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The theory of massive and massless fields of spin 2, after the fundamental investigations
by W. Pauli and M. Fierz, always attracted attention. The most of investigations were
performed with the use of the 2-nd ordered equations. Probably F.I. Fedorov did the first
study within the 1-st order equations. It turned out that the spin 2 particle requires for its
description a 30-component set of tensors. Besides, F.I. Fedorov proposed a more general
theory, which is based on 50-component set of tensors. It turned out that this theory
describes the spin 2 particle with anomalous magnetic moment. In the present work, we
consider this theory in presence of arbitrary electromagnetic field and any Riemannian
space-time background. First we study the 50-component theory for a massive spin 2
particle. In such a generalized framework, there arises non-minimal interaction with the
curved space-time background through Ricci and Riemann tensors. It is important that
the theory under consideration allows for a new and generalized massless limit for spin 2
field. This fact is of special interest, because as known the conventional Pauli - Fierz theory
for massless field does not possess gauge symmetry in curved space-time; in particular, in
models with zero Ricci tensor. We have shown that the a generalized theory possesses
the gauge symmetry in all space - time models for which the Ricci tensor vanishes, this
case is the most interesting in physical applications of General relativity. We study the
50-component theory for a massive spin 2 particle in presence of electromagnetic fields and
any Riemannian space-time background. Such a generalized theory describes the particle
with anomalous magnetic moment; in addition, there arises a non-minimal interaction with
the curved space-time background through Ricci and Riemann tensors.

Keywords: spin 2 particle,anomalous magnetic moment, external electromagnetic fields, Rieman-
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1 Introduction

The theory of massive and massless fields of spin 2 after fundamental investigations by Pauli and
Fierz [1], [2], always attracted attention: De Broglie [3], Fedorov et al. [4], Regge [7], Hagen [8], Cox
[9], Bogush et al [10] – [12]. The most of investigations were performed in the frames of 2-nd order
equations. Probably, Fedorov [4] did the first study within the 1-st order equations. It turned out
that the spin 2 particle requires for its description a 30-component set of tensors. Besides, Fedorov
proposed more general theory, which is based on 50-component set of tensors. It turned out that this
theory describes the spin 2 particle with anomalous magnetic moment [5,6].

In the present work, we consider this theory in presence of arbitrary electromagnetic field and
any Riemannian space-time background. First we study the 50-component theory for the massive
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particle. In such a generalized theory there arises non-minimal interaction with the curved space-
time background through the Ricci and Riemann tensors. It is important that the theory under
consideration allows for a new and generalized massless limit for spin 2 field. This fact is of special
interest, because as known the conventional Pauli – Fierz theory for massless field does not possess
gauge symmetry in curved space-time, in particular, in all models with the zero Ricci tensor. We
have shown that the generalized theory possesses the gauge symmetry in all space – time models for
which the Ricci tensor vanishes, this case is the most interesting in physical applications of General
relativity.

2 The massive case

We start with the known 50-component system Fedorov et al [4]–[11] for a massive spin 2 particle
with anomalous magnetic moment1. The extension to the generally covariant case is done by simple
changing the ordinary Minkowski tensors and derivatives to covariant ones:

2 λ1D
aΨ(1)

a + 2 λ2D
aΨ(2)

a + iM Ψ = 0 , (2.1)

λ3 DaΨ + 2λ4 D
bΨ(ba) + iM Ψ(1)

a = 0 , (2.2)

λ5 DaΨ + 2λ6 D
bΨ(ba) + iM Ψ(2)

a = 0 , (2.3)

λ7
2

(DaΨ
(1)
b +DbΨ

(1)
a −

1

2
gabD

cΨ(1)
c ) +

λ8
2

(DaΨ
(2)
b +DbΨ

(2)
a −

1

2
gabD

cΨ(2)
c )

+2λ9 D
cΨ(abc) − 2λ10 ( DcΨa[bc] +DcΨb[ac] ) + iM Ψ(ab) = 0 , (2.4)

λ11
2

( DcΨ(ab) −DbΨ(ac) −
1

3
gcaD

mΨ(mb) +
1

3
gbaD

mΨ(mc) ) + iM Ψa[bc] = 0 , (2.5)

λ12
3

( DaΨ(bc) +DbΨ(ca) +DcΨ(ab)

−1

3
gacD

mΨ(mb) −
1

3
gcbD

mΨ(ma) −
1

3
gbaD

mΨ(mc) ) + iMΨ(abc) = 0 , (2.6)

where Da = ∇a + ieAa; ∇a stands for the covariant derivative, Aa is an electromagnetic 4-potential, e
stands for a particle charge, λ1, ..., λ12 are some numerical parameters obeying the following constraints

2λ10λ11 −
2

3
λ9λ12 = 1 , λ4λ7 + λ6λ8 +

8

9
λ9λ12 =

1

3
,

λ1λ3 + λ2λ5 = −1

4
, (λ1λ4 + λ2λ6) (λ3λ7 + λ5λ8) = − 1

12
.

