
Some geometric properties of η-Ricci solitons on

three-dimensional quasi-para-Sasakian manifolds

Shashikant Pandey, Abhishek Singh and Oğuzhan Bahadır

Abstract. The aim of the present article is to study and investigate the
geometric properties of η̃-Ricci solitons on three-dimensional quasi-para-
Sasakian manifolds. In this manner, we obtain results for Codazzi type
of the Ricci tensor, ϕ̃-conformally semi-symmetric, ϕ̃-Ricci symmetric and
conformally Ricci semi-symmetric η̃-Ricci solitons on three dimensional
quasi-para-Sasakian manifolds. Finally, an example of η̃-Ricci soliton on
three-dimensional quasi-para-Sasakian manifold is given.
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1 Introduction

The definition of quasi-Sasakian manifolds, introduced by D. E. Blair in [4], unifies
Sasakian and cosymplectic manifolds. By definition, quasi-Sasakian manifolds are
normal almost contact metric manifolds whose fundamental 2-form Φ = g(., ϕ̃) is
closed. Quasi-Sasakian manifolds can be taken as an odd-dimensional the counter-
part of Kaehler structures. These manifolds studied by several authors (e.g. [13],
[18]). Almost para-contact metric structures are the natural odd-dimensional analog
to almost para-Hermitian structures, just like almost contact metric structures cor-
respond to the almost Hermitian ones. The huge literature in almost contact geom-
etry is present, it seems that there are necessary new studies in almost para-contact
geometry. Therefore, para-contact metric manifolds are studied in recent years by
many authors, emphasizing similarities and differences with respect to the most well-
known contact case. The normal almost para-contact metric manifolds were studied
in [2, 16, 20].
In 1982, Hamilton [11] introduced the notion of the Ricci type flow to search out a
canonical metric on a smooth manifold. The Ricci type flow is an evolution equation
for metrics on a Riemannian manifold

(1.1)
∂

∂t
gij(t) = −2Rij.
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A Ricci type soliton is a natural generalized case of an Einstein metric and is defined
on a Riemannian manifold (M, g) [7]. A Ricci type soliton is a triple (g, V, λo) with
g a Riemannian metric, V a vector field (called the potential vector field), and λo a
real scalar such that

(1.2) £V g + 2S + 2λog = 0,

where S is a Ricci tensor of M and £V denotes the Lie derivative operator along the
vector field V . The Ricci type solitons is said to be shrinking, steady and expanding
accordingly as λo is negative, zero and positive, respectively [11]. A Ricci type soliton
with V zero is reduced to Einstein equation. Metrics satisfying (1.2) is interesting
and useful in physics. Compact Ricci type solitons are the fixed points of the Ricci
type flow ∂

∂tg = −2S, projected from the associated space of metrics onto its quotient
modulo diffeomorphisms and scalings, and often arise blow-up limits for the Ricci
type flow on compact manifolds. Theoretical physicists have also been trying into the
equation of Ricci type solitons in relation to string theory. Ricci type solitons were
introduced in Riemannian geometry [11], as the self-similar solutions of the Ricci type
flow and play an important role in understanding its singularities. Ricci type solitons
have been studied in many contexts by several authors such as [8, 9, 10] and many
others.

As a generalization of Ricci type soliton, the notion of η̃-Ricci type solitons were
treated by Calin and Crasmareanu on Hopf hypersurfaces in complex space forms [7].
An η̃-Ricci type soliton is a tuple (g, V, λo, µo), where V is a vector field on M , and
λo are µo constants and g is a Riemannian (or pseudo-Riemannian) metric satisfying
the equation

(1.3) £V g + 2S + 2λog + 2µoη̃ ⊗ η̃ = 0,

where S is the Ricci tensor associated to g.
In particular, if µo = 0, then the notion of η̃-Ricci type solitons (g, V, λo, µo)

reduces to the notion of Ricci type solitons (g, V, λo). If µo ̸= 0, then the η̃-Ricci
type solitons are called proper η̃-Ricci type solitons. We refer to [1, 5] and references
therein for a survey and further references on the geometry of Ricci type solitons on
pseudo-Riemannian manifolds.

