exists ι ≈ 0 such

that α(ε) = ε2j

(2j)!

(
α(2j)(0) + ι

)
. ¤

Actually the conditions in Definition 2.1 make sense even if one of the lateral
derivatives does not exist:

Theorem 2.6. If α is the graph of a function f :]− a, a[→ R, then the following are
equivalent.

1. (0, 0) = (0, f(0)) is a T − Cusp.
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2. The right and left derivatives f ′+(0), f ′−(0) are both infinite with opposite signs.

Proof. In this case, for each non-zero infinitesimal ε,

(2.8) ρ(ε) =

√√√√√√
4 +

(
f(ε)

ε − f(−ε)
ε

)2

1 +
(

f(ε)
ε

)2 .

Define Ω = f(ε)
ε and Φ = f(−ε)

−ε . The numerator of (2.8) is not infinitesimal,
therefore ρ(ε) ≈ 0 if and only if the two following conditions are verified:

Ω is infinite, and ρ(ε)2 =
4

Ω2 +
(
1 + Φ

Ω

)2

1
Ω2 + 1

≈ 0,

which , in turn, are equivalent to

Ω is infinite, and
Φ
Ω
≈ −1,

which is even stronger than required. ¤

3 Regular cusps

Suppose further that α is obtained from two regular C1 curves with at least C1 contact
at 0, that is, there exist two regular C1 curves β, δ :]− a, a[→ Rn such that

α(t) = β(t) (−a < t ≤ 0)
α(t) = δ(t) (0 ≤ t < a)

β′(0) and δ′(0) are collinear.

If this is the case, α is rectifiable, in the sense that there exists an arc-length
function

(3.1) s(t) :=
∫ t

0

|α′(τ)| dτ (t ∈]− a, a[).

If we also assume that α is parameterized by this arc-length, α′(0) might not exist,
but

|α′+(0)| = 1
|α′−(0)| = 1
α′+(0) = ±α′−(0).

Therefore we have

Theorem 3.1. If α is parameterized by the arc-length defined in equation (3.1), then
all conditions in Definition 2.1 are equivalent and equivalent to (2.6) and (2.7).

Proof. By theorem 2.3, we only need to prove that (2.2) ⇒ (2.3). Let ε ≈ 0; then
α(ε)
|α(ε)| ≈ α(−ε)

|α(−ε)| ⇒ α′+(0) = −α′−(0) ⇒ (2.3). ¤
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4 Envelopes of families of curves

Consider a family of curves {αλ |λ ∈ I}. As usual, an envelope of this family is a
curve which at each of its points is tangent to a curve of the family. Suppose that
the family of curves {αλ : ]a, b[→ R2 |λ ∈ I} is given by the equation F (x, y, λ) = 0,
where F is a C1 real valued function. The envelope is the result of eliminating λ
between the two equations

F (x, y, λ) = 0 and
∂F

∂λ
(x, y, λ) = 0.

For example, if F (x, y, λ) = (x−λ)2 + y2− 1, then the solution is y = ±1 (see Figure
3).

Let αλ and αλ′ be two curves of this family. If they are near enough, they will
meet in two distinct points; these points will be infinitely close to the lines y = ±1, if
αλ is infinitely close to αλ′ . More precisely:

Let I and J be open intervals of R and Λ be a family of C1 curves αλ : J → Rn,

Λ := {αλ|λ ∈ I},

and define F : J × I → Rn by

F (t, λ) := αλ(t).

Theorem 4.1. Suppose that

1. F is of class C1.

2. There exists a C1 function f : I → R which satisfies the following: for all λ ∈ I
and δ ≈ 0, there exists a pair (t, t′) ∈ ∗J2, such that

(4.1) t ≈ t′ ≈ f(λ)
αλ(t) = αλ+δ(t′).

Define
β(λ) := αλ(f(λ)) = F (f(λ), λ) (λ ∈ I).

Then β′(λ) and α′λ(f(λ)) are collinear and thus β is an envelope of Λ.