(2.7)

The complete field function consists of the following tensor set

Ψ , Ba , Ca , Ψ(ab) , Ψa[bc] , Ψ(abc) . (2.8)

In total, it contains 52 components: 1 + 4 + 4 + 10 + 24 + 8.
Recall that in the minimal 30-component theory, the set of involved tensors consists of

Φ̄ , Φ̄a , Φ̄(ab) , Φ̄[ab]c ; (2.9)

1In Minkowski space the metric with signature +1,−1,−,−1) is applied.
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The corresponding minimal system is as follows

DaΦ̄a −M Φ̄ = 0 ,
1

2
DaΦ̄−

1

3
DbΦ̄(ab) −M Φ̄a = 0 ,

DaΦ̄b + DbΦ̄a −
1

2
gab D

kΦ̄k+

+
1

2
(DkΦ̄[ka]b +DkΦ̄[kb]a −

1

2
gabD

kΦ̄ n
[kn] )−M Φ̄(ab) = 0 ,

DaΦ̄(bc) −DbΦ̄(ac) +
1

3
(gbcD

kΦ̄(ak) − gac DkΦ̄(bk))−M Φ̄[ab]c = 0 .

(2.10)

Here the number of independent components equals to 30:

Φ(x) =⇒ 1, Φa =⇒ 4, Φ(ab) =⇒ (10− 1) = 9, Φ[ab]c =⇒ 6× 4− 4− 4 = 16.

Let us prove that excluding from the system (2.1) – (2.6) one vector and 3-rank tensor Ψ(abc), we
may reduce the resulting system to minimal form, which contains additional interaction terms with
external electromagnetic and gravitational fields.

To this end, instead of vectors Ψ
(1)
a and Ψ

(2)
a , we introduce the new variables∣∣∣∣ BaCa

∣∣∣∣ =

∣∣∣∣ λ1 λ2
λ7 λ8

∣∣∣∣
∣∣∣∣∣ Ψ

(1)
a

Ψ
(2)
a

∣∣∣∣∣ ,
∣∣∣∣∣ Ψ

(1)
a

Ψ
(2)
a

∣∣∣∣∣ =
1

λ1λ8 − λ2λ7

∣∣∣∣ λ8 −λ2
−λ7 λ1

∣∣∣∣ ∣∣∣∣ BaCa
∣∣∣∣ . (2.11)

Then the system (2.1)–(2.6) can be presented as follows

2 DaBa + im Ψ = 0 , (2.12)

−1

4
DaΨ + 2 (λ1λ4 + λ2λ6) D

bΨ(ba) + iM Ba = 0 , (2.13)

(λ7λ3 + λ8λ5) DaΨ + 2(λ7λ4 + λ8λ6) D
bΨ(ba) + iM Ca = 0 , (2.14)

1

2
(DaCb +DbCa −

1

2
gabD

cCc)

+2λ9 D
cΨ(abc) − 2λ10 ( DcΨa[bc] +DcΨb[ac]) + iM Ψ(ab) = 0 , (2.15)

λ11
2

(DcΨ(ab) −DbΨ(ac) −
1

3
gcaD

mΨ(mb) +
1

3
gbaD

mΨ(mc)) + iM Ψa[bc] = 0 , (2.16)

λ12
3

[DaΨ(bc) +DbΨ(ca) +DcΨ(ab) −
1

3
gacD

mΨ(mb)

−1

3
gcbD

mΨ(ma) −
1

3
gbaD

mΨ(mc)] + +iMΨ(abc) = 0 . (2.17)

Let us multiply eq. (2.14) by (λ1λ4 + λ2λ6). Taking in mind (2.7). We get

− 1

12
DaΨ + 2 (λ1λ4 + λ2λ6) (λ7λ4 + λ8λ6) D

bΨ(ba) + iM (λ1λ4 + λ2λ6) Ca = 0 .

By substituting the expression of DaΨ from (2.13), we obtain

−2

3
(λ1λ4 + λ2λ6) D

bΨ(ba) −
iM

3
Ba

+2(λ1λ4 + λ2λ6)(λ7λ4 + λ8λ6) D
bΨ(ba) + iM (λ1λ4 + λ2λ6)Ca = 0 ,

whence it follows

Ca =
1

3(λ1λ4 + λ2λ6)
Ba −

2

iM
[(λ7λ4 + λ8λ6)−

1

3
]DnΨ(na) .
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This relation permits us to exclude the vector Ca. In particular, by substituting the above expres-
sion for Ca in eq. (2.15), we derive

1

6(λ1λ4 + λ2λ6)
(DaBb +DbBa −

1

2
gabD

cBc)

− 1

iM

[
(λ7λ4 + λ8λ6)−

1

3

] (
DaD

nΨ(nb) +DbD
nΨ(na) −

1

2
gabD

cDnΨ(nc)

)
+2λ9 D

cΨ(abc) − 2λ10 ( DcΨa[bc] +DcΨb[ac]) + iM Ψ(ab) = 0 .

