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Abstract. The notion of the rectifying curve is introduced in [3] as space
curve whose position vector always lies in its rectifying plane. The Serret-
Frenet formulae for a quaternion valued function of a single real variable
(quaternionic curve) in R3 and R4 is defined in [2]. In this study, the
spatial quaternionic rectifying curves in Euclidean space R3 are defined
and the some characterizations are obtained for these curves. Moreover,
quaternionic rectifying curves are investigated in R4 and the characteri-
zations of these curves are given.
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1 Introduction

The quaternions are a number system that extends the complex numbers. They were
first described by Irish mathematician Sir William R. Hamilton in 1843 and applied
to mechanics in three-dimensional space. A striking feature of quaternions is that
the product of two quaternions is noncommutative, meaning that the product of two
quaternions depends on which factor is to the left of the multiplication sign and which
factor is to the right.

As a set, the quaternions Q are coincide with R4, a four-dimensional vector space
over the real numbers. Q has three operations: addition, scalar multiplication and
quaternion multiplication. The sum of two elements of Q is defined to be their sum as
elements of R4. Similarly the product of an element of Q by a real number is defined
to be same as the product in R4.

To define the product of two elements in Q requires a choice of basis for R4. The
elements of this basis are customarily denoted as e1, e2, e3 and e4 = 1. Every element
of it can be uniquely written as a linear combination of these basis elements, that is,
as ae1 + be2 + ce3 + de4, where a, b, c and d are real numbers. The basis element
e4 = 1 will be the identity element of Q, meaning that multiplication by e4 = 1 does
nothing, and for this reason, elements of Q are usually written ae1 + be2 + ce3 + de4

(e4 = 1), suppressing the basis element e4 = 1. Given this basis, associative quater-
nion multiplication is defined by first defining the products of basis elements and then
defining all other products using the distributive law.
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Quaternions find uses in both theoretical and applied mathematics, in particular
for calculations involving three-dimensional rotations such as in three-dimensional
computer graphics and computer vision. They can be used alongside other methods,
such as Euler angles and matrices, or as an alternative to them depending on the
application. Moreover, Legendre curves and Legendre transform were studied in, for
example, [1, 11].

In [2], Baharathi and Nagaraj studied the differential geometry of a smooth curve
in R3 and R4. Elements of R4 were identified with quaternions in a natural way. The
Serret-Frenet formulae for a quaternionic curves in R3 and R4 were given by them.

The notion of the rectifying curve is introduced in [3] as space curve whose position
vector always lies in its rectifying plane. Therefore, the position vector with respect
to some chosen origin, of a rectifying curve α in R3, satisfies the equation

(1.1) α(s) = λ(s) t(s) + µ(s) b(s)

where λ and µ are arbitrary differentiable functions in terms of the arc length param-
eter s ∈ I ⊂ R3.

Chen and Dillen [4] find a relationship between rectifying curves and the centrodes
given by the endpoints of the Darboux vector of a space curve and playing an im-
portant role in mechanics. In [8], Ilarslan and Nesovic, defined a rectifying curve in
R4 as a curve whose position vector always lies in the orthogonal complement N⊥ of
its principal normal vector field N. Thus, the position vector with respect to some
chosen origin, of a rectifying curve in R4, satisfies the equation

α(s) = λ(s)T(s) + µ(s)B1(s) + ν(s)B2(s)

where λ(s), µ(s) and ν(s) are differentiable functions in the arc length function s.
In addition that, the rectifying curve in Minkowski space are studied by Ilarslan

and Nesovic, [9]. But, to our knowledge, there has been no study on the quaternionic
rectifying curves in Euclidean space R3 and R4. Such a study is the object of this
paper. Our main aim in the present work is to study the quaternionic rectifying
curves in Euclidean space R3 and R4.

2 Preliminaries

To meet the requirements in the next sections, the basic elements of the theory of
quaternions in the Euclidean space are briefly presented in this section. A more
complete elementary treatment can be found in [12].