Proof. Consider that

(4.2) β′(λ) = f ′(λ)
∂F

∂t
(f(λ), λ) +

∂F

∂λ
(f(λ), λ).

Next take λ ∈ I, a non-zero δ ≈ 0, the t, t′ given by condition (4.1) and observe that

F (t′, λ + δ)− F (t, λ) = 0

so that, there exists η ≈ 0, such that

DF(t,λ)(t′ − t, δ) + |(t′ − t, δ)|η = 0.
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Therefore

DF(t,λ)

(
(t′ − t, δ)
|(t′ − t, δ)|

)
= −η ≈ 0.

Since F is C1, it follows

DF(f(λ),λ)

(
st

(
(t′ − t, δ)
|(t′ − t, δ)|

))
= 0,

hence

(4.3)
∂F

∂t
(f(λ), λ) and

∂F

∂λ
(f(λ), λ) are collinear.

Finally, note that

(4.4) α′λ(f(λ)) =
∂F

∂t
(f(λ), λ).

Conditions (4.2), (4.3) and (4.4) imply that β′(λ) and α′λ(f(λ)) are collinear. ¤

Example 4.1. Let

αλ(t) :=
(

t, λt + λ2,
λ

2
t +

λ2

2

)
(λ, t ∈ R).

Then
αλ(t) = αλ+δ(t′) ⇔ t = t′ = −2λ− δ.

If δ ≈ 0 then t = t′ ≈ −2λ. It follows that f(λ) := −2λ and the envelope is the curve

λ
β7→ (−2λ,−λ2,−λ2

2 ) (Figure 4).
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-20
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20

40

60

Figure 3 Figure 4
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5 The coffee-cup caustic

The Coffee-cup Caustic is the (planar) envelope of the family of (co-planar) light rays
reflected on a concave semi-cylindrical mirror, from a light source located (on the
plane of the rays) at an infinite distance from the mirror, so that the produced light
rays are parallel. For more detailed information, we refer [6] and [7].

We shall assume the mirror is the upper half-circle

(cos(λ), sin(λ)) (0 < λ < π)

and that the incident rays are parallel to the y axis, with light source at −∞ (Figure
5).

The reflected rays are the half-lines

αλ(t) = (cos λ, sin λ) + t(− sin(2λ), cos(2λ)), t > 0, λ ∈]0, π[.

The equation
αλ(t) = αλ+δ(t′)

has the solution

t =
cos(λ + δ)− cos(λ + 2δ)

sin(2δ)

t′ =
cos(λ− δ)− cos(λ)

sin(2δ)
.

Therefore, for some θ, τ ∈ ∗]0, 1[ and δ ≈ 0, we infer

t =
sin(λ + (2− θ)δ)δ

sin(2δ)
≈ sin(λ)

2

t′ =
sin(λ− τδ)δ

sin(2δ)
≈ sin(λ)

2
.

1

0

0,5

0,5

-0,5

-1

-0,5 1-1 0

Figure 5 Figure 6
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Taking f(λ) := sin(λ)
2 , Theorem 4.1 says that

λ 7→ β(λ) :=
(

cos3(λ), sin(λ) +
sin(λ)

2
cos(2λ)

)

is an envelope of the αλ (Figure 6).
Also note that β(π

2 ) = (0, 1
2 ) is a T − cusp because, for 0 < ε ≈ 0,

β
(π

2
+ ε

)
− β

(π

2
− ε

)
= (−2 sin3(ε), 0)

β
(π

2
+ ε

)
− β

(π

2

)
=

(
− sin3(ε), cos(ε)− cos(ε)

2
cos(2ε)− 1

2

)

=
(
− sin3(ε), sin2(ε)

(
cos(ε)− 1

2(cos(ε) + 1)

))
.

Therefore
(
|β (

π
2 + ε

)− β
(

π
2 − ε

) |
|β (

π
2 + ε

)− β
(

π
2

) |

)2

=
4 sin2(ε)

sin2(ε) +
(
cos(ε)− 1

2(cos(ε)+1)

)2 ≈ 0.
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