Recently η̃-Ricci type solitons is studied by several authors such as [3, 6, 17, 14,
19, 21, 12] and they found many interesting geometric properties.
A pseudo- Riemannian manifold is said to satisfy Codazzi type of the Ricci tensor if
its Ricci tensor S of type (0,2) is non-zero and satisfies the condition (∇̂XS)(Y, Z) =
(∇̂XS)(X,Z) which implies that divR = 0, where div denotes divergence and R is
the Riemannian curvature tensor of type (1, 3). A Riemannian or pseudo-Riemannian
manifold (M, g) is called locally symmetric if ∇̂R = 0, where R is the manifold’s
Riemannian curvature tensor. A Riemannian or pseudo-Riemannian manifold (M, g),
n = 3 is said to be semi-symmetric if the curvature condition R · R = 0 holds,
where R denotes the curvature tensor of the manifold. It is well known that the
class of semi-symmetric manifolds includes the set of locally symmetric manifolds
(∇̂R = 0) as a proper subset. In [23] Yildiz et al. studied ϕ̃-conformally semi-
symmetric (k, µo)-contact manifolds. A contact metric manifold is said to be ϕ̃-
conformally semi-symmetric if C · ϕ̃ = 0, where C is the conformal curvature tensor.
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Moreover, conformally Ricci semi-symmetric manifolds, that is, C · S = 0 have been
studied by Verstraelen [22]. Motivated by the above studies, in the present paper,
we consider η̃-Ricci type solitons on three dimensional quasi-para-Sasakian manifolds
with the curvature conditions C · ϕ̃ = 0 and C · S = 0.

2 Preliminaries

Let M be an odd dimensional differentiable manifold and ϕ̃ is a (1, 1) tensor field, ξ̃
is a potential vector field and η̃ is a one-form on M . Then (ϕ̃, ξ̃, η̃) is called an almost
para-contact structure on M if

(2.1) ϕ̃2X = X − η̃(X)ξ̃, η̃(ξ̃) = 1,

the tensor field ϕ̃ induces an almost para-complex structure on the distribution D =
kerη̃, that is the eigen distributions D± corresponding to the eigenvalues ±, have
equal dimensions dimD+ = dimD− = n. The manifold M is said to be an almost
para-contact manifold if it is endowed with an almost para-contact structure.
Let M be an almost para-contact manifold. M will be called an almost para-contact
metric manifold if it is associate virtually with a pseudo-Riemannian metric g of a
signature (n+ 1, n), i.e.

(2.2) g(ϕ̃X, ϕ̃Y ) = −g(X,Y ) + η̃(X)η̃(Y ),

for such manifold, we have

(2.3) η̃(X) = g(X, ξ̃), ϕ̃ξ̃ = 0, η̃ ◦ ϕ̃ = 0.

Moreover, we can define a skew-symmetric tensor field (a 2-form) Φ by

Φ(X,Y ) = g(X, ϕ̃Y ),

usually called fundamental form.
For an almost para-contact manifold, there exists an orthogonal basis {X1, X2, ...., Xn,
Y1, ....., Yn, ξ̃} such that g(Xi, Xj) = δij , g(Yi, Yj) = −δij and Yi = ϕ̃Xi , for any

i, j ∈ {1, 2, ...., n}. Such basis is called ϕ̃-basis.
On an almost para-contact manifold, one defines the (1, 2)-tensor field N1 by

(2.4) N1(X,Y ) = [ϕ̃, ϕ̃](X,Y )− 2dη̃(X,Y )ξ̃,

where [ϕ̃, ϕ̃] is the Nijenhuis torsion of ϕ̃

(2.5) [ϕ̃, ϕ̃](X,Y ) = ϕ̃2[X,Y ] + [ϕ̃X, ϕ̃Y ]− ϕ̃[ϕ̃X, Y ]− ϕ̃[X, ϕ̃Y ].

