
On the Legendre transform and Hamiltonian

formalism in Berwald-Moor geometry

Vladimir Balan, Sergey Lebedev

Abstract. The Legendre transform is explicitly described in the Berwald-
Moor pseudo-Finsler case; differences towards the proper Finslerian frame-
work are emphasized. The fundamental associated geometric objects and
structures are constructed and discussed.
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1 The Legendre transform of a Finsler space

The Legendre transform was extended from the Riemannian framework to the Fins-
lerian ansatz in Miron’s works ([8], [9]); further, this was subject of careful detailed
discussion in the monograph [3].

Definition 1.1 ([3]). Let (M, F ) be a proper (positive-definite) Finsler space ([10],
[3]) and let U be an open subset in M , domain of the tangent bundle atlas.
We call Legendre transform of (M, F ) the local mapping L : TM |U → T ∗M |U given
in coordinates by L(x, y) = (x, p) with

(1.1) pi =
1
2

∂F 2

∂yi
.

Remark 1.2. a) We note that pi = FFi = gi0, where we denoted Fi = ∂̇iF ,
gij = 1

2 ∂̇2
ijF

2, ∂̇i = ∂/∂yi, and the null index denotes transvection with y.

b) The Jacobian matrix of the fiber action of L is exactly ∂pi

∂yj = gij . Since gij is
non-degenerate, it follows that L is a local diffeomorphism.

c) L−1 : T ∗M → TM is given by L−1(x, p) = (x, y), with yi satisfying the nonlinear
system:

gij(x, y)yj = pi, i = 1, n.

d) In the proper Finslerian framework, we note that the dual Finsler structure
F∗ : T ∗M → R is usually introduced like in functional analysis: the norm F∗ is
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defined as ([3, Sec. 14.8, p. 407])

F∗(x, p) = sup
y∈SxM

p(y), where SxM = {y ∈ TxM | F (x, y) = 1}

and it is proved that since F∗ is everywhere defined, the Hamiltonian H = 1
2F 2

∗
provided by F∗ is everywhere defined. Moreover, since F∗ ◦ L(y) = F (y), H coincides
with the one constructed in classical mechanics, i.e.,

H(p) = pjy
j − 1

2
F 2(y) =

1
2
F 2(y), for p = L(y).

2 The Legendre transform of Hn

Regarding the metric Finsler tensor of the Berwald-Moór space Hn (n ≥ 2), one has
the following result:

Theorem 2.1 ([7]). In the Berwald-Moór Finsler space Hn = (M = Rn, F ), with

(2.1) F (y) = ρ1/n, ρ = y1 · . . . · yn,

we have:
a) the metric tensor field has the components

(2.2) gij(y) =
1
2

∂F 2

∂yi∂yj
=

ρ2/n

nyiyj

(
2
n
− δij

)
.

b) the determinant of the Finsler metric tensor field is given by

det(gij) = (−1)n+1/nn;

c) the dual tensor field associated to gij has the components

(2.3) gij =
nyiyj

ρ2/n

(
2
n
− δij

)
.

As pointed out in [2], the signature of gij given by (2.2) is (+,−, . . . ,−), hence
the space Hn is not proper Finslerian, but pseudo-Finslerian. In order to obtain the
inverse Legendre transform L−1, we first check the bijectivity of L, in the Berwald-
Moór case. To this aim, we have the following

Lemma 2.2. Let F be the pseudo-Finsler metric given by (2.1). Then the mapping
ϕ : TxM → T ∗x M ,

ϕ(y) = (kFαFi)i=1,n,

where lower indices of F denote partial derivatives w.r.t yi, is bijective if and only if
kα 6= 0.

Proof. The Jacobian matrix of [ϕ∗] has the components

kFα−1(αFiFj + FFij) = kFα−1(gij + (α− 1)FiFj).

We apply the following
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Lemma 2.3. If the matrix [a] = (aij)i,j=1,n is invertible and bi ∈ R, i ∈ 1, n, then
[ã] = (ãij = aij +εbibj)i,j=1,n is invertible and det[ã] = a∗(1+B∗), where a∗ = det[a],
b∗ = aijbibj, with [a]−1 = (aij)i,j=1,n.

Hence, for ε = 1, [a] = [g], we obtain

det[ϕ∗] = (kFα−1)n · det[g] · (1 + (α− 1)gijFiFj).

But, using the Lemma 2.2 we get

gijFiFj =
1

F 2

[
2yiyj − n(yi)2δij

] · 1
n2

F 2

yiyj
= 1.

Hence det[ϕ∗] = α(kFα−1)n · (−1)n+1

nn
which is nonzero iff kα 6= 0. ¤

We shall further provide a series of examples, relevant in literature ([3], [5]), which
emerge from Theorem 2.1:

a) In [5, p. 89] and in [11] is considered the transformation ϕ(y) = p, with
pi = F−1gi0, where the null index denotes transvection with y. The Lemma applies,
since pi = Fi = kFαFi with k = 1 and α = 0. Then obviously det[ϕ∗] = 0 and ϕ is
not invertible. The matrix [ϕ∗] is exactly the matrix associated to the (degenerate)
Lansberg metric. In this case, due to the 0−homogeneity of Fi, the mapping ϕ
depends only on direction and takes whole rays of vectors to the same image pi. This
homogeneity is obvious, since F is 1-homogeneous, and in the Berwald-Moór case,

Fi =
1
n

ρ1/n

yi
=

1
n

n

√
y1y2 . . . yn

(yi)n
.