A real quaternion is defined with q = ae1 + be2 + ce3 +de4 (or q = Sq +Vq where
the symbols Sq = d and Vq = ae1 + be2 + ce3 denote scalar and vector part of q)
such that

i) ei × ei = −e4 , (e4 = +1, 1 ≤ i ≤ 3)

ii) ei × ej = ek = −ej × ei , (1 ≤ i, j ≤ 3)

where (ijk) is an even permutation of (123) in the Euclidean space R4. Using these
basic products we can now expand the product of two quaternions to give (assuming
for the moment that the product is distributive with respect to addition):

p× q = SpSq − 〈Vp,Vq〉+ SpVq + SqVp + Vp ∧Vq, ∀p, q ∈ Q,
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where we have used the dot and cross products in Euclidean space R3. The conjugate
of the quaternion q is denoted by αq and defined

αq = Sq −Vq = de4 − ae1 − be2 − ce3.

This defines the symmetric real-valued, non-degenerate, bilinear form as follows:

h : Q×Q→ R, (p, q) → h(p, q) =
1
2

(p× αq + q × αp) .

Hence it is called the quaternion inner product. The norm of a real quaternion q is

‖q‖2 = q × αq = αq × q = a2 + b2 + c2 + d2.

If ‖q‖ = 1, then q is called a unit quaternion. It is known that the groups of unit real
quaternions and unitary matrices SU (2) are isomorphic. Thus, spherical concepts
in S3 such as meridians of longitude and parallels of latitude are explained with
assistance elements of SU (2). Furthermore, the element of SO (3) can match with
each element of S3, [5].

The 3-sphere S3 ⊂ Q in quaternionic calculus is like the unit circle S1 ⊂ C in
complex calculus. In fact, S3 = {q ∈ Q | ‖q‖ = 1} constitutes a group under
quaternionic multiplication. q is called a spatial quaternion whenever q + αq = 0.

It is a temporal quaternion whenever q − αq = 0. Any general q = 1
2 (q + αq) +

1
2 (q − αq). The spatial part of q is 1

2 (q − αq) and is a spatial quaternion, while
1
2 (q + αq) the temporal part of q and is temporal quaternion, [2].

3 Some characterization of spatial quaternions

The three-dimensional Euclidean space R3 is identified with the space of spatial
quaternion {γ ∈ Q| γ + αγ = 0} in an obvious manner. Let I = [0, 1] be an inter-
val in the real line R and s ∈ I be the parameter along the smooth curve

γ : I ⊂ R→ Q, s → γ(s) =
3∑

i=1

γi(s)ei, (1 ≤ i ≤ 3),

chosen such that the tangent γ′(s) = t has unit length ‖t(s)‖ = 1 for all s. This
unitarity condition implies;

t′ × αt + t× αt′ = 0.

The last equation implies that t′ is orthogonal to t and t′×αt is a spatial quaternion.
Let {t(s),n1(s),n2(s)} be the Frenet trihedron in the point γ(s) of the curve γ. Then
Frenet equations are

(3.1)
t′ = k n1

n′1 = −k t + r n2

n′2 = −r n1

where t is the unit tangent, n1 is the unit principal normal, n2 is the unit binormal,
k is the principal curvature and r is the torsion of the quaternionic curve γ, [2].
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In a similar manner to the reference [8], we can define the spatial quaternionic
rectifying curves as follows. The position vector of the spatial quaternionic rectifying
curve satisfies the following equation

γ(s) = λ(s)t(s) + µ(s)n2(s),

where λ and µ are arbitrary differentiable functions. The following theorems provide
some simple characterizations of spatial quaternionic rectifying curves.

Theorem 3.1. Let γ : I ⊂ R → R3 be spatial quaternionic curve in R3 with k > 0,
and let s be its arc length function. Then γ is a spatial quaternionic rectifying curve
if and only if one the following four statements holds;

i) The distance function ρ = ‖γ‖ satisfies ρ2 = s2 + c1s + c2 for some constants
c1 and c2.

ii) The tangential component of the position vector of the curve is given by h (γ, t) =
s + c for some constant c.

iii) The normal component γN of the position vector of the curve has constant
length and the distance function ρ is nonconstant.

iv) The torsion r is nonzero and the binormal component of the position vector of
the curve is constant i.e., h (γ,n2) is constant.

Proof. Without loss of generality, let us first suppose that γ : I ⊂ R → R3 is pa-
rameterized by the arc length function s. Suppose that γ is a spatial quaternionic
rectifying curve. Then, the position vector γ(s) of the γ satisfies the equation

(3.2) γ(s) = λ(s)t(s) + µ(s)n2(s)

for some functions λ(s) and µ(s). Differentiating the equation (3.2) with respect to
the arc length function s and using the Frenet equation (3.1), we find that

(3.3)
h (γ′, t) = λ′(s) = 1
h (γ′,n1) = λ(s)k(s)− r(s)µ(s) = 0
h (γ′,n2) = µ′(s) = 0.

