
Chain recurrence classes with shadowing of three

dimensional generic vector fields

Manseob Lee

Abstract. For C1 generic vector field X on a three dimensional manifold
which is far from homoclinic tangencies, if the vector field X has the
shadowing property on chain recurrence classes then it does not contain
singularities and it is hyperbolic.
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1 Introduction

For stability conditions (hyperbolicity, structural stability, Axiom A, etc) of dynamical
systems, a main topic is Palis conjecture. He suggested the following problem: Every
vector field can be accumulated either by hyperbolic vector fields or by ones with a
homoclinic bifurcation or with a singular cycle. For three dimension, the conjecture
can be write as follows: Every vector field on three dimensional manifold can be
accumulated either by singular hyperbolic vector fields or by one with a homoclinic
tangency which associated to a non singular periodic orbit (see [5, 29]). For the
relation between the shadowing property and singular hyperbolicity. Komuro [7]
proved that geometric Lorenz attractor does not have the fixed-parameter shadowing
property, however, it was proved by Kiriki and Soma [6] that is has the parameter-
shifted shadowing property. Nevertheless, the shadowing is an important dynamic
property which is a useful notion to study of stability condition (see [6, 7, 9, 15, 16,
18, 19, 20, 21, 25, 26, 31, 32]).

Let M be a closed n-dimensional, n ≥ 3 smooth manifold and let X(M) be the set
of all vector fields of M endowed with the C1 topology. Recently, Crovisier and Yang
[5] showed that every three dimensional vector field can be accumulated by robustly
singular hyperbolic vector fields, or by vector fields with homoclinic tangencies. From
the result, they written in the paper [5] as follows.

Theorem 1.1. For C1 generic vector field X ∈ X(M3) which is far from homo-
clinic tangencies, any chain recurrence class is hyperbolic or is a singular hyperbolic
attractor or repeller.
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The theorem is a motivation of the paper. About a closed Xt-invariant set, many
results are published in [1, 10, 11, 12, 13, 14, 17, 22, 23, 24, 27, 28]. Inspired, we
consider that if the assumption in Theorem 1.1 holds and a vector field X has the
shadowing property on the chain recurrence class then it does not contain singularities
and it is hyperbolic.

2 Basic notions and results

Let M be as before and let X ∈ X(M). The flow of X will be denoted by Xt, t ∈ R.
For X ∈ X(M), a point x ∈ M is singularity of X if X(x) = 0. Denote by Sing(X)
the set of all singular points of X. A point p ∈ M is periodic if there is π(p) > 0 such
that Xπ(p)(p) = p, where π(p) is the prime period of p. Denote by P (X) the set of all
closed orbit of X. Let Crit(X) = Sing(X)∪P (X). It is clear that Crit(X) ⊂ Ω(X),
where Ω(X) is the set of all nonwandering points of X. For any δ > 0, a sequence
{(xi, ti) : xi ∈ M, ti ≥ 1, and − ∞ ≤ a < i < b ≤ ∞} is a δ-pseudo orbit of X if
d(Xti(xi), xi+1) < δ for any a ≤ i ≤ b− 1.

An increasing homeomorphism h : R → R with h(0) = 0 is called a reparametriza-
tion of R. Denote by Rep(R) the set of reparametrizations of R. Fix ϵ > 0 and define
Rep(ϵ) as follows:

Rep(ϵ) =
{
h ∈ Rep(R) :

∣∣h(t)
t

− 1
∣∣ < ϵ

}
.

For a closed Xt-invariant set Λ ⊂ M , we say that X has the shadowing property
on Λ if for any ϵ > 0, there is δ > 0 satisfies the following property: given any δ-
pseudo orbit ξ = {(xi, ti) : ti ≥ 1, i ∈ Z} with xi ∈ Λ, there is a point y ∈ M and an
increasing homeomorphism h ∈ Rep(ϵ) such that d(Xh(t)(y), Xt−si(xi)) < ϵ for any
si ≤ t < si+1, where si is defined as

si =

 t0 + t1 + · · ·+ ti−1, if i > 0
0, if i = 0
−t−1 − t−2 − · · · − ti, if i < 0.

