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Abstract. In [4], Y.-C Wong conjectured that the covariant derivative
of the recurrence covector field of an affinely connected recurrent space
An with a torsion-free connection will be symmetric if and only if the
Ricci tensor of An is symmetric. In [6], it is proved that for a Recurrent
Weyl space with a non-vanishing scalar curvature the covariant derivative
of the recurrence vector field is symmetric if and only if the Weyl mani-
fold is locally Riemannian. In [7], De and Guha introduced Generalized
Recurrent Riemannian manifolds and in [8], Singh and Khan studied the
nature of the recurrence vectors appearing in the definition of the Gener-
alized recurrent Riemannian manifold. In the present work, Generalized
Recurrent Weyl manifolds are defined and proved that for a Generalized
Recurrent Weyl manifold with a non-vanishing constant scalar curvature
the covariant derivatives of the recurrence vector fields are both symmetric
if and only if the Weyl manifold is locally Riemannian. Moreover, some
results about hypersurfaces of Generalized Recurrent Weyl manifolds are
obtained.
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1 Introduction

Let An be an n-dimensional affinely connected space with torsion-free connection ∇
whose curvature tensor R is recurrent, i.e. there exists some non-zero 1-form φ such
that ∇R = φ⊗R.

In [1], Walker proved that for a Riemannian connection with ∇R = φ ⊗ R and
φ 6≡ 0, the tensor ∇φ is symmetric.

For a sub-flat or projectively flat without torsion, Wong [2] and Wong and Yano
[3] have shown that if ∇R = φ⊗R, φ 6≡ 0, the tensor ∇φ will be symmetric if and only
if the Ricci tensor is symmetric. Later, in reference [14] of his paper [4], Wong proved
that for a 2-dimensional linear connection without torsion and with ∇R = φ ⊗ R
φ 6≡ 0, ∇φ is symmetric iff the Ricci tensor is symmetric. Following these results
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Wong proposed the following conjecture: For every linear connection with torsion
zero and with ∇R = φ ⊗ R (φ 6≡ 0), the tensor ∇φ is symmetric iff the Ricci tensor
is (everywhere) symmetric. In his paper [5], Pandey gave an affirmative answer to
Wong’ s conjecture under the additional assumption that the curvature tensor is
locally decomposable in the form Rh

ijk = Xh
i Yjk where Rh

ijk are the components of R

and Xh
i and Yjk are the components of the any non-zero tensors.

In [6], Canfes and Özdeger proved that the Wong’ s conjecture is not true for a
Weyl space unless it is locally Riemannian.

In [7], De and Guha introduced a type of non-flat Riemannian space whose cur-
vature tensor R of type (1,3) satisfies the condition

(∇UR)(X, Y, Z) = A(U)R(X, Y, Z) + B(U)(g(Y,Z)X − g(X,Z)Y )

where A and B (B 6= 0) are two 1-forms. In [8], Singh and Khan have shown that in
a generalized recurrent Riemannian space of non-zero constant scalar curvature the
the covariant derivative of the 1-form A is symmetric if and only if the the covariant
derivative of the 1-form B is symmetric.

In the present work, as a generalizaion of the above mentioned results the general-
ized recurrent Weyl manifolds are defined and proved that for a generalized recurrent
Weyl manifold with a non-vanishing constant scalar curvature the covariant deriv-
atives of the recurrence vector fields are both symmetric if and only if the Weyl
manifold is locally Riemannian.

2 Generalized Recurrent Weyl Spaces

As it is well-known, an n-dimensional differentiable manifold with torsion-free (sym-
metric) connection ∇ and a conformal metric tensor g satisfying the compability
condition

∇g = 2T ⊗ g(2.1)

for some non-zero 1-form T is called a Weyl manifold which will denoted by Wn(g, T )
[9].

Under the renormalization
g̃ = λ2g,(2.2)

the vector field T is transformed into, by [9],

T̃ = T + d ln λ.(2.3)

This transformation is called a gauge transformation. If the vector field T is locally
zero or locally gradient, then Wn is locally Riemannian.

The quantity A is called a satellite of weight p of the tensor gij if it admits a
transformation of the form Ã = λpA under the renormalization (2.2),[9].

The prolonged covariant derivative of a satellite A of g of weight p is defined by

∇̇A = ∇A− p(T ⊗A).(2.4)

It is easy to see that prolonged covariant derivative preserves weight.
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Let R(X,Y )Z = ∇X∇Y Z − ∇Y∇XZ − ∇[X,Y ]Z denote the curvature tensor
associated with the connection ∇.