Thus, it follows that

(3.4)
λ(s) = s + c,
µ(s) = a,
λ(s)k(s) = r(s)µ(s) 6= 0,

where c, a ∈ R and hence µ(s) = a 6= 0, r(s) 6= 0. From the equation (3.2) we
easily obtain ρ2 = h (γ, γ) = λ2 + µ2. Substituting (3.4) into the last equation, we
get statement (i). Therefore, from the equations (3.2) and (3.4) it is obtained that
h (γ, t) = λ(s). This proves statement (ii). Next, from the equation (3.2) it is clear
that the normal component γN of the position vector of the spatial quaternionic
rectifying curve has a constant length. Thus, statement (iii) is proved. And finally,
from (3.2) we easily obtain h (γ,n2) = µ = constant and since r(s) 6= 0, statement
(iv) is proved.

Conversely, let us assume that statement (i) or statement (ii) holds. Then, we
have h (γ, t) = s + c, for some constant c. Differentiating this equation with respect
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to s, we obtain k(s)h (γ,n1) = 0. Since k(s) > 0 by assumption, h (γ,n1) = 0 is
found. Thus, γ is a spatial quaternionic rectifying curve. If statement (iii) holds,
then we have

h (γ, γ) = h(γ, t)2 + c3

where c3 is a constant. Differentiating the last equation with respect to s gives

(3.5) h (γ, t) = [1 + k(s)h (γ,n1)] h (γ, t) .

On the other hand, since the distance function ρ is a nonconstant, we have h (γ, t) 6= 0.
Moreover, since k(s) > 0 and from (3.5) we obtain h (γ,n1) = 0, which means that γ
is a spatial quaternionic rectifying curve.

Finally, if statement (iv) holds, then we have h (γ,n2) = µ = constant. Differ-
entiating this equation with respect to s and using Frenet equations (3.1), we find
r(s)h (γ,n1) = 0. Since r(s) 6= 0, we have h (γ,n1) = 0, which means that the space
curve γ is a spatial quaternionic rectifying curve. ¤

Theorem 3.2. Let γ : I ⊂ R → R3 be spatial quaternionic curve with k > 0 and
let s be the arc length of the spatial quaternionic curve γ. Then γ is congruent to a
spatial quaternionic rectifying curve if and only if there holds r(s)

k(s) = c1s + c2, where
c1, c2 ∈ R and c1 6= 0.

Proof. Let γ : I → Q be unit speed spatial quaternionic curve with k > 0. If γ is a
spatial quaternionic rectifying curve, then we have equation (3.4), which implies that
r(s)
k(s) = λ(s)

µ(s) = s+c
a for some constant c and a. Therefore, the ratio of torsion and

curvature of the curve is a nonconstant linear function of the arc length function s.
Conversely, let us suppose that r(s)

k(s) = c1s + c2, c1, c2 ∈ R and c1 6= 0. If we take

a = 1
c1

and c = ac2, then we get r(s)
k(s) = s+c

a . Thus, by using the Frenet equations
(3.1), we find that

d

ds
[γ(s)− (s + c) t(s)− an1(s)] = 0

which means that the spatial quaternionic curve γ is congruent to a spatial quater-
nionic rectifying curve. ¤

Now we give a theorem determining the parameterization of a unit speed spatial
quaternionic rectifying curve.

Theorem 3.3. Let γ : I ⊂ R → R3 be spatial quaternionic curve with k > 0. Then
γ is a spatial quaternionic rectifying curve if and only if, up to parameterization, γ
is given by γ(t) = a sec (t + t0) η(t), where a is a positive number and η = η(t) is a
unit speed spatial quaternionic curve in S2.

Proof. Let γ be a spatial quaternionic curve in R3 given by

γ(t) = ρ(t)η(t).

where ρ(t) is arbitrary positive function and η(t) is a unit speed spatial quaternionic
curve in S2. By taking the derivative of the last equation with respect to t, we get

γ′ = ρ′η + ρη′.
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Hence the unit tangent vector of γ is given by

(3.6) t = ρ′

υ η + ρ
υ η′

where υ2 = h (γ′, γ′) = (ρ′)2 + ρ2 is the speed of γ. Differentiating the equation (3.6)
with respect to t, we find

(3.7) t′ =
(

ρ′

υ

)′
η +

(
2ρ′

υ − ρρ′(ρ+ρ′′)
υ3

)
η′ +

(
ρ
υ

)
η′′.