Thus, instead of the equations (2.12)–(2.17), we may consider the equivalent equations

2 DaBa + iM Ψ = 0 , (2.18)

−1

4
DaΨ + 2(λ1λ4 + λ2λ6) D

bΨ(ba) + iM Ba = 0 , (2.19)

Ca =
1

3(λ1λ4 + λ2λ6)
Ba −

2

iM
[(λ7λ4 + λ8λ6)−

1

3
]DnΨ(na) , (2.20)

1

6(λ1λ4 + λ2λ6)
(DaBb +DbBa −

1

2
gabD

cBc)

− 1

iM
[(λ7λ4 + λ8λ6)−

1

3
] (DaD

nΨ(nb) +DbD
nΨ(na) −

1

2
gabD

cDnΨ(nc))

+2λ9 D
cΨ(abc) − 2λ10 ( DcΨa[bc] +DcΨb[ac]) + iM Ψ(ab) = 0 , (2.21)

λ11
2

(DcΨ(ab) −DbΨ(ac) −
1

3
gcaD

mΨ(mb) +
1

3
gbaD

mΨ(mc)) + iM Ψa[bc] = 0 , (2.22)

λ12
3

[DaΨ(bc) +DbΨ(ca) +DcΨ(ab)

−1

3
gacD

mΨ(mb) −
1

3
gcbD

mΨ(ma) −
1

3
gbaD

mΨ(mc)] + iMΨ(abc) = 0 . (2.23)

Now, from eqs. (2.22) and (2.23), let us express the 3-rank tensors Ψa[bc] and Ψ(abc), in terms of
the 2-rank tensor:

Ψa[bc] =
iλ11
2M

( DcΨ(ab) −DbΨ(ac) −
1

3
gcaD

mΨ(mb) +
1

3
gbaD

mΨ(mc) ) , (2.24)

Ψ(abc) =
iλ12
3M

(DaΨ(bc) +DbΨ(ca) +DcΨ(ab)

−1

3
gacD

mΨ(mb) −
1

3
gcbD

mΨ(ma) −
1

3
gbaD

mΨ(mc)). (2.25)

Now we substitute these expressions into eq. (2.21), which yields

1

6(λ1λ4 + λ2λ6)
(DaBb +DbBa −

1

2
gabD

cBc)

+
i

M
[(λ7λ4 + λ8λ6)−

1

3
] (DaD

cΨ(cb) +DbD
cΨ(ca) −

1

2
gabD

cDnΨ(nc))

+i
2λ9λ12

3M
Dc(DaΨ(bc) +DbΨ(ca) +DcΨ(ab)

−1

3
gacD

mΨ(mb) −
1

3
gcbD

mΨ(ma) −
1

3
gbaD

mΨ(mc))

−iλ10λ11
M

[Dc(DcΨ(ab) −DbΨ(ac) −
1

3
gcaD

mΨ(mb) +
1

3
gbaD

mΨ(mc))

+Dc(DcΨ(ba) −DaΨ(bc) −
1

3
gcbD

mΨ(ma) +
1

3
gabD

mΨ(mc)) ] + iM Ψ(ab) = 0 .
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In the last equation, we are to take into account the following constraints (see (2.7))

λ10λ11 =
1

2
+

1

3
λ9λ12 , λ4λ7 + λ6λ8 −

1

3
= −8

9
λ9λ12 .

We also multiply the result by −iM (for brevity let us introduce the notation λ9λ12 = µ). In this
way, from the last equation, we derive the following one

M

6i(λ1λ4 + λ2λ6)
(DaBb +DbBa −

1

2
gabD

cBc)

−µ8

9
DaD

cΨ(cb) − µ
8

9
DbD

cΨ(ca) + µ
4

9
gabD

cDnΨ(nc)

+µ
2

3
DcDaΨ(bc) + µ

2

3
DcDbΨ(ca) + µ

2

3
DcDcΨ(ab) − µ

2

9
gacD

cDmΨ(mb)

−µ2

9
gcbD

cDmΨ(ma) − µ
2

9
gbaD

cDmΨ(mc)

−1

2
DcDcΨ(ab) +

1

2
DcDbΨ(ac) +

1

6
gcaD

cDmΨ(mb) −
1

6
gbaD

cDmΨ(mc)

−1

2
DcDcΨ(ba) +

1

2
DcDaΨ(bc) +

1

6
gcbD

cDmΨ(ma) −
1

6
gabD

cDmΨ(mc)