The first and the second Bianchi identities for Weyl spaces are, by [6],

R(X,Y )Z + R(Y, Z)X + R(Z, X)Y = 0,(2.5)

(∇̇XR)(Y, Z) + (∇̇Y R)(Z, X) + (∇̇ZR)(X, Y ) = 0.(2.6)

A non-flat Weyl space is called recurrent, by [6], if its curvature tensor R satisfies

(∇̇UR)(X,Y, Z) = φ(U)R(X, Y, Z)(2.7)

and it is denoted by (RW )n, where φ is a nonzero 1-form of weight zero and R(X, Y, Z)
is the curvature tensor of type (1,3).

A non-flat Weyl space is called generalized recurrent whose curvature tensor
R satisfies the condition

(∇̇UR)(X, Y, Z) = A(U)R(X, Y, Z) + B(U)(g(Y,Z)X − g(X,Z)Y )(2.8)

where R is the curvature tensor of (1,3), A and B are two 1-forms of weights 0 and
-2, respectively.

Such a space is denoted by (GRW )n. It is easy to see that if the 1-form B is zero,
then (GRW )n is (RW )n.

Contracting (2.8) with respect to X we get

(∇̇URic)(Y,Z) = A(U)Ric(Y, Z) + (n− 1)B(U)g(Y,Z).(2.9)

Here Ric is the Ricci tensor of type (0,2).
Since the prolonged covariant derivative will be use throughout the paper it will

be convenient to use expressions in the local coordinates.
By writing (2.9) in local coordinates, we have

∇̇lRij = AlRij + (n− 1)Blgij(2.10)

Changing the order of i and j in (2.10) and subtracting the equation so obtained
from (2.10), we get

∇̇lR[ij] = AlR[ij](2.11)

where bracket denotes antisymmetrization.
In fact, this is the relationship between recurrence vector A and complementary

vector T .
Similary, changing the order of i and j in (2.10) and adding the equation so

obtained to (2.10), we get

∇̇lR(ij) = AlR(ij) + (n− 1)Blgij(2.12)

where paranthesis in R(ij) denotes symmetrization.

Theorem 2.1 In a generalized recurrent Weyl space, with non-zero constant scalar
curvature r, the recurrence vector B is locally a gradient if and only if the vector A−2T
is locally a gradient.
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Proof:
Contracting (2.12) with gij we get

∇̇lr = Alr + n(n− 1)Bl(2.13)

where r is the scalar curvature of weight -2.
Therefore by using (2.4) , we get

∇lr + 2Tlr = rAl + n(n− 1)Bl.(2.14)

If r is a constant and different from zero, then we have

2Tlr = Alr + n(n− 1)Bl.(2.15)

Taking covariant derivative of (2.15) with respect to k, we get

2r∇kTl + 2Tl∇kr = r∇kAl + Al∇kr + n(n− 1)∇kBl.(2.16)

Since r is a constant and different from zero, then we have

(−2∇kTl +∇kAl)r + n(n− 1)∇kBl = 0.(2.17)

Changing the order of the indices k and l in (2.17) we get

(−2∇lTk +∇lAk)r + n(n− 1)∇lBk = 0,(2.18)

and subtracting (2.18) from (2.17), we obtain

r(∇[kCl]) + n(n− 1)∇[kBl] = 0.(2.19)

where Cl = Al − 2Tl. Since r 6= 0, Cl is locally a gradient if and only if Bl is locally
a gradient 2.

The above theorem may be stated in a different manner as follows:
For a Generalized Recurrent Weyl manifold with a non-vanishing constant scalar

curvature the tensor ∇B is symmetric if and only if ∇(A− 2T ) is symmetric.
Therefore we have,

Corollary 2.1 A Generalized Recurrent Weyl manifold with a non-vanis-hing
constant scalar curvature is locally Riemannian if and only if the covariant deriv-
atives of the recurrence vector fields are both symmetric.

In addition, for a (GRW )n with a non-constant scalar curvature, we can state,

Theorem 2.2 In a generalized recurrent Weyl space, with non-constant scalar
curvature r, if the tensors ∇C and ∇B are are both symmetric (equivalently B and
C are both locally gradient), then C and B are collinear, where C = A− 2T .

Proof:
Suppose r is not constant, from (2.14) we get

∇k∇lr + 2r∇kTl + 2Tl∇kr = r∇kAl +∇krAl + n(n− 1)∇kBl.(2.20)
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Interchanging the indices k and l in (2.20) and subtracting the equation so obtained
from (2.20), we get

(∇[kCl])r + n(n− 1)C[l∇r]r +∇[kBl] + n(n− 1)(BkCl −BlCk) = 0(2.21)

where Cl = Al − 2Tl.
¿From (2.21), it follows that

(∇[kCl])r + n(n− 1)∇[kBl] + n(n− 1)(BkCl −BlCk) = 0(2.22)

which completes the proof 2.
If, in particular, the complementary vector field T is locally gradient or zero, i.e.