On the other hand, since unit quaternionic vector field η in R3, h (η, η′) = 0. It
is implies that η × η′ = η ∧ η′. Therefore, following equations hold h (η ∧ η′, η) =
h (η × η′, η) = 0 and h (η ∧ η′, η′) = h (η × η′, η′) = 0. Then {η, η′, η × η′} is the
orthonormal frame of R3. Therefore, decomposition of η′′ with respect to the frame
{η, η′, η × η′} reads

(3.8) η′′ = h (η′′, η) η + h (η′′, η′) η′ + h (η′′, η × η′) η × η′.

Since h (η, η) = h (η′, η′) = 1, it follows that h (η′′, η) = −1 and h (η′′, η′) = 0, so the
equation (3.8) becomes

(3.9) η′′ = −η + h (η′′, η × η′) η × η′.

Substituting (3.9) into (3.7) and applying Frenet formulas for arbitrary speed spatial
quaternionic curves in R3, we find

(3.10) kυn1 =
[(

ρ′

υ

)′
− ρ

υ

]
η +

(
2ρ′

υ − ρρ′(ρ+ρ′′)
υ3

)
η′ +

(
h(η′′,η×η′)

υ

)
γ × η′.

Since h (η, η) = 1, h (η × η′, η) = 0 and γ(t) = ρ(t)η(t), we have h (γ, η′) = 0 and
h (γ, γ × η′) = 0. By definition, γ is a spatial quaternionic rectifying curve in R3 if
and only if h (γ, n1) = 0. So, after taking the scalar product of (3.10) with γ, we know
that γ is a spatial quaternionic rectifying curve if and only if the distance function ρ
of γ satisfies the differential equation

(
ρ′

υ

)′
− ρ

υ
= 0,

which is equivalent to
ρρ′′ − 2(ρ′)2 − ρ2 = 0.

The nontrivial solutions of this equation are given by ρ(t) = a sec (t + t0), with con-
stant a 6= 0 and t0 ∈ R. ¤

4 Some characterizations of quaternionic rectifying
curves in Q

As in the Section 3, the four-dimensional Euclidean space R4 is identified with the
space of unit quaternion. Let

β : I ⊂ R→ Q

s → β(s) =
4∑

i=1

γi(s)ei , e4 = +1.
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be a smooth curve (β) in R4 defined over the interval I. Let the parameter s be

chosen such that the tangent T = β′(s) =
4∑

i=1

γ′i(s)ei has unit magnitude. Let

{T,N1,N2,N3} be the Frenet apparatus of the differentiable Euclidean space curve
in the Euclidean space R4. Then the Frenet equations are

(4.1)

T′(s) = K N1(s)
N′

1(s) = −K T(s) + k N2(s)
N′

2(s) = −k N1(s) + (r −K) N3(s)
N′

3(s) = − (r −K)N2(s),

where N1 = t×T , N2 = n1 ×T , N3 = n2 ×T and K = ‖T′(s)‖, [2].
It is obtained the Frenet formulae in [2] and the apparatus for the curve (β)

by making use of the Frenet formulae for a curve (γ) in R3. Moreover, there are
relationships between curvatures of the curves (β) and (γ). These relations can be
explained that the torsion of (β) is the principal curvature of the curve (γ). Also,
the bitorsion of (β) is (r −K), where r is the torsion of (γ) and K is the principal
curvature of (β). These relations are only determined for quaternions, [2].

Now, we firstly characterize the quaternionic rectifying curve in Q in terms of
curvatures. Let β = β(s) be unit speed quaternionic rectifying curve in Q, with non-
zero curvatures K(s), k(s) and [r(s)−K(s)]. Then, the position vector β(s) of the
curve β satisfies the equation

β(s) = λ(s)T(s) + µ(s)N2(s) + ν(s)N3(s)

for some differentiable functions λ(s), µ(s) and ν(s). Therefore, we give the following
theorems of quaternionic rectifying curve β.

Theorem 4.1. Let β = β(s) be a unit speed quaternionic curve in Q with non-
zero curvatures K(s), k(s) and [r(s)−K(s)]. Then β is congruent to a quaternionic
rectifying curve if and only if

(4.2) K(s)[r(s)−K(s)](s+c)
k(s) +

[
K(s)k(s)+(s+c)[K′(s)k(s)−K(s)k′(s)]

k2(s)[r(s)−K(s)]

]′
= 0, c ∈ R.