−µ1

3
DcDcΨ(ab) + µ

1

3
DcDbΨ(ac) + µ

1

9
gcaD

cDmΨ(mb) − µ
1

9
gbaD

cDmΨ(mc)

−µ
3
DcDcΨ(ba) +

µ

3
DcDaΨ(bc) +

µ

9
gcbD

cDmΨ(ma) −
µ

9
gabD

cDmΨ(mc) +M2Ψ(ab) = 0. (2.26)

Then, after regrouping the terms, we derive the equation

1

6i (λ1λ4 + λ2λ6)
(DaBb +DbBa −

1

2
gabD

cBc)

− 1

M

[
DcDcΨ(ba) −

1

2
( DcDbΨ(ac) +DcDaΨ(bc) )

+
1

3
gab D

nDmΨ(nm) −
1

6
( DaD

mΨ(mb) +DbD
mΨ(ma) )

]
+
µ

M

(
[Dc, Da]−Ψ(bc) + [Dc, Db]−Ψ(ac)

)
+M Ψ(ab) = 0. (2.27)

Instead of definition (2.24, let us introduce a slightly new tensor variable (the numerical parameter
γ will be fixed later):

Φ′[bc]a = − 1

M

γ

2

(
DcΨ(ab) −DbΨ(ac) +

1

3
gabD

mΨ(mc) −
1

3
gacD

mΨ(mb)

)
. (2.28)

Then we readily derive the identity

1

γ
(DcΦ′[bc]a +DcΦ′[ac]b)

= − 1

M

[1

2
(DcDcΨ(ab) −DcDbΨ(ac) +

gab
3
DcDmΨ(mc) −

gac
3
DcDmΨ(mb))

+
1

2
(DcDcΨ(ba) −DcDaΨ(bc) +

gba
3
DcDmΨ(mc) −

gbc
3
DcDmΨ(ma))

]
=

= − 1

M
(DcDcΨ(ab) −

1

2
DcDbΨ(ac) −

1

3
DcDaΨ(bc) +

gab
3
DcDmΨ(mc)

−gac
6
DcDmΨ(mb) −

gbc
6
DcDmΨ(ma)),
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which coincides with the expression in square brackets from eq. (2.27). Therefore, eq. (2.27) may be
re-written as follows (here, we consider γ =

√
2):

1

6i
(
λ1λ4 + λ2λ6

)(DaBb +DbBa −
1

2
gabD

cBc

)
+

1√
2

(
DcΦ′[bc]a +DcΦ′[ac]b

)
+

µ

M

(
[Dc, Da]−Ψ(bc) + [Dc, Db]−Ψ(ac)

)
+M Ψ(ab) = 0 . (2.29)

Hence, the system takes the form

2 DaBa + iM Ψ = 0 ,

−1

4
DaΨ + 2(λ1λ4 + λ2λ6) D

bΨ(ba) + iM Ba = 0 ,

1

6i (λ1λ4 + λ2λ6)
(DaBb +DbBa −

1

2
gabD

cBc) +
1√
2

(DcΦ′[bc]a +DcΦ′[ac]b)

+
µ

M
( [Dc, Da]−Ψ(bc) + [Dc, Db]−Ψ(ac) ) +M Ψ(ab) = 0 ,

1√
2

(DcΨ(ab) −DbΨ(ac) +
1

3
gabD

mΨ(mc) −
1

3
gacD

mΨ(mb)) +MΦ′[bc]a = 0.

Instead of the variables Ba and Ψ, we will consider the new ones

Φ′ = − 1

4
√

3(λ1λ4 + λ2λ6)
Ψ, Φ′a =

i√
6(λ1λ4 + λ2λ6)

Ba, (let Φ′(ab) = Φ(ab)) . (2.30)

Thus, we arrive at a modified 30-component first order system

1√
2
DaΦ′a +M Φ′ = 0 ,

1√
2
DaΦ

′ +

√
2

3
DbΨ′(ba) +M Φ′a = 0 ,

− 1√
6

(
DaΦ

′
b +DbΦ

′
a −

1

2
gabD

cΦ′c

)
+

1√
2

(
DcΦ′[bc]a +DcΦ′[ac]b

)
+

µ

M

{
[Dc, Da]−Ψ(bc) + [Dc, Db]−Ψ′(ac)

}
+M Ψ(ab) = 0 ,

1√
2

( DcΨ(ab) −DbΨ(ac) +
1

3
gabD

mΨ(lc) −
1

3
gacD

mΨ(lb) ) +M Φ′a[bc] = 0 ;

Through the simple re-designation of the terms

Φ′ = −Φ̄ , Ψ′a =
√

2 Φ̄a , Φ′(ab) =
1√
3

Φ̄(ab), Φ′[bc]a =
1√
6

Φ̄[bc]a . (2.31)

The above systems gets the form:

DaΦ̄a −M Φ̄ = 0 ,
1

2
DaΦ̄−

1

3
DbΨ̄(ba) −M Φ̄a = 0 ,(

DaΦ̄b +DbΦ̄a −
1

2
gabD

cΦ̄c

)
+

1

2

(
DcΦ̄[ca]b +DcΦ̄[cb]a

)
− µ

M

(
[Dc, Da]− Φ̄(bc) + [Dc, Db]− Φ̄(ac)

)
−M Φ̄(ab) = 0 ,

DcΦ̄(ba) −DbΦ̄(ca) +
1

3
gbaD

mΨ̄(mc) −
1

3
gcaD

mΨ̄(mb) −M Φ̄[cb]a = 0 .

