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Abstract. The concept of a Lie-recurrence was introduced by the first
author [6] in 1982. It is an infinitesimal transformation xi = xi + εvi(xj)
with respect to which the Lie-derivative of curvature tensor is propor-
tional to itself. Apart from other results related to a Lie-recurrence, it
was established that Weyl projective curvature tensor is Lie-recurrent with
respect to a Lie-recurrence but its converse is not necessarily true. How-
ever, an infinitesimal transformation with respect to which Weyl projective
curvature tensor as well as Ricci tensor is Lie-recurrent, is necessarily a
Lie-recurrence. In 2003, S. P. Singh [10] studied an infinitesimal trans-
formation with respect to which the Lie-derivative of curvature tensor is
proportional to itself and called such transformation as curvature inheri-
tance. Obviously a curvature inheritance is nothing but a Lie-recurrence.
S. P. Singh [11] also considered a curvature inheritance which is a projec-
tive motion and called it projective curvature inheritance. In 2008, J. K.
Gatoto and S. P. Singh [1, 2] studied K̃- curvature inheritance and projec-
tive K̃- curvature inheritance. In 2007, C. K. Mishra and D. D. S. Yadav
[4] also studied projective curvature inheritance in an NP−Fn. In present
paper, several theorems of the above authors have been generalized.
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1 Preliminaries

Let Fn be an n-dimensional Finsler space equipped with a metric function F satisfying
the requisite conditions [9]. Let the components of the corresponding metric tensor be
gij and Berwald’s connection parameters be Gi

jk. The partial derivatives of Berwald’s
connection parameters Gi

jk are the components of a tensor and satisfy

(1.1) Gi
jkhẋh = 0,

where Gi
jkh = ∂̇hGi

jk, ∂̇h ≡ ∂
∂ẋh . The Berwald covariant derivative of an arbitrary

tensor T i
j with respect to xk is given by

(1.2) BkT i
j = ∂kT i

j − (∂̇rT
i
j )G

r
khẋh + T r

j Gi
rk − T i

rG
r
jk .
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The commutation formulae for the operators ∂̇j and Bk are given by

(1.3) ∂̇jBkT i
h −Bk∂̇jT

i
h = T r

hGi
jkr − T i

rG
r
jkh ,

(1.4) BjBkT i
h −BkBjT

i
h = T r

hHi
jkr − T i

rH
r
jkh − (∂̇rT

i
h)Hr

jk ,

where Hi
jkh is Berwald curvature tensor defined as

(1.5) Hi
jkh = 2{∂[jG

i
k]h + Gi

rh[jG
r
k]mẋm + Gi

r[jG
r
k]h}

and

(1.6) Hi
jk = Hi

jkhẋh ,

where square bracket denotes the skew-symmetric part of the tensor with respect to
the indices enclosed therein.

It is clear from the definition that the Berwald curvature tensor Hi
jkh is skew-

symmetric in its first two lower indices and positively homogeneous of degree zero in
ẋh. The tensor Hi

jk defined above satisfies

(1.7) Hi
jkh = ∂̇hHi

jk .

Further transvection of (1.6) by ẋk gives a tensor Hi
j which satisfies

(a) Hi
j = Hi

jkẋk , (b) Hi
jk =

2
3

˙∂[kHi
j] .(1.8)

Contraction of the indices i and j in Hi
jkh,Hi

jk and Hi
j yields

(a) Hkh = Hi
ikh , (b) Hk = Hi

ik . (c) H =
1

n− 1
Hi

i .(1.9)

Let us consider an infinitesimal transformation

(1.10) xi = xi + εvi(xj) ,

where vi is a contravariant vector field and ε is an infinitesimal constant. The Lie-
derivative of an arbitrary tensor T i

j with respect to above transformation is given by
[17]

£T i
j = vrBrT

i
j − T r

j Brv
i + T i

rBjv
r + (∂̇rT

i
j )Bsv

rẋs .