Proof. Let β = β (s) be a unit speed quaternionic rectifying curve and K(s), k(s)
and [r(s)−K(s)] be non-zero curvatures of β. Thus, the position vector β(s) of the
β satisfies the equation

(4.3) β(s) = λ(s)T(s) + µ(s)N2(s) + ν(s)N3(s)

where λ(s), µ(s) and ν(s) are differentiable functions. Differentiating the equation
(4.3) with respect to the arc length function s and using the Frenet equations (4.1),
we find that

T = λ′T + (λK − kµ)N1 + [µ′ − ν (r −K)]N2 + [µ (r −K) + ν′]N3.

It follows that

(4.4)

λ′ = 1
λK − kµ = 0
µ′ − ν (r −K) = 0
µ (r −K) + ν′ = 0
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and therefore

(4.5)

λ(s) = s + c

µ(s) = K(s)(s+c)
k(s)

ν(s) =
K(s)k(s)+(s+c)[K′(s)k(s)−K(s)k′(s)]

k2(s)(r−K)(s) ,

where c ∈ R. In this way the functions λ(s), µ(s) and ν(s) are expressed in terms
of the curvature functions K(s), k(s) and [r(s)−K(s)] of the quaternionic rectifying
curve β. Moreover, by using the last equation (4.4) and relation (4.5), we find that
curvatures K(s), k(s) and [r(s)−K(s)] satisfy the equation (4.2).

Conversely, let us suppose that the curvatures K(s), k(s) and [r(s)−K(s)], of an
arbitrary unit speed quaternionic rectifying curve β in Q, satisfy the equation (4.2).
Thus, by using the Frenet equation (4.1) and equation (4.2), we find that

d

ds


 β(s)− (s + c)T (s)− K(s)(s+c)

k(s) N2(s)

−K(s)k(s)+(s+c)[K′(s)k(s)−K(s)k′(s)]
k2(s)[r(s)−K(s)] N3(s)


 = 0

which means that the quaternionic curve β is congruent to a quaternionic rectifying
curve.

In particular, assume that all the curvature functions K(s), k(s) and [r(s)−K(s)]
of quaternionic rectifying curve β in Q are constant and different from zero. Then,
we can express the following corollary from the theorem 4.1.

Corollary 4.2. There are no quaternionic rectifying curves lying fully in , with non-
zero constant curvatures K(s), k(s) and [r(s)−K(s)].

Let β = β(s) be a unit speed quaternionic curve in Q with non-zero curvatures
K(s), k(s) and [r(s)−K(s)]. If two of the curvature functions are constant, we may
consider the following theorem.

Theorem 4.3. Let β = β(s) be a unit speed quaternionic curve in Q with non-
zero curvatures K(s), k(s) and [r(s)−K(s)]. Then β is congruent to a quaternionic
rectifying curve if

i-) K(s) = constant > 0, k(s) = constant 6= 0 and r(s)−K(s) = 1
/√

|−s2 − 2cs− 2c1|
(namely, r(s) = nonconstant), c, c1 ∈ R;

ii-) k(s) = constant 6= 0 and r′(s) = K ′(s) (namely, r(s) − K(s) = constant).
Then,K(s) = c1Cos[r(s)−K(s)]+c2Sin[r(s)−K(s)]

s+c , c, c1, c2 ∈ R;
iii-) K(s) = constant > 0, r(s) = constant (namely, r(s)−K(s) = constant) and

k(s) = s+c
c1Cos[r(s)−K(s)]+c2Sin[r(s)−K(s)] , c, c1, c2 ∈ R.

Proof: i-) Assume that K(s) = constant > 0, k(s) = constant 6= 0 and r(s) is non
constant function. By using the equation (4.2), we obtain differential equation

r′(s)− [r(s)−K(s)]3 (s + c) = 0, c ∈ R.