If N1 vanishes identically, then the almost para-contact manifold (structure) is said
to be normal. The normality condition says that the almost para-complex structure
J defined on M ×R

J(X,λo
d

dt
) = (ϕ̃X + λoξ̃, η̃(X)

d

dt
),
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is integrable.
If dη̃(X,Y ) = g(X, ϕ̃Y ) = Φ(X,Y ), then (M, ϕ̃, ξ̃, η̃, g) is said to be para-contact
metric manifold. In a para-contact metric manifold one defines a symmetric, trace-
free operator h = 1

2Lξ̃ϕ̃, where Lξ̃ , denotes the Lie derivative. It is known that

h anti-commutes with ϕ̃ and satisfies hξ̃ = 0, trh = trhϕ̃ = 0 and ∇̂ξ̃ = −ϕ̃ + ϕ̃h,
where ∇̂ is the Levi-Civita connection of the pseudo-Riemannian manifold (M, g).
Moreover h = 0 if and only if ξ̃ is Killing vector field. In this case (M, ϕ̃, ξ̃, η̃, g) is
said to be a K-para-contact manifold. Similarly as in the class of almost contact
metric manifolds, a normal almost para-contact metric manifold will be called para-
Sasakian if Φ = dη̃. The para-Sasakian condition implies the K-para-contact condition
and the converse holds only in dimension 3. A para-contact metric manifold will be
called para-cosymplectic if dΦ = 0, dη̃ = 0, more generally αo-para-Kenmotsu if
dΦ = 2αoη̃ ∧ Φ, dη̃ = 0, αo = const ̸= 0.

Definition 2.1. An odd dimensional almost para-contact metric manifold (M, ϕ̃, ξ̃,
η̃, g) is called quasi-para-Sasakian if the structure is normal and its fundamental 2-
form Φ is closed.

Proposition 2.1. For a three dimensional almost para-contact metric manifold M
the following three conditions are mutually equivalent

(a) M is normal,
(b) there exist functions αo and βo on M such that

(∇̂X ϕ̃)Y = αo(g(ϕ̃X, Y )− η̃(Y )ϕ̃X) + βo(g(X,Y )ξ̃ − η̃(Y )X),

(c) there exist functions αo and βo on M such that

∇̂X ξ̃ = βoϕ̃X + αo(X − η̃(X)ξ̃).

Corollary 2.2. For a normal almost para-contact metric structure (ϕ̃, ξ̃, η̃, g) on M ,
we have ∇̂ξ̃ ξ̃ = 0 and dη̃ = −βoΦ. The functions αo and βo are given by

2αo = Trace{X → ∇̂X ξ̃}, 2βo = Trace{X → ϕ̃∇̂X ξ̃}.

A three dimensional normal almost para-contact metric manifold is
(a) quasi-para-Sasakian if and only if αo = 0 and βo is certain function,
(b) para-Sasakian if βo = −1,
(c) para-cosymplectic if αo = βo = 0,
(d) αo-para-Kenmotsu if αo ̸= 0 and αo is const. and βo = 0.

Namely, the class of para-Sasakian and para-cosymplectic manifolds are particular
case in the class of quasi-para-Sasakian manifolds.
The three dimensional almost para-contact metric manifold (M, ϕ̃, ξ̃, η̃, g) equipped
with the structure (ϕ̃, ξ̃, η̃, g) is said to be quasi-para-Sasakian manifolds if here exists
a function βo on M such that

(2.6) (∇̂X ϕ̃)Y = βo(g(X,Y )ξ̃ − η̃(Y )X),

and

(2.7) ∇̂X ξ̃ = βoϕ̃X,



Some geometric properties of η-Ricci solitons on three . . . 93

where ∇̂ denotes the operator of covariant differentiation with respect to the
Lorentzian metric g. In three dimensional quasi-para-Sasakian manifolds M with the
structure (ϕ̃, ξ̃, η̃, g), it is easily seen that