Wn is locally Riemannian, then we obtain the corresponding results in [8].
If B = 0 the Weyl space under consideration becomes a recurrent Weyl space.
In [6], it is proved that the Ricci tensor of (RW )n can not be symmetric unless the

space is locally Riemannian. Consequently, we obtain the following result concerning
the Wong’s conjecture [4]:

The Wong’ s conjecture is not true for any recurrent Weyl manifold with a non-
vanishing scalar curvature, unless it is locally Riemannian.

3 Generalized Projectively Recurrent Weyl Spaces

A Weyl space Wn is called generalized projectively recurrent if its projective
curvature tensor W of type (1,3) satisfies the condition

(∇̇UW )(X, Y, Z) = A(U)W (X, Y, Z) + B(U)(g(Y,Z)X − g(X,Z)Y )(3.1)

where A and B are two 1-forms of weights 0 and -2, respectively.
The projective curvature tensor is given by [10], in local coordinates,

W i
jkl =

1
n2 − 1

[
δi
k (nRjl + Rlj)− δi

l (nRjk + Rkj)
]

(3.2)

+ Ri
jkl +

2
n + 1

δi
jR[kl]

It is well-known that the projective curvature tensor satisfies the following identities.

W i
jkl + W i

jlk = 0(3.3)

W i
jkl + W i

ljk + W i
klj = 0(3.4)

W i
ikl = W i

jki = 0(3.5)

∇̇iW
i
jkl =

(n− 2)
(n− 1)

[
∇̇lRjk − ∇̇kRjl +

1
(n + 1)

(∇̇kR[jl] − ∇̇lR[jk]

)]
(3.6)

Theorem 3.1 A Weyl manifold which is either generalized projectively recurrent
or recurrent is projectively recurrent.
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Proof:
Suppose Wn is generalized projectively recurrent, then expressing (3.1) in local

coordinates we have
∇̇rW

i
jkl = ArW

i
jkl + BrG

i
jkl(3.7)

where Gi
jkl = δi

lgjk − δi
kgjl. Contracting the indices i and l in (3.7), we get

∇̇rW
i
jki = ArW

i
jki + BrG

i
jki.(3.8)

Since W i
jki = 0, then we have

(n− 1)Brgjk = 0(3.9)

therefore (3.9) implies that Br = 0. So from (3.8) we get

∇̇rW
i
jkl = ArW

i
jkl(3.10)

Now suppose that Wn is recurrent with recurrence vector φr , then by taking prolonged
covariant derivative of (3.2) we have

∇̇rW
i
jkl =

1
n2 − 1

[
δi
k

(
n∇̇rRjl+∇̇rRlj

)
−δi

l

(
n∇̇rRjk + ∇̇rRkj

)]
(3.11)

+ ∇̇rR
i
jkl + ∇̇r

2
n + 1

δi
jR[kl]

And using (2.7), we obtain
∇̇rW

i
jkl = φrW

i
jkl(3.12)

2.

4 Hypersurfaces of Generalized Recurrent Weyl
Spaces

Let Wn(gij , Tk) be a hypersurface, with coordinates ui(i = 1, 2, · · · , n) of a Weyl space
Wn+1(gab, Tc) with coordinates xa(a = 1, 2, · · · , n +1). The metrics of Wn and Wn+1

are connected by the relations

gij = gabx
a
i xb

j (i, j = 1, 2, · · · , n ; a, b = 1, 2, · · · , n + 1)(4.1)

where xa
i denotes the covariant derivative of xa with respect to ui.

It is easy to see that the prolonged covariant derivative of a satellite A, relative
to Wn, and Wn+1, are related by

∇̇kA = xc
k∇̇cA (k = 1, 2, · · · , n ; c = 1, 2, · · · , n + 1)(4.2)

Let na be the contravariant components of the vector field of Wn+1 normal to Wn

which is normalized by the condition

gabn
anb = 1.(4.3)
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The moving frame {xi
a, na} in Wn, reciprocal to the moving frame {xa

i , na} is
defined by the relations

naxa
i = 0 naxi

a = 0 xa
i xj

a = δj
i .(4.4)

Since the weight of xa
i is {0}, the prolonged covariant derivative of xa

i with respect
to uk is found as

∇̇kxa
i = ∇kxai = ωikna(4.5)

where ωik is the second fundamental form.
The generalized Gauss and Mainardi-Codazzi equations are obtained in [6], re-

spectively as
Rpijk = Ωpijk + Rdbcex

d
px

b
ix

c
jx

e
k(4.6)