(2.32)
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Hence, by setting µ = 0, we obtain the following 30-component system

DaΦ̄a −M Φ̄ = 0 ,
1

2
DaΦ̄−

1

3
DbΨ̄(ba) −M Φ̄a = 0 ,

( DaΦ̄b +DbΦ̄a −
1

2
gabD

cΦ̄c ) +
1

2
( DcΦ̄[ca]b +DcΦ̄[cb]a )−M Φ̄(ab) = 0 ,

DcΦ̄(ba) −DbΦ̄(ca) +
1

3
gbaD

mΨ̄(mc) −
1

3
gcaD

mΨ̄(mb) −M Φ̄[cb]a = 0 .

(2.33)

Comparing this with the system (2.10), we can see that they differ only in the third equation. It
may be readily shown that in fact the systems are equivalent. Indeed, in the fourth equation of the
system (2.10), let us perform the convolution in indices a and c, whence we obtain

gacDa Φ̄(bc) − gacDb Φ̄(ac) +
1

3
(gac gbcD

k Φ̄(ak) − gac gacDk Φ̄(bk))−M gac Φ̄[ab]c = 0 .

Because gac Φ(ac) = 0, gac gac = 4, we get Φ̄b
[ab] = 0, and therefore the term 1

2 gabD
c Φ̄n

[cn] from the third

equation of the system (2.10) vanishes identically. Thus, the systems (2.10) and (2.32) are equivalent.
Let us detail the additional interaction term (see the fourth equation in (2.32))

∆ab =
µ

M

(
[Dc, Da]−Φ̄(bc) + [Dc, Db]−Φ̄(ac)

)
. (2.34)

It suffices to consider the first term

[Dc, Da]−Φ̄(bc) = [∇c + ieAc,∇a + ieAa]−Φ̄ c
b = (∇c∇a −∇a∇c) Φ̄ c

b + ieFca Φ̄ c
b .

Taking in mind the rule

(∇c∇a −∇a∇c)Abk = −Ank Rnb ca −AbnRnk ca =⇒

(∇c∇a −∇a∇c)A c
b = −A c

n R
n
b ca −AbnRnc ca,

we find (remembering the symmetry of the curvature tensor)

(∇c∇a −∇a∇c)Abc = Rca bnA
nc +A n

b Rna ,

and hence the needed commutator takes the form

(∇c∇a −∇a∇c)Φ̄bc = Rca bnΦ̄cn +RacΦ̄
c
b . (2.35)

Therefore, we have
[Dc, Da]−Φ̄(bc) = ieFcaΦ̄

c
b +Rca bnΦ̄cn +RacΦ̄

c
b .

Adding the symmetric term, we find the needed expression for the above additional interaction term

∆ab =
µ

M

(
[Dc, Da]−Φ̄(bc) + [Dc, Db]−Φ̄(ac)

)
=

µ

M

{
ie (Φ̄ c

a Fcb + Φ̄ c
b Fca) + (Rca bnΦ̄cn +Rcb anΦ̄cn) + (RacΦ̄

c
b +RbcΦ̄

c
a

}
. (2.36)

This relation means that the parameter µ, which in absence of a curved space time background,
was interpreted as related to anomalous magnetic moment of the spin 2 particle, and also determines
an additional interaction with the space-time geometry through the Ricci and the Riemann curvature
tensors.
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3 Massless limit, gauge solutions

The theory under consideration allows for the massless limit the new form (in comparison with the
ordinary Pauli – Fierz theory)

DaΦ̄a = 0 ,
1

2
DaΦ̄−

1

3
DbΨ̄(ba) = Φ̄a ,(

DaΦ̄b +DbΦ̄a −
1

2
gabD

cΦ̄c

)
+

1

2

(
DcΦ̄[ca]b +DcΦ̄[cb]a

)
− µ∆ab = 0 ,

DcΦ̄(ba) −DbΦ̄(ca) +
1

3
gbaD

mΨ̄(mc) −
1

3
gcaD

mΨ̄(mb) = Φ̄[cb]a .