(2.8) (∇̂X η̃)Y = βog(ϕ̃X, Y ) = (∇̂Y η̃)X,

(2.9) R(ξ̃, X)Y = β2
o(η̃(Y )X − g(X,Y )ξ̃),

(2.10) R(X,Y )ξ̃ = β2
o(η̃(X)Y − η̃(Y )X),

(2.11) S(X, ξ̃) = −2β2
o η̃(X),

for all vector fields X,Y on M .
Notice that the Ricci tensor S and the scalar curvature r are defined by

S(X,Y ) =

n∑
i=1

ϵi(gR(ei, X)Y, ei),

and

r =

n∑
i=1

ϵiS(ei, ei),

where ei is an orthonormal basis such that e1 = ξ̃ and we put ϵi = g(ei, ei), that is,
ϵ1 = −1, ϵ2 = 1, ..., ϵn = 1. The conformal curvature tensor C is defined by

C(X,Y )Z = R(X,Y )Z − 1

n− 1
[S(Y,Z)X − S(X,Z)Y + g(Y, Z)QX

−g(X,Z)QY ] +
r

(n− 1)(n− 2)
[g(Y,Z)X − g(X,Z)Y ],(2.12)

where S is the Ricci tensor, q is the Ricci operator defined by S(X,Y ) = g(QX,Y ),
and r is the scalar curvature of the manifold M .

Definition 2.2. A pseudo-Riemannian manifold M of dimension n is said to be an
η̃-Einstein manifold if the Ricci tensor S of M satisfies the relation

S(X,Y ) = ag(X,Y ) + bη̃(X)η̃(Y ),

where a and b are smooth functions.

Definition 2.3. If (M,V, λo, µo) is an η̃-Ricci type soliton, then the one form ξ̃ is
said to be a potential vector field.

For η̃-Ricci type solitons on three dimensional quasi-para-Sasakian manifolds, we
observe the following.

Proposition 2.3. For an η̃-Ricci type soliton on three dimensional quasi-para-Sasakian
manifolds, the Ricci tensor S is of the form

(2.13) S(X,Y ) = −βog(ϕ̃X, Y )− λog(X,Y )− µoη̃(X)η̃(Y ),

and

(2.14) λo + µo = 2β2
o .

Proof. The above form of the Ricci typetensor can be obtain similar as deduced
by Blaga in ([3], p. 492).
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3 η̃-Ricci type solitons on three dimensional quasi-
para-Sasakian manifolds with Codazzi type of the
Ricci tensor

Taking covariant differentiation of (2.13) with respect to Z, we get

(∇̂ZS)(X,Y ) = −βog((∇̂Z ϕ̃)X,Y )− µo[(∇̂Z η̃)(X)η̃(Y )

+ η̃(X)(∇̂Z η̃)(Y )],(3.1)

using (2.6) and (2.8) in (3.1) we get

(∇̂ZS)(X,Y ) = −β2
og(g(Z,X)ξ̃ − η̃(X)Z, Y )− µoβo[g(ϕ̃Z,X)η̃(Y )

+ g(ϕ̃Z, Y )η̃(X)],(3.2)

using the second term of (2.2) and the first term of (2.1) in (3.2) we have

(∇̂ZS)(X,Y ) = −β2
og(Z,X)η̃(Y ) + β2

og(Y,Z)η̃(X)

− µoβo[g(ϕ̃Z,X)η̃(Y ) + g(ϕ̃Z, Y )η̃(X)].(3.3)

In view of (3.3) it follows that

(∇̂ZS)(X,Y )− (∇̂XS)(Y,Z) = −2β2
og(X,Z)η̃(Y ) + β2

og(Y, Z)η̃(X)

+ β2
og(X,Y )η̃(Z)− µoβog(Y, ϕ̃Z)η̃(X)