Hence ϕ maps a ray Span(y) into the differential dF - which is assimilated to the
Euclidean gradient at y/F (y) of the F−indicatrix ΣHn : F (y) = 1.

b) In [5, p. 82] is considered the transformation ϕ(y) = p, with pi = F−1Fi. In this
case we have ϕ(y) = p, with k = 1, α = −1 and the Jacobian of ϕ is F−2 det[g] 6= 0.

c) Generally, in the pseudo-Finsler approach, for ϕ = L, we have pi = FFi,
[ϕ∗] = [g], and hence for our case the Legendre mapping is obviously locally invertible.

Moreover, L is bijective, as stated in the following result:

Theorem 2.4. Consider the subsets

T̂M =
⋃

x∈M

T̂xM, T̂ ∗M =
⋃

x∈M

T̂ ∗x M,

where




T̂xM = {y ∈ Rn ≡ TxM |y1 · . . . · yn 6= 0} ⊂ T̃xM = TxM\{0x} ⊂ TxM,

T̂ ∗x M = {p ∈ Rn∗ ≡ T ∗x M |p1 · . . . · pn 6= 0} ⊂ T̃ ∗x M = T ∗x M\{0x} ⊂ T ∗x M,

Then the (canonically defined) Legendre transform of Hn,

L : T̂M → T̂ ∗M, L(x, y) = (x, p), pi = FFi
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has the following properties:

a) it is characterized by pi =
F 2

nyi
=

(y1 · . . . · yn)2/n

nyi
;

b) it is bijective and its inverse is

L : T̂ ∗M → T̂M, L−1(x, p) = (x, y), where yi =
nρ∗2/n

pi
,

with ρ∗ = p1 · . . . · pn;

c) it satisfies the relations

gij(L−1(p)) = g∗ij(p), gij(L−1(p)) = g∗ij(p),

where g∗ij(p) =
1
2

∂F ∗2(p)
∂pi∂pj

, F ∗(p) = F (L−1(p)), and g∗ij are the coefficients of the

dual metric to g∗ij on T̂ ∗M .

Corollary 2.5. a) The fiber-preserving mapping F∗ : T ∗M → TM defined on fibers
by F∗(p) = F ◦ L−1(p) defines a pseudo-Finsler structure on T ∗M , of the same
signature as F .

b) The dual (2, 0) Finsler tensor field gij(y) given by gisgsj = δi
j satisfies the

relation gij(L−1(p)) = 1
2

∂2F 2
∗

∂pi∂pj
, i.e., it is the fundamental Finsler tensor field

associated to F∗.

3 The Berwald-Moor dual structure

3.1 Canonic geometric objects on T ∗M

Each pseudo-Finsler space (M,F ) is endowed with the following objects:

a) the Hilbert form θ = −yidxi, which is the pull-back via L of the Poincare form
η = −pidxi (L∗η = θ);

b) the symplectic form ω = dθ = dxi ∧ dpi, where pi = gi0;

c) the Lagrangian L = 1
2F 2 ∈ F(TM);

d) the Hamiltonian H = ykpk − L ∈ F(T ∗M). We note that H = L ◦ L−1.

d) the geodesic spray of the space, given by the field G = yi ∂

∂xi
− 2Gi ∂

∂yi
, where

Gi = 1
2γi

00.

It is known that in Hn (and generally, in locally Minkowski Finsler spaces), since
F depends on y only, we have vanishing Christoffel symbols γi

jk, Cartan nonlinear
connection coefficients N i

j , and the associated to it vertical geodesic spray coefficients
Gi.
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3.2 Hamiltonian vector fields

Like in the Riemannian case, one can define a Hamiltonian-type vector field Xϕ for
any smooth function ϕ : T ∗M → R via the equality

(3.1) iXϕ
ω = dϕ ⇔ ω(Xϕ, · ) = dϕ.

Then one immediately gets

Xϕ =
∂ϕ

∂pi

∂

∂xi
− ∂ϕ

∂xi

∂

∂pi
.

Particular examples.

a) The Hamiltonian vector field associated to the Legendre-induced Hamiltonian
H = 1

2F 2
∗ = L ◦ L−1 has the form:

XH =
∂H

∂pi

∂

∂xi
− ∂H

∂xi

∂

∂pi
.

This satisfies the equality dη(XH , · ) = dH, and its integral curves are given by the
Hamiltonian-Jacobi system

(3.2)





dxi

dt
=

∂H

∂pi

dpi

dt
= −∂H

∂xi
.