The point y ∈ M is said to be a shadowing point of ξ. A point x ∈ M is called chain
recurrent if there is a sequence {(xi, ti) : i = 0, . . . , n, ti ≥ 1} such that x0 = x and
d(Xtn−1(xn−1), x) < δ. Denote by R(X) the set of all chain recurrent points of X,
For any x, y ∈ M , we write that x ⇝ y if for any δ > 0 and t ≥ 1, there is a (δ, 1)
pseudo orbit from x to y such that x0 = x and xn = y. Similarly, we write y ⇝ x as
the above. Then x↭ y means that x ⇝ y and y ⇝ x. It is an equivalence relation
on R(X). An equivalence class of↭ is called a chain recurrence class of X, denoted
by C(·, X).

Let Λ be a closed Xt-invariant set. The set Λ is called hyperbolic for Xt if there
are constants C > 0, λ > 0 and a splitting TxM = Es

x ⊕ ⟨X(x)⟩ ⊕ Eu
x such that the

tangent flow DXt : TM → TM leaves invariant the continuous splitting and

∥DXt|Es
x
∥ ≤ Ce−λt and ∥DX−t|Eu

x
∥ ≤ Ce−λt

for t > 0 and x ∈ Λ. We say that X ∈ X(M) is Anosov if M is hyperbolic for X. In
[10], Lee et al proved that if a vector field X has the C1 robustly shadowing prop-
erty on C(γ,X) then it is hyperbolic, moreover, it does not contains non-hyperbolic
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singularities. Lee [28] showed that if a vector field X has the C1 stably shadowing

property on C(γ,X) then C(γ,X) ∩ Sing(X) = f� and C(γ,X) is hyperbolic.
We say that a subset G ⊂ X(M) is residual if it contains a countable intersection

of open and dense subsets of X(M). A property is called C1-generic if it holds in
a residual subset of X(M). Ribeiro [30] proved that if a C1 generic chain transitive
vector field X has the shadowing property in an isolated closed invariant set Λ then
it is transitive hyperbolic set.

We say that Λ is partially hyperbolic if there are an invariant splitting TΛM =
Es ⊕ Ec and constants C > 0, λ > 0 such that

(i) ∥DXt|Es
x
∥ ≤ Ce−λt, for all x ∈ Λ and t > 0,

(ii) Es dominates Ec, that is, Es
x ̸= 0, Ec

x ̸= 0 and ∥DXt|Es
x
∥ · ∥DX−t|Ec

Xt(x)
∥ ≤

Ce−λt, for all x ∈ Λ and t > 0.

In the above definition, we say that the central bundle Ec is volume expanding if the
constants C > 0 and λ > 0 satisfy |J(DXt|Ec

x
)| ≥ Ceλt, for all x ∈ Λ and t > 0,

where J(·) is the Jacobian. A closed Xt-invariant set Λ is transitive if there is a point
x ∈ Λ such that ω(x) = Λ, where ω(x) is the omega limit set of x. We say that Λ is
an attracting if there is a compact neighborhood U of Λ such that Λ =

⋂
t≥0 X

t(U).
A set Λ is attractor if it is a transitive attracting set.

We say that Λ is singular hyperbolic if every singularity in Λ is hyperbolic and it
is partially hyperbolic with a volume expanding central bundle. A singular hyperbolic
attractor is an attractor that is also a singular hyperbolic set for X, and a singular
hyperbolic repeller is an attractor is singular hyperbolic set for −X. For a hyperbolic
periodic orbit γ, the strong stable manifold W ss(p) of p ∈ γ and stable manifold
W s(γ) of γ are defined as follows:

W ss(p) = {y ∈ M : d(Xt(y), Xt(p)) → 0 as t → ∞},

and
W s(γ) =

⋃
t∈R

W ss(Xt(p)).

Analogously we can define the strong unstable manifold, and the unstable manifold.
We say that X has a homoclinic tangency if X has a hyperbolic periodic orbit γ

such that W s(γ) ∩Wu(γ) ̸= f� but they are not transverse intersection. In the pa-
per, we assume that the chain recurrence class C(γ,X) ̸= {γ}. We use the shadowing
property in the Theorem 1.1. Then we have the following.

Theorem A For C1 generic X ∈ X(M3) which is far from homoclinic tangencies, if
X has the shadowing property on the chain recurrence class C(γ,X) then C(γ,X) ∩
Sing(X) = f� and C(γ,X) is hyperbolic, for some hyperbolic closed orbit γ.

3 Proof of Theorem A

Let M be as before and let X ∈ X(M). If η > 0 then the local strong stable manifold
W ss

η(p)(p) of p and the local stable manifolds W s
η(γ)(γ) of γ are defined by

W ss
η(p)(p) = {y ∈ M : d(Xt(y), Xt(p)) < η(p), if t ≥ 0},
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and
W s

η(γ)(γ) = {y ∈ M : d(Xt(y), Xt(γ)) < η(γ), if t ≥ 0}.
By the stable manifold theorem, there is ϵ = ϵ(p) > 0 such that

W ss(p) =
⋃
t≥0

X−t(W ss
ϵ (Xt(p))).