+ µoβog(ϕ̃X, Y )η̃(Z).(3.4)

Since, the Ricci tensor is of Codazzi type, from (3.4) we get

−2β2
og(X,Z)η̃(Y ) + β2

og(Y,Z)η̃(X) + β2
og(X,Y )η̃(Z)

−µoβog(Y, ϕ̃Z)η̃(X) + µoβog(ϕ̃X, Y )η̃(Z) = 0.(3.5)

Replacing X by ϕ̃X in (3.5) yields

−2β2
og(ϕ̃X, Z)η̃(Y ) + β2

og(ϕ̃X, Y )η̃(Z)

+µoβog(ϕ̃
2X,Y )η̃(Z) = 0,(3.6)

using the first term of (2.1) in (3.6), we have

−2β2
og(ϕ̃X, Z)η̃(Y ) + β2

og(ϕ̃X, Y )η̃(Z) + µoβog(X,Y )η̃(Z)

−µoβoη̃(X)η̃(Y )η̃(Z) = 0,(3.7)

putting Z = ξ̃ in (3.7), we obtain

(3.8) βog(ϕ̃X, Y ) + µog(X,Y )− µoη̃(X)η̃(Y ) = 0,

taking a frame field and contracting X and Y yield

(3.9) µo = 0,

where ψ = traceϕ = 0. By virtue of (2.14) and (3.8), we get

(3.10) λo = 2β2
o .

Thus, we can state the following:
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Theorem 3.1. A three dimensional quasi-para-Sasakian manifold with constant struc-
ture function βo and constant scalar curvature whose Ricci tensor is of Codazzi type
does not admits a proper η̃-Ricci Soliton.

From the above Theorem, we can also get next result as corollary

Corollary 3.2. A three dimensional quasi-para-Sasakian manifold with constant struc-
ture function βo and constant scalar curvature whose Ricci tensor is of Codazzi type
admits Ricci solitons with potential vector field ξ̃.

4 η̃-Ricci type solitons on ϕ̃-conformally semi-symmetric
three dimensional quasi-para-Sasakian manifold

This section is devoted to the study of ϕ̃-conformally semi-symmetric η̃-Ricci type
solitons on three dimensional quasi-para-Sasakian manifolds with constant scalar cur-
vature tensor. Then

(4.1) C · ϕ̃ = 0,

from which it follows that

(4.2) C(X,Y )ϕ̃Z − ϕ̃(C(X,Y )Z) = 0.

Putting Z = ξ̃ in (4.2), we get

(4.3) ϕ̃(C(X,Y )ξ̃) = 0.

Putting Z = ξ̃ in (2.12) and using (2.10), (2.11) and (2.13), we get

C(X,Y )ξ̃ = (
r

2
+ β2

o)[η̃(Y )X − η̃(X)Y ]− [η̃(Y )(−βoϕ̃X − λoX)

− η̃(X)(−βoϕ̃Y − λoY )].(4.4)

In view of (4.3) and (4.4), we have

ϕ̃(C(X,Y )ξ̃) = (
r

2
+ β2

o)[η̃(Y )ϕ̃X − η̃(X)ϕ̃Y ]− [η̃(Y )(−βoϕ̃2X − λoϕ̃X)

− η̃(X)(−βoϕ̃2Y − λoϕ̃Y )].

= 0.(4.5)

Replacing X byϕ̃X in (4.5), we get

(4.6) (
r

2
+ β2

o)η̃(Y )ϕ̃2X − η̃(Y )(−βoϕ̃3X − λoϕ̃X) = 0,

which implies that

(4.7) (
r

2
+ β2

o)η̃(Y )(X − η̃(X)ξ̃)− η̃(Y )(−βoϕ̃X − λoX + λoη̃(X)ξ̃) = 0.
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Again replacing X by ϕ̃X in (4.7), we have

(4.8) (
r

2
+ β2

o)η̃(Y )ϕ̃X + βoη̃(Y )ϕ̃2X + λoη̃(Y )ϕ̃X) = 0.