The solution of the this differential equation is

r(s)−K(s) = 1
/√

|−s2 − 2cs− 2c1| , c, c1 ∈ R.
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ii-) Now, suppose that k(s) = constant 6= 0, r′(s) = K ′(s) is (namely, r(s)−K(s) =
constant) non constant functions. Then the equation (4.2) gives differential equation

K(s) (s + c) [r(s)−K(s)]2 + [K(s) (s + c)]′′ = 0, r(s)−K(s) = constant 6= 0,

c ∈ R, and the solution of the equation is

K(s) =
c1Cos [r(s)−K(s)] + c2Sin [r(s)−K(s)]

s + c
, c, c1, c2 ∈ R.

iii-) If K(s) = constant > 0, r(s) = constant (namely, r(s) − K(s) = constant)
and k(s) is non constant function, by using the equation (4.2) we obtain differential
equation

K(s) (s + c) [r(s)−K(s)]2

k(s)
+

[
K(s) (s + c)

k(s)

]′′
= 0, r(s)−K(s) = constant 6= 0,

c ∈ R, whose solution has the form

k(s) =
s + c

c1Cos [r(s)−K(s)] + c2Sin [r(s)−K(s)]
, c, c1, c2 ∈ R.

The following theorem provides some simple characterizations of quaternionic rec-
tifying curves in Q.

Theorem 4.4. Let β = β(s) be a quaternionic rectifying curve in Q with non-zero
curvatures K(s), k(s) and [r(s)−K(s)] if and only if one the following four state-
ments holds;

i-) The distance function ρ = ‖β‖ satisfies ρ2 = s2 + c1s + c2 for some constants
c1 and c2.

ii-) The tangential component of the position vector of the curve is given by
h (β, T ) = s + c for some constant c.

iii-) The normal component βN of the position vector of the curve has constant
length and the distance function ρ is nonconstant.

iv-) The first binormal component and the second binormal component of the po-
sition vector of the curve are respectively given by,

(4.6)
h (β(s),N2(s)) = K(s)(s+c)

k(s)

h (β(s),N3(s)) =
K(s)k(s)+(s+c)[K′(s)k(s)−K(s)k′(s)]

k2(s)[r(s)−K(s)] , c ∈ R.

Proof: i-) Without loss of generality, let us first suppose that β : I → Q is
parameterized by the arc length function s. Suppose that β is a quaternionic recti-
fying curve in Q with non zero curvatures K(s), k(s) and [r(s)−K(s)]. Then, the
position vector β(s) of the β satisfies the equation (4.3), where the differentiable
functions λ(s), µ(s) and ν(s) satisfy relation (4.4). Multiplying the third equation
in (4.4) with −ν′(s) and the four equation in (4.4) with µ′(s) and adding, we get
[r(s)−K(s)] [µ(s)µ′(s) + ν(s)ν′(s)] = 0. Since [r(s)−K(s)] 6= 0 by assumption,
µ(s)µ′(s) + ν(s)ν′(s) = 0 is found. Hence,

(4.7) µ2(s) + ν2(s) = a2
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for some constant a > 0. From the equation (4.3), we have h (β(s), β(s)) = λ2(s) +
µ2(s)+ ν2(s), which together with (4.5) and (4.7) gives h (β(s), β(s)) = (s + c)2 +a2.
Therefore, we obtain ρ2(s) = s2 + c1s + c2, for some constants c1 and c2.

ii-) From the equation (4.3) we obtain h (β(s),T(s)) = λ(s), which together with
(4.5) give h (β(s),T(s)) = s + c, c ∈ R.

iii-) From the equation (4.3) it is clear that the normal component βN of the
position vector of the quaternionic rectifying curve implies βN (s) = µ(s)N2(s) +
ν(s)N3(s) and therefore h

(
βN (s), βN (s)

)
= µ2(s) + ν2(s). Moreover, by using (4.7),

we find
∥∥βN (s)

∥∥ = a, for some constant a > 0. By statement (i), ρ(s) is non constant
function. Thus, statement (iii) is proved.

iv-) Taking the scalar product of equation (4.3) with N2 and N3, respectively.
Thus, by using the equation (4.5), we find that curvatures K(s), k(s) and [r(s)−K(s)]
satisfy the equation (4.6).

Conversely, suppose that statement (i) (or statement (ii)) holds. Then, we have
h (β(s), β(s)) = s2 + c1s + c2, for some constants c1 and c2. Differentiating this equa-
tion two times (one times) with respect to s and using Frenet equations (4.1), we
obtain K(s)h (β(s),N1(s)) = 0. Since K(s) > 0 by assumption, h (β(s),N1(s)) = 0
is found. Hence, β is a quaternionic rectifying curve.