∇̇kωij − ∇̇jωik + Rdbcex
b
ix

c
jx

e
knd = 0,(4.7)

where Rdbce is the covariant curvature tensor of Wn+1 and Ωpijk = ωpjωik − ωpkωij .
Let Wn be a hypersurface of a Generalized Recurrent Weyl space Wn+1 with

recurrence vectors Aa and Ba which are not orthogonal to the hypersurface Wn. If
we denote the tangential components of Aa and Ba, respectively, by Ak and Bk, then
we have

Ak = xa
kAa, Bk = xa

kBa.(4.8)

and
∇̇eR

a

bcd = AeR
a

bcd + BeG
a
bcd(4.9)

where Ga
bcd = δa

dgbc − δa
c gbd. By taking prolonged covariant derivative of Gauss equa-

tion with respect to ur, we get

∇̇rRijkh = ∇̇rΩijkh + ∇̇r(Rabcdx
a
i xb

jx
c
kxd

h).(4.10)

Furthermore,

∇̇rRijkh=∇̇rΩijkh + (∇̇eRabcd)xa
i xb

jx
c
kxd

hxe
r+Rabcdx

b
jx

c
kxd

hωirn
a

+ Rabcdx
a
i xc

kxd
hωjrn

b + Rabcdx
a
i xb

jx
d
hωkrn

c

+ Rabcdx
a
i xb

jx
c
kωhrn

d

Since Wn+1 is Generalized recurrent, from (2.8), we have

∇̇rRijkh = ∇̇rΩijkh +AeRabcdx
a
i xb

jx
c
kxd

hxe
r + BeGabcdx

a
i xb

jx
c
kxd

hxe
r

+ Rabcdx
b
jx

c
kxd

hωirn
a + Rabcdx

a
i xc

kxd
hωjrn

b

+ Rabcdx
a
i xb

jx
d
hωkrn

c + Rabcdx
a
i xb

jx
c
kωhrn

d

where Gabcd = gadgbc − gacgbd. Using (4.1), (4.8) and the Gauss equation , we have
where Gijkh = gihgjk − gikgjh.

(4.11a)∇̇rRijkh−ArRijkh−BrGijkh = ∇̇rΩijkh−ArΩijkh+Rabcdx
b
jx

c
kxd

hωirn
a

+ Rabcdx
a
i xc

kxd
hωjrn

b +Rabcdx
a
i xb

jx
d
hωkrn

c

+ Rabcdx
a
i xb

jx
c
kωhrn

d
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Theorem 4.1 A hypersurface of a Generalized Recurrent Weyl space satisfies the
relation

ArRijkh + AhRijrk + AkRijhr = ArΩijkh + AhΩijrk + AkΩijhr

+ BrGijkh + BhGijrk + BkGijhr.

where Gijkh is the Sylvestrian of gij .
Proof:

If we change the indices k, h, r cyclically in (4.11a), we obtain two more equations.
Namely

(4.11b) ∇̇kRijhr−AkRijhr−BkGijhr = ∇̇kΩijhr−AkΩijhr+Rabcdx
b
jx

c
rx

d
kωihna

+ Rabcdx
a
i xc

rx
d
kωjhnb +Rabcdx

a
i xb

jx
d
kωhrn

c

+ Rabcdx
a
i xb

jx
c
rωkhnd

(4.11c) ∇̇hRijrk−AhRijrk−BhGijrk = ∇̇hΩijrk−AhΩijrk+Rabcdx
b
jx

c
hxd

rωikna

+ Rabcdx
a
i xc

hxd
rωjknb+Rabcdx

a
i xb

jx
d
rωhknc

+ Rabcdx
a
i xb

jx
c
hωrknd

adding (4.11a), (4.11b), (4.11c) and using second Bianchi identity we finally get

ArRijkh + AhRijrk + AkRijhr = ArΩijkh + AhΩijrk + AkΩijhr

+ BrGijkh + BhGijrk + BkGijhr.

2

Moreover, from second Bianchi identity we conclude,

Corollary 4.1 If a hypersurface of Generalized Recurrent Weyl space is general-
ized recurrent with recurrence vectors Ar and Br, then we have

ArΩijkh + AhΩijrk + AkΩijhr = 0.

Definition 4.1 A Hypersurface of a Weyl space is called totally geodesic if ωij =
0.

By (4.11a), we can easily deduce that,

Theorem 4.2 If a hypersurface of a Generalized Recurrent Weyl space is totally
geodesic, then the hypersurface is Generalized Recurrent Weyl with recurrence vectors
Ar and Br.

I◦. f Ba = 0, we get the results obtained in [6].
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