From (4.8) it follows that

(4.9) (
r

2
+ β2

o + λo)ϕ̃X + βo(X − η̃(X)ξ̃) = 0.

Taking inner product of (4.9) with respect to W yields

(4.10) (
r

2
+ β2

o + λo)g(ϕ̃X,W ) + βog(X,W )− βoη̃(X)η̃(W ) = 0.

Taking a frame field and contracting X and W in (4.10) yields

(4.11) βo = 0,

In view of the above results, we can state the following:

Theorem 4.1. A ϕ-conformally semi-symmetric three dimensional quasi-para-Sasakian
manifold with constant structure function βo and constant scalar curvature becomes
a para-Cosymplectic manifold and does not exist proper η̃-Ricci soliton.

From the above theorem we can also get next result as corollary

Corollary 4.2. A ϕ-conformally semi-symmetric three dimensional quasi-para-Sasakian
manifold with constant structure function βo and constant scalar curvature becomes a
para-Cosymplectic manifold and does not exist Ricci soliton with potential vector field
ξ̃.

5 η̃-Ricci type solitons on ϕ̃-Ricci symmetric three
dimensional quasi-para-Sasakian manifold

This section is devoted to the study of ϕ̃-Ricci symmetric η̃-Ricci type solitons on
three dimensional quasi-para-Sasakian manifolds with constant scalar curvature ten-
sor. Then

Definition 5.1. A three dimensional quasi-para-Sasakian manifolds with constant
scalar curvature tensor is said to be ϕ̃-Ricci symmetric if

(5.1) ϕ̃2(∇̂XQ)Y = 0,

holds for all smooth vector fields X,Y on M .

It should be mentioned that ϕ̃-Ricci symmetric Sasakian manifolds have been
studied in [13].
With the help of (2.13), we have

(5.2) QY = −βoϕ̃Y − λoY − µoη̃(Y )ξ̃.
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Taking covariant derivative of (5.2) with respect to an arbitrary vector field X and
using (2.6), we get

(∇̂XQ)Y = ∇̂XQY −Q(∇̂XY )

= ∇̂X(−βoϕ̃Y − λoY − µoη̃(Y )ξ̃) + βoϕ̃∇̂XY + λo∇̂XY + µoη̃(∇̂XY )ξ̃

= βo[(∇̂X ϕ̃)Y + ϕ̃(∇̂XY )]− µo[∇̂X η̃(Y ) + η̃(Y )∇̂X ξ̃] + βoϕ̃(∇̂XY )

+ µoη̃(∇̂XY )ξ̃

= −β2
o(g(X,Y )ξ̃ − η̃(Y )X)− µog(ϕ̃X, Y )ξ̃ − µoβoϕ̃Xη̃(Y ).(5.3)

Operating ϕ̃2 on both sides of (5.3), we get

(5.4) ϕ̃2(∇̂Xq)Y = β2
o(ϕ̃

2X)η̃(Y )− µoβo(ϕ̃
3X)η̃(Y ).

Using the first term of (2.1) in (5.4), we obtain

(5.5) ϕ̃2(∇̂XQ)Y = βo(ϕ̃X)[βo(ϕ̃X)η̃(Y )− µo(ϕ̃
2X)η̃(Y )].

In view of (5.1), from (5.5) it follows that

(5.6) βo(ϕ̃X)− µoX + µoη̃(X)ξ̃ = 0.

Replacing X by ϕ̃X in (5.6), we obtain

(5.7) βoX − βoη̃(X)ξ̃ − µoϕ̃X = 0.

Taking inner product of (5.7) with respect to W we have

(5.8) βog(X,W )− βoη̃(X)η̃(W )− µog(ϕ̃X,W ) = 0.

Taking a frame field and contracting X and W in (5.8) yields

(5.9) βo = 0,

Thus, we are in a position to state the following:

Theorem 5.1. A ϕ-Ricci symmetric three dimensional quasi-para-Sasakian manifold
with constant structure function βo and constant scalar curvature becomes a para-
Cosymplectic manifold and does not exist a proper η̃-Ricci soliton.