(3.1)

where

∆ab = RcabnΦ̄cn +RcbanΦ̄cn +RacΦ̄
c
b +RbcΦ̄

c
a ; (3.2)

dimensions of the involved quantities are as follows

[Φ̄a] = [
Φ̄

L
], [Φ̄ab] = [Φ̄], [Φ̄[ab]c] = [

Φ̄

L
], [µ] = 1. (3.3)

These modified equations (3.1) may be of special interest because, as shown in [10], the conventional
Pauli – Fierz massless theory does not possess gauge symmetry in the curved space-time, and requires
some modification by introducing non-minimal interaction terms by hands. The problem of existence
or non-existence of the gauge symmetry in the generalized massless theory still needs additional study.
We shall further investigate it again, now starting with the system (3.1).

Because different authors use different conventions on definitions of Riemann and Ricci tensor, we
recall the definition applied in the present paper [12]:

Rαβρσ =
∂Γαβσ
∂xρ

−
∂Γαβρ
∂xσ

+ ΓαγρΓ
γ
βσ − ΓαγσΓγβσ; (3.4)

the commutators of covariant derivatives, acting on tensors of 1-st and 2-nd ranks:

[∇ρ∇β −∇β,∇ρ]Aα = [∇ρ,∇β]Aα = RσαβρAσ, (3.5)

[∇σ∇ρ −∇ρ∇σ]Aαβ = [∇σ,∇ρ]Aαβ = RγβρσAαγ +RγαρσAγβ. (3.6)

We turn to the minimal system

∇αΦ̄α = 0, (3.7)

1

2
∇αΦ̄− 1

3
∇βΦ̄αβ = Φ̄α, (3.8)

1

2

(
∇µΦ̄µαβ +∇µΦ̄µβα −

1

2
gαβ∇µΦ̄ σ

µσ

)
+
(
∇αΦ̄β +∇βΦ̄α −

1

2
gαβ∇µΦ̄µ

)
= 0, (3.9)

∇αΦ̄βσ −∇βΦ̄ασ +
1

3

(
gβσ∇µΦ̄αµ − gασ∇µΦ̄βµ

)
= Φ̄αβσ. (3.10)

As known, the gauge solutions for main constituents are determined by the formulas (which are
obtained from those in Minkowski space by the evident covariant extension)

Φ̄G = ∇βAβ, Φ̄G
αβ = ∇αAβ +∇βAα −

1

2
gαβ∇σAσ (3.11)

where Aβ(x) is an arbitrary vector field.
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By simple calculations for the concomitant vector gauge component, we obtain the expression

Φ̄G
α =

1

2

(
∇α∇βAβ −∇β∇βAα −RσαAσ

)
. (3.12)

The equation ∇αΦ̄G
α = 0 leads to

−2

3
∇α (R σ

α Aσ) = 0. (3.13)

This relationship becomes identity 0 ≡ 0, only if Rαβ(x) = 0.
From equation (3.10) we obtain the following expression for the gauge 3-rank tensor

Φ̄G
αβσ = ∇σ (∇αAβ −∇βAα)

−1

3
(gβσ∇α − gασ∇β)∇µAµ

+
1

3
(gβσ∇µ∇µAα − gασ∇µ∇µAβ)

+RµσβαAµ +RµβσαAµ −R
µ
ασβAµ +

+
1

3

(
gβσR

µ
αAµ − gασR

µ
βAµ

)
. (3.14)

Now we substitute these expressions (3.12) and (3.14) in eq. (3.9). At this, we will consider
separately the part ψ̄

geom
αβσ (which contains the terms with Riemann and Ricci tensors), and the part

ϕ̄cov
αβσ (which contains the terms with covariant derivatives):

Φ̄G
[αβ]σ = ϕ̄cov

[αβ]σ + ψ̄
geom
[αβ]σ , (3.15)

where

ϕ̄cov
[αβ]σ ≡ ∇σ (∇αAβ −∇βAα)

−1

3
(gβσ∇α − gασ∇β)∇µAµ +

1

3
(gβσ∇µ∇µAα − gασ∇µ∇µAβ) ,

ψ̄
geom
[αβ]σ ≡ R

µ
σβαAµ +RµβσαAµ −R

µ
ασβAµ +

1

3

(
gβσR

µ
αAµ − gασR

µ
βAµ

)
. (3.16)

Then eq. (3.9) may be written formally as follows

ϕ̄cov
αβ + ψ̄

geom
αβ = 0. (3.17)

First, let us derive expression for the term ϕcov
αβ . We find (see eq. (3.9))

1

2
∇µϕ̄cov

µαβ =
1

2

[
∇µ∇β

(
∇µAα −∇µ∇αAµ

)
− 1

3
gαβ

[
∇σ∇σ,∇µ

]
Aµ +

+
1

3

(
∇β∇α∇σAσ −∇β∇σ∇σAα)

]
, (3.18)