The commutation formula for the operators £ and ∂̇h is given by

∂̇h£Ω−£∂̇hΩ = 0,

where Ω is any geometrical object.
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2 Lie-recurrences

A geometrical object Ω is called Lie-recurrent with respect to the infinitesimal
transformation (1.10), if there exists a non-zero scalar field Φ such that

(2.1) £Ω = ΦΩ .

If there exits an infinitesimal transformation with respect to which the curvature
tensor Hi

jkh of a Finsler space is Lie-recurrent, i. e.

(2.2) £Hi
jkh = ΦHi

jkh ,

the space is called Lie-recurrent and the transformation is called Lie-recurrence [6].
Pandey [6] proved that the scalar field Φ is at most a point function, i. e. ∂̇jΦ = 0.

If the infinitesimal transformation (1.10) is a motion or an affine motion, the
Lie-derivative of the Berwald connection vanishes identically, i. e.

(2.3) £Gi
jk = 0 .

The integrability condition of (2.3) is given by [9],

(2.4) £Hi
jkh = 0 .

Therefore a motion or an affine motion cannot be a Lie-recurrence. In other words,
we may say that a Lie-recurrence is a non-affine transformation.

S. P. Singh [10] studied a Lie-recurrence which is a motion or an affine motion in
a Finsler space and also in a recurrent Finsler space. In view of the above discussion,
his results are meaningless.

Pandey [6] proved that the Weyl projective curvature tensor W i
jkh is Lie-recurrent

with respect to a Lie-recurrence in a Finsler space. However, its converse is not neces-
sarily true. This means if W i

jkh is Lie-recurrent with respect to an infinitesimal trans-
formation, then the infinitesimal transformation need not be a Lie-recurrence. How-
ever, it will be a Lie-recurrence, provided the Ricci tensor Hkh is also Lie-recurrent.
Here we propose the following:

Theorem 2.1. A conformal transformation, with respect to which the Weyl projective
curvature tensor W i

jkh is Lie-recurrent, is a Lie-recurrence if the curvature scalar is
Lie-recurrent with respect to the transformation.

Proof. Let the infinitesimal transformation (1.10) be a conformal transformation and
with respect to this transformation

(2.5) £W i
jkh = ΦW i

jkh ,

where Φ is a function of xi only.
Also, we have

(2.6) £gij = Φgij .

Transvecting (2.5) by ẋkẋh and using W i
jkhẋkẋh = W i

j , we have

(2.7) £W i
j = ΦW i

j ,
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where

(2.8) W i
j = Hi

j −H δi
j −

ẋi

n + 1
(∂̇rH

r
j − ∂̇jH) .

Operating (2.8) by the operator £ and using (2.7), we get

(2.9) ΦW i
j = £Hi

j − δi
j£H − ẋi

n + 1
(£∂̇rH

r
j −£∂̇jH) .

Using the commutation formula (1.12), we get

(2.10) ΦW i
j = £Hi

j − δi
j£H − ẋi

n + 1
(∂̇r£H r

j − ∂̇j£H) .

Equations (2.9) and (2.10) give
(2.11)

(£Hi
j −ΦHi

j)− δi
j(£H −ΦH)− ẋi

n + 1
{(∂̇r£H r

j −Φ∂̇rH
r
j )− (∂̇j£H −Φ∂̇jH)} = 0 .

Transvecting by yi and using yiH
i
j = 0 and yiẋ

i = F 2, we get

(2.12) yi(£Hi
j)− yj(£H − ΦH) =

F 2

n + 1
{(∂̇r£H r

j − Φ∂̇rH
r
j )− (∂̇j£H − Φ∂̇jH)} .

Using (2.12) in (2.11), we get

(£Hi
j − ΦHi

j)− δi
j(£H − ΦH)− ẋi

F 2
{(yr£H r

j )− (£H − ΦH)yj} = 0 ,

or

(2.13) (£Hi
j − ΦHi

j)− (£H − ΦH)hi
j −

ẋi

F 2
yr£H r

j = 0 ,

where hi
j = δi

j − ẋi

F 2 yj .

Transvecting (2.6) by ẋj , we have

(2.14) £yi = Φyi .