From the above theorem we can also get next result as corollory

Corollary 5.2. On a ϕ-Ricci symmetric three dimensional quasi-para-Sasakian man-
ifold with constant structure function βo and constant scalar curvature becomes a
para-Cosymplectic manifold and does not admits a Ricci soliton with potential vector
field ξ̃.
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6 η̃-Ricci typesolitons on Conformally Ricci semi-
symmetric three dimensional quasi-para-Sasakian
manifold

This section is devoted to the study of Conformally Ricci semi-symmetric η̃-Ricci
type solitons on three dimensional quasi-para-Sasakian manifolds with constant scalar
curvature tensor. In this manner

(6.1) C · S = 0,

which implies

(6.2) (C(X,Y ) · S)(Z,W ) = 0.

From (6.2), we get

(6.3) S(C(X,Y )Z,W ) + S(Z,C(X,Y )W ) = 0.

Using (2.13) and by the symmetric property of ϕ̃, from (6.3) we get

−βog(C(X,Y )Z, ϕ̃W )− λog(C(X,Y )Z,W )− µoη̃(C(X,Y )Z)η̃(W )

−ϕ̃βog(ϕ̃Z, C(X,Y )W )− λog(Z,C(X,Y )W )− µoη̃(C(X,Y )W )η̃(Z) = 0,

which implies that

−βog(C(X,Y )Z, ϕ̃W )− µoη̃(C(X,Y )Z)η̃(W )

−βog(ϕ̃Z, C(X,Y )W )− µoη̃(C(X,Y )W )η̃(Z) = 0.(6.4)

Putting X =W = ξ̃ in (6.4), we obtain

(6.5) βog(ϕ̃Z, C(ξ̃, Y )ξ̃) + µoη̃(C(ξ̃, Y )Z) + µoη̃(C(ξ̃, Y )ξ̃)η̃(Z) = 0.

With the help of (4.4), we find

η̃(C(ξ̃, Y )Z) = g(C(ξ̃, Y )Z, ξ̃)

= −g(C(ξ̃, Y )ξ̃, Z)

= (
r

2
+ β2

o + λo)(g(Y,Z)− η̃(Y )η̃(Z)) + βog(ϕ̃Y, Z).(6.6)

Also from (6.6), we get

(6.7) η̃(C(ξ̃, Y )ξ̃) = 0.

Using (6.6) and (6.7) in (6.5), it follows that

(
r

2
+ β2

o + λo)g(ϕ̃Z, Y ) + βog(ϕ̃Z, ϕ̃Y )− µo(
r

2
+ β2

o + λo)(g(Y, Z)

−η̃(Y )η̃(Z))− µoβog(ϕ̃Z, Y ) = 0.
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From which it follows that

(
r

2
+ β2

o + λo − µoβo)g(ϕ̃Z, Y )− [βo + µo(
r

2
+ β2

o + λo)]

(g(Y,Z)− η̃(Y )η̃(Z)) = 0.(6.8)

Using (2.13) in (6.8) yields

(
r

2
+ β2

o + λo − µoβo)(−S(Y, Z)− λog(Y,Z)− µoη̃(Y )η̃(Z))

−[βo + µo(
r

2
+ β2

o + λo)](g(Y,Z)− η̃(Y )η̃(Z)) = 0.(6.9)

From (6.9), we obtain

(
r

2
+ β2

o + λo − µoβo)S(Y,Z) = −λo(
r

2
+ β2

o + λo − µoβo)g(Y,Z)

− µo(
r

2
+ β2

o + λo − µoβo)η̃(Y )η̃(Z))

− [βo + µo(
r

2
+ β2

o + λo)](g(Y, Z)− η̃(Y )η̃(Z)).(6.10)