If statement (iii) holds, let us put β(s) = λ(s)T(s)+βN (s), where λ(s) is arbitrary
differentiable function. Therefore,

h
(
βN (s), βN (s)

)
= h (β(s), β(s))− 2λ(s)h (β(s), T (s)) + λ2(s)h (T(s), T (s)) .

Since h (β(s),T(s)) = λ(s) and h (T(s),T(s)) = 1, we get

(4.8) h
(
βN (s), βN (s)

)
= h (β(s), β(s))− h(β(s),T(s))2

where h
(
βN (s), βN (s)

)
is a constant from statement (iii) and h (β(s), β(s)) = ρ2(s)

is a non constant from statement (i). Differentiating the equation (4.8) with respect
to s and using the Frenet equations (4.1), we find K(s)h (β(s),N1(s)) = 0 . Since
K(s) > 0 by assumption, h (β(s),N1(s)) = 0 is found. Hence, β is a quaternionic
rectifying curve.

Finally, if statement (iv) holds, by taking the derivative of the one equation in
(4.6) with respect to s and using the Frenet equations (4.1), we obtain

−k(s)h (β(s),N1(s)) + [r(s)−K(s)] h (β(s),N3(s)) =
[
K(s) (s + c)

k(s)

]′
.

By using the two equation in (4.6), the last equation becomes k(s)h (β(s),N1(s)) =
0. Since k(s) is non zero curvature by assumption, h (β(s),N1(s)) = 0 is found.
Hence, β is a quaternionic rectifying curve. This proves the theorem.

Theorem 4.5. Let β : I → Q be quaternionic curve in Q with κ > 0. Then it is a
quaternionic rectifying curve if and only if it is given by

β(t) = a sec (t + t0) η(t)

where a, t0 are constants with a 6= 0 and η = η(t) is a unit speed quaternionic curve
in S3.
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Proof. Let β be a quaternionic curve in Q given by

β(t) = ρ(t)η(t)

where ρ(t) is arbitrary positive function and η(t) is a unit speed quaternionic curve
in S3. By taking the derivative of the last equation with respect to t, we get

β′ = ρ′η + ρη′.

Thus, the unit tangent vector of β is given by

(4.9) T = ρ′

υ η + ρ
υ η′

where υ2 = h (β′, β′) = (ρ′)2 + ρ2 is the speed of β. Differentiating the equation (4.9)
with respect to t, we get

(4.10) T′ =
(

ρ′

υ

)′
η +

(
2ρ′

υ − ρρ′(ρ+ρ′′)
υ3

)
η′ +

(
ρ
υ

)
η′′.

Let ξ be the unit vector field in Q satisfying the equations h (η, ξ) = h (η′, ξ) =
h (η × η′, ξ) = 0. Then {η, η′, η × η′, ξ} is the orthonormal frame of Q. Therefore,
decomposition of η′′ with respect to the frame {η, η′, η × η′, ξ} reads

(4.11) η′′ = h (η′′, η) η + h (η′′, η′) η′ + h (η′′, η × η′) η × η′ + h (η′′, ξ) ξ.

Since h (η, η) = h (η′, η′) = 1, it follows that h (η′′, η) = −1 and h (η′′, η) = 0, so
the equation (4.11) becomes

(4.12) η′′ = −η + h (η′′, η × η′) η × η′ + h (η′′, ξ) ξ.

Substituting (4.12) into (4.10) and using Frenet formulas for arbitrary speed quater-
nionic curves in Q, we obtain
(4.13)

kυn1 =
[(

ρ′

υ

)′
− ρ

υ

]
η +

(
2ρ′

υ − ρρ′(ρ+ρ′′)
υ3

)
η′ +

(
h(η′′,η×η′)

υ

)
β × η′ +

(
ρ
υ

)
h (η′′, ξ) ξ.

Since h (η, η) = 1, h (η, ξ) = 0 and β(t) = ρ(t)η(t), we get h (β, η′) = 0 and h (β, ξ) =
0. By definition, β is a quaternionic rectifying curve in Q if and only if h (β,n1) = 0.
So, after taking the scalar product of (4.13) with β, we know that β is a quaternionic
rectifying curve if and only if the distance function ρ of β satisfies the differential
equation (

ρ′

υ

)′
− ρ

υ
= 0,

which is equivalent to

(4.14) ρρ′′ − 2(ρ′)2 − ρ2 = 0.

The nontrivial solutions of the equation (4.14) are given by ρ(t) = a sec (t + t0)
with constant a 6= 0 and t0 ∈ R. This proves the theorem.
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