Analogously we can define the strong unstable manifold, unstable manifold, local
strong unstable manifold and local unstable manifold. For a hyperbolic σ ∈ Sing(X),
there is ϵ(σ) > 0 such that

W s
ϵ(σ)(σ) = {x ∈ M : d(Xt(x), σ) < ϵ(σ) if t ≥ 0}.

Moreover,

W s(σ) =
⋃
t≥0

X−t(W s
ϵ(σ)(σ)).

Analogous definitions hold for the unstable manifolds. Denote by index(σ) = dimW s(σ).

Lemma 3.1. Let γ be a hyperbolic closed orbit of X. If X has the shadowing property
on the chain recurrence class C(γ,X) then for any hyperbolic σ ∈ C(γ,X)∩Crit(X),

W s(σ) ∩Wu(γ) ̸= f� and Wu(σ) ∩W s(γ) ̸= f� ,

where Crit(X) = Sing(X) ∪ Per(X).

Proof. Let p ∈ γ. Since σ, γ are hyperbolic, there are ϵ(σ) > 0 and ϵ(p) > 0 such
that Wu

ϵ(σ)(σ) and W ss
ϵ(p)(p) are defined as the above. Take ϵ = min{ϵ(σ), ϵ(p)}. Let

0 < δ < ϵ be the number of the shadowing property of Xt. Since σ ∈ C(γ,X), we
can construct a (δ, 1)-pseudo orbit {(xi, ti) : ti = 1, i ∈ Z} ⊂ C(γ,X) such that (i)
x0 = σ, x−i = σ, t−i = 1, for i ≥ 0 (ii) xn = p, xn+i = Xti(p), ti = 1 for i ≥ 0,
and (iii) xi ∈ C(γ,X) for i = 1, . . . , n − 1 and ti = 1. Since Xt has the shadowing
property on C(γ,X), there are y ∈ M and an increasing homeomorphism h : R → R
with h(0) = 0 such that

d(Xh(t)(y), Xt−si(xi)) < ϵ, si ≤ t < si+1,

where si = t0 + t1 + . . . + ti−1 for i > 0, s0 = 0 and si = −t−1 − t−2 − . . . − ti for
i < 0. Since xi = σ for i < 0, it is clear that y ∈ Wu

ϵ (σ). Since Xt has the shadowing
property on C(γ,X), we know

d(Xh(t)(y), Xt−sn(xn)) = d(Xh(t)(y), Xt−sn(p)) < ϵ.

We set h(t) = τ . Then we have d(Xτ+i(y), Xi(p)) < ϵ for i ≥ 0, and so, Xτ (y) ∈
W ss

ϵ (p). Since W ss
ϵ (p) ⊂ W s

ϵ (γ) ⊂ W s(γ), we have y ∈ X−τ (W s
ϵ (γ)) ⊂ W s(γ). Thus

y ∈ Wu(σ)∩W s(γ), that is, Wu(σ)∩W s(γ) ̸= f� . The another caseW s(σ)∩Wu(γ) ̸=f� is similar as the previous arguments. □

We say that X ∈ X(M) is Kupka-Smale if every critical orbits are hyperbolic and
their stable and unstable manifolds are transverse intersection. Denote by KS the set
of all Kupka-Smale vector fields. It is well-known that KS is a residual set of X(M)
(see [8]).
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Lemma 3.2. There is a residual set G ⊂ X(M) such that for any X ∈ G, if X has the
shadowing property on the chain recurrence class C(γ,X) which contains a hyperbolic

periodic orbit γ then C(γ,X) ∩ Sing(X) = f� .

Proof. Let X ∈ G = KS and let γ be a hyperbolic periodic orbit of X in C(γ,X) with
dimW s(γ) = j. To derive a contradiction, for a hyperbolic σ ∈ C(γ,X) ∩ Sing(X),
we assume dimW s(σ) = i.

If j < i then we know dimW s(σ) + dimWu(γ) ≤ dimM. Since X ∈ KS, if

dimW s(σ)+dimWu(γ) < dimM thenW s(σ)∩Wu(γ) = f� . Thus we have dimW s(σ)+

dimWu(γ) = dimM. Then by [3, Lemma 3.4], W s(σ) ∩Wu(γ) = f� . This is a con-
tradiction by Lemma 3.1.