In particular, transporting the dual objects to the corresponding ones via the Legendre
transform, it is known that ([4])):

XL = G,

where L = 1
2F 2

∗ , hence the field lines of the Hamiltonian field associated to F energy
Lagrangian, are exactly the geodesics of the Finsler space (M, F ).

b) The Hamiltonian field, which is basically induced by the Finslerian norm ([5])
is XF = G/F.

However, in the Hn case, the geodesics are - like in the Minkowski En
1 flat case,

straight lines, and the Hamiltonian field is horizontal:

XL = XF = yi ∂

∂xi
.

4 Hamilton vs. Lagrange equations

A Hamilton space (M, F∗) is defined by a function F∗ : T ∗M → R (called fundamental
Hamilton function, which is differentiable on T ∗M and continuous on the null section
of the cotangent bundle of M , such that the fundamental tensor field gij = 1

2
∂2F 2

∗
∂pi∂pj

is non-degenerate and of constant signature on T ∗M .
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Theorem 4.1. Denoting L = 1
2F 2, the Euler-Lagrange equations,

d

dt

∂L

∂yi
− ∂L

∂xi
= 0,

are equivalent to the Hamilton-Jacobi equations (3.2), and to the nonlinear geodesic
(semispray) equations

d2xi

dt2
+ 2Gi(x, y) = 0,

where

Gi =
1
2
gij

(
∂2L

∂yj∂xk
yk − ∂L

∂xj

)
.

Corollary 4.2. The HamiltonJacobi equations are equivalent to




dxi

dt
= {H, xi}

dpa

dt
= {H, pa},

where the Poisson structure is defined by the brackets {f, g} = ω(Xf , Xg) for any
functions f, g : T ∗M → R.

Theorem 4.3. There exists a canonical nonlinear connection defined respectively by
the dual Finsler metric F∗, given by1:

Nij = {gij ,H} −
(

∂2H

∂pk∂xi
gjk + (i/j)

)
,

where H = 1
2F 2

∗ .

5 Geometric structures on T ∗Hn

Several geometric structures can be defined, and shown to coincide on Hn with the
classical ones, as follows:

Definition 5.1. a) The almost complex structure J : T ∗M → T ∗M ,

J(δxi) = −gis∂ps , J(∂pi) = gisδxs ;

b) The almost product operator is given by P (δxi) = δxi , P (∂pi) = −∂pi ;

c) The almost tangent structure is provided by Π(δxi) = gis∂ps , Π(∂ps) = 0.

Proposition 5.2 ([1]). a) The components of the Nijenhuis tensor field associated
to J ,

ν(X, Y ) = −[X, Y ] + [JX, JY ]− J [JX, Y ]− J [X, JY ],∀X, Y ∈ Γ(TTM)

1We denote by e.g., (i/j) the expression to the left of the symbol, with the indices i and j
interchanged.
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are explicitly given by

νija =
∂Nia

∂xj
+ Nib

∂Nja

∂pb
− (i/j).

These components trivially vanish for (Hn, F∗).
b) If the nonlinear connection on T ∗M is related to the similar (Kern) nonlinear

connection of TM , then J, P and Π are L−related with the similar tensor fields of
TM . This trivially happens in the Hn case.

Theorem 5.3. a) The coefficients of the dual nonlinear connection on T ∗Hn re-
lated to the trivial nonlinear connection on THn has vanishing coefficients. Then the
adapted basis of horizontal and vertical sections of Γ(TTHn) reduces to the canonic
one. As well, the tensors from the definition 5.1 act exactly as in the Euclidean case.

b) The coefficients of the adapted N−connection on T ∗Hn are (Li
jk, Cjk

i ), where
([1]):

Li
jk ≡ 0, Cjk

i = −1
2
gis(∂̇jgsk + (j/k)− ∂̇sgjk)− 1

2
gis(Bjsk + (j/k)−Bsjk),

where Bijk = gis(gjt∂pk
Nst − (j/k)). In the Hn case, we have

Cij
k = (Csktg

isgkt) ◦ L−1,

where the v−coefficients of the Cartan linear connection are

Ci
jk = gisCjsk =

yi

yjyk

(
− 2

n2
+

δjk + δi
j + δi

k

n
− δi

jδ
i
k

)
,

and the dual metric tensor has the coefficients given in (2.3).
c) The v−curvature of the space Hn has the coefficients given by ([7])

Sijkl = −(gikgjl − gilgjk)/F 2.
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etry Balkan Press 2010, 21-30.

[3] D. Bao, S.-S. Chern, Z. Shen, An Introduction to Riemann-Finsler Geometry,
Springer-Verlag, 2000.

[4] M. Dahl, A brief introduction to Finsler Geometry, Lecture Notes, 2006,
http://www.ucl.ac.uk/˜ucahmfd/finsler/finsler.pdf



On the Legendre transform and Hamiltonian formalism 11

[5] G.I. Garas’ko, A Primary of Finsler Geometry for Physicists, Tetru, Moscow,
2009.

[6] O. Krupkova, Legendre transformation for regularizable Lagrangians in field the-
ory, arXiv:math-ph/0111004v1 1 Nov 2001.

[7] M. Matsumoto, H. Shimada, On Finsler spaces with 1-form metric II. Berwald-
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