1

2
∇µϕ̄cov

µβα =
1

2

[
∇µ∇α

(
∇µAβ −∇µ∇βAµ

)
− 1

3
gαβ

[
∇σ∇σ,∇µ

]
Aµ

+
1

3

(
∇α∇β∇σAσ −∇α∇σ∇σAβ

)]
(3.19)
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By applying a similar decomposition for the vector (3.12), we get(
∇αϕ̄cov

β +∇βϕ̄cov
α − 1

2
gαβ∇µϕ̄cov

µ

)
=

1

3

[
∇α∇β∇σAσ −∇α∇σ∇σAβ +∇β∇α∇σAσ −∇β∇σ∇σAα

−1

2
gαβ

(
∇µ∇µ∇σAσ −∇µ∇σ∇σAµ

)]
. (3.20)

By summing up (3.18), (3.19) and (3.20), after regrouping the similar terms, for the covariant part
in eq. (3.9), we derive the following result

1

2

[
(∇σ∇β∇σAα −∇β∇σ∇σAα) + (∇σ∇α∇σAβ −∇α∇σ∇σAβ) +

+ (∇α∇β∇σAσ −∇σ∇α∇βAσ) + (∇β∇α∇σAσ −∇σ∇β∇αAσ)−

−gαβ (∇σ∇σ∇µAµ −∇σ∇µ∇µAσ)
]

+ ψ̄
geom
αβ = 0, (3.21)

which transforms to

1

2

(
[∇σ,∇β]∇σAα + [∇σ,∇α]∇σAβ + [∇α∇β,∇σ]Aσ + [∇β∇α,∇σ]Aσ

−gαβ [∇σ∇σ,∇µ]Aµ

)
+ ψ̄

geom
αβ = 0. (3.22)

Further, with the use of the identities

[∇α∇β,∇σ]Aσ = ∇α [∇β,∇σ]Aσ + [∇α,∇σ]∇βAσ,
[∇β∇α,∇σ]Aσ = ∇β [∇α,∇σ]Aσ + [∇β,∇σ]∇αAσ,
[∇σ∇σ,∇µ]Aµ = ∇µ [∇µ,∇σ]Aσ + [∇µ,∇σ]∇µAσ,

we obtain as result of eq. (3.9), the following {1

2

(
[∇σ,∇β]∇σAα + [∇σ,∇α]∇σAβ

+∇α [∇β,∇σ]Aσ + [∇α,∇σ]∇βAσ +∇β [∇α,∇σ]Aσ

+ [∇β,∇σ]∇αAσ +∇µ [∇µ,∇σ]Aσ + [∇µ,∇σ]∇µAσ
)}

+ ψ̄
geom
αβ = 0. (3.23)

Taking into account the formulas (3.5), we can present the terms in brackets {...} as geometrical
quantities,

[∇σ,∇β]∇σAα = Rγ σ
αβ ∇σAγ +Rγ σ

σβ ∇γAα,
[∇σ,∇α]∇σAβ = Rγ σ

βα ∇σAγ +Rγ σ
σα ∇γAβ,

∇β [∇α,∇σ]Aσ = ∇β (Rγ σ
σ αAγ) ,

[∇β,∇σ]∇αAσ = Rγ σ
σ β∇αAγ +Rγ σ

α β∇γAσ,

∇α [∇β,∇σ]Aσ = ∇α
(
Rγ σ

σ βAγ

)
,

[∇α,∇σ]∇βAσ = Rγ σ
σ α∇βAγ +Rγ σ

β α∇γAσ,
∇µ [∇µ,∇σ]Aσ = ∇µ

(
Rγ σ

σ µAγ
)
,

[∇µ,∇σ]∇µAσ = Rγ σµ
σ ∇µAγ +Rγ σµ

µ ∇γAσ. (3.24)

Then, allowing for the symmetry properties of Riemann and Ricci tensors, we arrive at

1

2

[
gαβ∇µ

(
RσµAσ

)
−Aσ

(
∇βRσα +∇αRσβ

)
−Rσα (2∇βAσ +∇µAβ)

−Rσβ (2∇αAσ −∇σAα)
]

+ ψgeomαβ = 0. (3.25)
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Now, we are to perform similar calculations for the geometric part ψ̄
geom
αβ .