For other case j ≥ i, we have dimWu(σ) + dimW s(γ) ≤ dimM. Then by the

previous arguments we have a contradiction. Thus C(γ,X) ∩ Sing(X) = f� . □

Proof of Theorem A Let M be a closed three-dimensional manifold, and let
X ∈ G ⊂ X(M) which is far from homoclinic tangencies. Suppose that X has the
shadowing property on the chain recurrence class C(γ,X). Then by Lemma 3.2, we

know C(γ,X) ∩ Sing(X) = f� . By Theorem 1.1, the chain recurrence class C(γ,X)
is hyperbolic. □

We say that Λ is isolated if there is a neighborhood U of Λ such that Λ =⋂
t∈R Xt(U). The closure of the transversal homoclinic points of Xt associated to

γ is called the homoclinic class of Xt associated to γ, and it is denoted by

H(γ,X) = W s(γ) ⋔Wu(γ).

It is clear that H(γ,X) is a compact, transitive and Xt-invariant set. The following
is the version of vector field of a result for diffeomorphism (see [2, 4]).

Lemma 3.3. There is a residual set G0 such that for any X ∈ G0, if the set Λ is
isolated and transitive then Λ = H(γ,X) = C(γ,X), for some hyperbolic periodic
orbit γ.

We say that a Xt-invariant set ∆ is chain transitive if for any x, y ∈ ∆, and δ > 0
there is a δ-pseudo orbit {(xi, ti) : ti ≥ 1, for 0 ≤ i ≤ n} ⊂ ∆ with x0 = x, xn = y.

Then we have the following theorem which is a general result since shadowing
points will be taken from M.

Corollary 3.4. For a C1 generic vector field X ∈ X(M3) which is far from homo-
clinic tangencies, if X has the shadowing property on an isolated chain transitive set
∆, then ∆ ∩ Sing(X) = f� and ∆ is hyperbolic.

Proof. Take a residual set T R as in [30, Theorem 4]. Let M be a closed three-
dimensional manifold, and let X ∈ R = G ∩ G0 ∩ T R which is far from homoclinic
tangencies. Suppose that X has the shadowing property on an isolated chain transi-
tive set ∆. Since X has the shadowing property on an isolated chain transitive set ∆,
as in [30, Lemma 7, Lemma 8], we have Sing(X) ∩∆ = f� . Since X ∈ R, the chain
transitive set ∆ is the transitive set Λ. By Lemma 3.3, ∆ = Λ = H(γ,X) = C(γ,X)
and by Theorem A, C(γ,X) is hyperbolic. □
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For the chain recurrence class, Ahn et al [1] proved that if a C1 generic diffeo-
morphism has the shadowing property on an isolated chain recurrence class which
contains a hyperbolic periodic point then it is hyperbolic. Lee and Lee [11] proved
that a C1 generic diffeomorphism has the shadowing property on chain recurrence
class which contains a hyperbolic periodic point then it is hyperbolic which is a gen-
eral result of [1]. Then the following is a version of vector fields from the previous
results.

Corollary 3.5. For C1 generic vector field X ∈ X(Mn)(n ≥ 3), if X has the shadow-
ing property on an isolated chain recurrence class C(γ,X) then C(γ,X)∩Sing(X) =f� and it is hyperbolic.

Proof. Let X ∈ R such that R be as in the Corollary 3.4. Suppose that X has the
shadowing property on an isolated chain recurrence class C(γ,X). Since C(γ,X) is
isolated, by Lemma 3.3, C(γ,X) is an isolated transitive set which is a chain transitive
set ∆. Let U be an isolated neighborhood of ∆. Since ∆ is isolated, the shadowing
points are taken from ∆. Indeed, For any ϵ > 0, let 0 < δ < ϵ be the number of
the shadowing property of Xt. Then we assume that ∆ ⊂ Bϵ(∆) ⊂ U. Then for any
(δ > 0, T (≥ 1)) pseudo orbit {(xi, ti) : ti ≥ T, i ∈ Z} ⊂ ∆ there is y ∈ Bϵ(x) such
that y is ϵ shadowing the pseudo orbit. Since ∆ is isolated in U , we have that the
orbit OrbX(y) ∈

⋂
t∈R Xt(U) = ∆. Thus as in the proof of [30, Theorem A], C(γ,X)

is transitive hyperbolic. □
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