From (6.10), we obtain

S(Y, Z) = [
λo(r + 2β2

o + 2λo − 2µoβo) + βo(2βo + µo(r + 2β2
o + 2λo))

(r + 2β2
o + 2λo − 2µoβo)

]g(Z, Y )

[
µo(r + 2β2

o + 2λo − 2µoβo)− βo(2βo + µo(r + 2β2
o + 2λo))

(r + 2β2
o + 2λo − 2µoβo)

]η̃(Y )η̃(Z)),

from which it follows that

S(Y,Z) = ag(Y, Z) + bη̃(Y )η̃(Z),

where a = [
λo(r+2β2

o+2λo−2µoβo)+βo(2βo+µo(r+2β2
o+2λo))

(r+2β2
o+2λo−2µoβo)

] and

b = [
µo(r+2β2

o+2λo−2µoβo)−βo(2βo+µo(r+2β2
o+2λo))

(r+2β2
o+2λo−2µoβo)

].

Theorem 6.1. If a three dimensional quasi-para-Sasakian manifold with constant
structure function βo admits an η̃-Ricci type soliton and such manifold is conformally
Ricci semi-symmetric, then the manifold is an η̃-Einstein manifold, provided r ̸=
2(µoβo − β2

o − λo).

7 Example

Now, we give an example of η̃-Ricci type soliton on three dimensional quasi-para-
Sasakian manifold.
We consider the three dimensional manifold

M3 = {(x, y, z) ∈ R3, z ̸= 0}

and the vector fields

ϕ̃e2 = e1 = 4y
∂

∂x
+ z

∂

∂z
, ϕ̃e1 = e2 =

∂

∂y
, ξ̃ = e3 =

∂

∂x
.
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The 1-form η̃ = dx − 4y
z dz defines an almost para-contact structure on M with

potential vector field ξ̃ = ∂
∂x . Let g, ϕ̃ be the semi-Riemannian metric (g(e1, e1) =

−g(e2, e2) = g(ξ̃, ξ̃) = 1) and the (1, 1)-tensor field respectively given by

g =

 1 0 − 2y
z

0 −1 0

− 2y
z 0 − 1+28y2

z2


and

ϕ̃ =

0 4y 0
0 0 1

z
0 z 0


with respect to the basis ∂

∂x ,
∂
∂y ,

∂
∂z .

Using Koszul’s formula for Levi-Civita connection ∇̂ with respect to g, i.e.,

2g(∇̂XY, Z) = Xg(Y,Z) + Y g(Z,X)− Zg(X,Y )

−g(X, [Y,Z])− g(Y, [X,Z])

+g(Z, [X,Y ]),

One can easily calculate

∇̂e
1
e1 = 0, ∇̂e

1
e2 = 2e3, ∇̂e1e3 = 2e2,

∇̂e2e1 = −2e3, ∇̂e2e2 = 0, ∇̂e2e3 = 2e1,

∇̂e3e1 = 2e2, ∇̂e3e2 = 2e1, ∇̂e3e3 = 0.

Hence the manifold is a three dimensional quasi-para-Sasakian manifold with βo = 2
is constant function [15]. Using the above equations, we obtain

R(e1, e2)e3 = 0, R(e2, e3)e3 = −4e2, R(e1, e3)e3 = −4e1,

R(e1, e2)e2 = −12e1, R(e2, e3)e2 = −4e3, R(e1, e3)e2 = 0,

R(e1, e2)e1 = −12e2, R(e2, e3)e1 = 0, R(e1, e3)e1 = 4e3.

Then, using above results, we have constant scalar curvature as follows

r = S(e1, e1)− S(e2, e2) + S(e3, e3) = 8.

From (2.13), we obtain r = S(e1, e1)−S(e2, e2)+S(e3, e3) = −3λo−µo and by (2.14),
we obtain (g, ξ̃, λo, µo) for λo = −8 and µo = 16 defines η̃-Ricci type soliton on the
three dimensional quasi-para-Sasakian manifold M .
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