The summands in the first brackets of (3.9) take the form

1

2
∇µψgeomµαβ =

1

2

[
∇µ
(
RγβαµAγ

)
+∇µ

(
RγαβµAγ

)
−∇µ

(
RγµβαAγ

)
+

1

3

(
gαβ∇µ

(
RγµAγ

)
−∇β (RγαAγ)

) ]
,

1

2
∇µψgeomµβα =

1

2

[
∇µ
(
RγαβµAγ

)
+∇µ

(
RγβαµAγ

)
−∇µ

(
RγµαβAγ

)
+

1

3

(
gαβ∇µ

(
RγµAγ

)
−∇α

(
RγβAγ

)) ]
. (3.26)

The terms in the second brackets of eq. (3.9) yield(
∇αψ̄β +∇βψ̄α −

1

2
gαβ∇µψ̄µ

)
=

1

3

[1

2
gαβ∇µ

(
RσµAσ

)
−∇α

(
RσβAσ

)
−∇β (RσαAσ)

]
. (3.27)

Summing the last three expressions, for ψ̄
geom
αβ , we obtain

ψ̄
geom
αβ = ∇µ

(
RγβαµAγ

)
+∇µ

(
RγαβµAγ

)
+

1

2
gαβ∇µ

(
RγµAγ

)
−

−1

2

[
∇α
(
RγβA

γ
)

+∇β (RγαAγ)
]
. (3.28)

Thus, we find the form of (3.9), written with the use of Riemann and Ricci tensors:

gαβ∇µ
(
RσµAσ

)
−Aσ

(
∇βRσα +∇αRσβ

)
+∇µ

(
RσβαµAσ +RσαβµAσ

)
−3

2
(Rσα∇βAσ +Rσ − β∇αAσ) +

1

2

(
Rσα∇σAβ +Rσβ∇σAα

)
= 0, (3.29)

whence it follows

∇µ
(
RσβαµAσ +RσαβµAσ

)
= ∇µAσ

(
Rσβαµ +Rσαβµ

)
+Aσ

(
∇µRσβαµ +∇µRσαβµ

)
= ∇µAσ

(
Rσβαµ +Rσαβµ

)
+
{
Aσ
(
∇µRµαβσ +∇µRµβασ

)}
. (3.30)

With the use of the differential Bianchi identity [12]

∇µRµαβσ +∇µRµβασ = ∇βRασ +∇αRβσ − 2∇σRαβ, (3.31)

the previous equation transforms to

gαβ∇µ
(
RσµAσ

)
− 2Aσ∇σRαβ +∇µAσ

(
Rσβαµ +Rσαβµ

)
−3

2
(Rσα∇βAσ +Rσ − β∇αAσ) +

1

2

(
Rσα∇σAβ +Rσβ∇σAα

)
= 0; (3.32)

this is the result of eq. (3.9) for the gauge solution.
Recall that the modified system (3.1)

∇αΦ̄α = 0,
1

2
∇αΦ̄− 1

3
∇βΦ̄αβ = Φ̄α,

1

2

(
∇µΦ̄µαβ +∇µΦ̄µβα

)
11



+

(
∇αΦ̄β +∇βΦ̄α −

1

2
gαβ∇µΦ̄µ

)
− µ

(
[∇µ,∇α] Φ̄βµ + [∇µ,∇β] Φ̄αµ

)
= 0,

∇αΦ̄βσ −∇βΦ̄ασ +
1

3

(
gβσ∇µΦ̄αµ − gασ∇µΦ̄βµ

)
= Φ̄αβσ

being specified for the gauge solutions differ from the initial one only by the term

−µ ([∇µ,∇α] Φβµ + [∇µ,∇β] Φαµ) ,

taking in mind that the term −1
2gαβ∇

µΦ σ
µσ identically vanishes.

Let us try to find the coefficient µ, in order to get the combination of Ricci and Riemann tensor
which cancel the terms with the Riemann tensor in the expression (3.32). Taking into account identities

[∇µ,∇α] Φβµ + [∇µ,∇β] Φαµ = RγαΦβγ +RγβΦαγ +
(
Rγ µ

βα +Rγ µ
αβ

)
Φγµ, (3.33)

and

RγαΦβγ +RγβΦαγ

= Rγα (∇βAγ +∇γAβ) +Rγβ (∇αAγ +∇γAα)−Rαβ∇σAσ, (3.34)

(
Rγ µ

βα +Rγ µ
αβ

)
Φγµ = 2∇µAσ

(
Rµ σ

βα +Rµ σ
αβ

)
+Rαβ∇σAσ, (3.35)

we obtain

[∇µ,∇α] Φβµ + [∇µ,∇β] Φαµ = 2∇µAσ
(
Rµ σ

βα +Rµ σ
αβ

)
+Rαβ∇σAσ

+Rγα (∇βAγ +∇γAβ) +Rγβ (∇αAγ +∇γAα)−Rαβ∇σAσ (3.36)

Comparing (3.32), we conclude that the coefficient µ should be taken as µ = 1/2. With such a
choice of µ, the equation (3.9) for gauge solutions takes the form

gαβ∇µ
(
RσµAσ

)
− 2Aσ∇σRαβ − 2

(
Rσα∇βAσ +Rσβ∇αAσ

)
= 0. (3.37)

We immediately conclude that for the whole space-time model with vanishing Ricci tensor, the
system of massless equations (3.1) permits existence of the gauge solution - in other words, the system
possesses the gauge symmetry.
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