Now yr£H r
j = £(yrH

r
j )−Hr

j £yr, which in view of yrH
r
j = 0 and (2.14), gives

yr£Hr
j = 0.

Therefore

(2.15) (£Hi
j − ΦHi

j)− (£H − ΦH)hi
j = 0 .

This shows that if £H = ΦH, then

(2.16) £Hi
j = ΦHi

j .

In view of Pandey’s [6] result, (2.16) implies (2.2), for Φ is a function of xi only.
This proves the theorem. ¤
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3 Projective Lie-recurrence

We define a projective Lie-recurrence as a Lie-recurrence which is also a projective
motion. This definition is in accordance with the definition of a projective curvature
inheritance of S. P. Singh [11].
An infinitesimal transformation is a projective motion [14] if

(3.1) £Gi
jk = δi

jPk + δi
kPj + ẋiPjk ,

where Pj = ∂̇jP and Pjk = ∂̇j ∂̇kP , P being a scalar function of degree 1 in ẋi.
Thus the infinitesimal transformation (1.10) is a projective Lie-recurrence if the con-
dition (2.2) and (3.1) hold together.
Now we propose the following:

Theorem 3.1. A Finsler space Fn (n > 2) admitting a projective Lie-recurrence is
necessarily an isotropic space.

Proof. Let Fn (n > 2) be a Finsler space admitting a projective Lie-recurrence gen-
erated by a vector field vi (xj). Then the Lie-derivative of curvature tensor Hi

jkh and
Berwald connection Gi

jk are given by (2.2) and (3.1).
It is well known that the Lie-derivative of the Weyl projective curvature tensor

with respect to a projective motion vanishes identically. i. e.

(3.2) £W i
jkh = 0 .

Transvecting (3.2) by ẋkẋh and using W i
jkhẋkẋh = W i

j , we get

(3.3) £W i
j = 0 ,

where W i
j is defined by (2.8).

Operating (2.8) by the operator of Lie-differentiation and using (3.3), we get

(3.4) 0 = £Hi
j − δi

j£H − ẋi

n + 1
(£∂̇rH

r
j −£∂̇jH) .

Since the operators £ and ∂̇j are commutative, we have

(3.5) 0 = £Hi
j − δi

j£H − ẋi

n + 1
(∂̇r£H r

j − ∂̇j£H) .

Pandey [6] proved that the tensors Hi
j and the scalar H are Lie-recurrent with respect

to a Lie-recurrence, i. e.

(3.6) £Hi
j = ΦHi

j and £H = ΦH .

Using these results in (3.5), we get ΦW i
j = 0, which implies W i

j = 0, for Φ 6= 0.
Matsumoto [3], Szabó [15] and Pandey [7] proved independently that the vanishing
of the projective deviation tensor implies that the space is isotropic. ¤

Corollary 3.2. A recurrent space cannot admit a projective Lie-recurrence.
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Proof. Pandey [7] proved that an isotropic recurrent Finsler space Fn (n > 2) is a
Landsberg space [16] and hence does not exist. In view of this result and the above
theorem we have the corollary. ¤

Corollary 3.3. A symmetric space admitting a projective Lie-recurrence is necessar-
ily Riemannian.

Proof. In view of the fact that a Finsler space admitting a projective Lie-recurrence
is necessarily isotropic and an isotropic symmetric Finsler space is necessarily Rie-
mannian [8], we have the corollary. ¤

4 Special Lie-recurrences

S. P. Singh [12, 13] considered the curvature inheritance and the projective
curvature inheritance generated by contra and concurrent vector fields and obtained
several results.

Pandey [5] proved that every contra as well as concurrent vector field generates an
affine motion in a general Finsler space, and therefore generates curvature collineation
[5], i. e. £Hi

jkh = 0. This shows that no contra vector field or concurrent vector
field can generate curvature inheritance or projective curvature inheritance. In our
terminology we may state this fact as:

Theorem 4.1. No contra vector field or concurrent vector field can generate Lie-
recurrence and projective Lie-recurrence.

This theorem generalizes the results of S. P. Singh [11, 12, 13].
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