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Abstract. This research paper represents a survey describing some high-
level mathematical models for digital image segmentation. They are di-
vided into parametric and geometric partial differential equation (PDE)-
based segmentation models. So, various parametric Active Contour mo-
dels, which are based on PDE variational schemes, are surveyed first. The
geometric, or geodesic, Active Contour models are presented next. They
represent variational image segmentation solutions that combine success-
fully some parametric Active Contours to level-set functions in order to
achieve an improved image partitioning. Our own contributions in this
image analysis field are also discussed here.
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1 Introduction

Digital image segmentation represents an important image analysis domain whose
goal is to obtain a meaningful partition of each analyzed image. Such a segmentation
process generates multiple image segments, each of them having the property that
its pixels share certain characteristics, being similar with respect to some computed
property, such as color, intensity or texture [28].

Image segmentation has many important computer vision application areas. They
include object detection and tracking [18], image object recognition, biometric authen-
tication, image and video indexing and retrieval [11], video segmentation [24], video
surveillance [29] and the medical imaging [27].

Various image segmentation techniques have been developed in the last decades.
These segmentation methods could be grouped in the following main categories:
thresholding-based algorithms, edge-based methods [21], histogram-based techniques
[28], pixel clustering-based approaches [10, 19], motion-based solutions [23], compres-
sion-based schemes [25], graph partitioning methods [20] and partial differential equa-
tion (PDE)-based techniques.
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The PDE-based image segmentation approaches are those surveyed in this paper.
We have performed a high amount of research in the PDE-based image processing and
analysis domains in the last 15 years [4, 8, 9]. The PDE-based image segmentation
field has been also approached successfully by us, several segmentation techniques
being developed [2, 5].

The most popular PDE-based image segmentation models are based on curve pro-
pagation and have a variational character, since they perform minimizations of some
energy-based functionals. They can be divided into two main categories: parametric
and geometric models.

The parametric PDE-based image segmentation techniques are described in the
following section. Then, the geometric PDE-based segmentation models will be
described in the third section. Our own contributions in this area, representing non-
linear PDE-based image segmentation solutions, are also discussed in this paper. This
survey article ends with a section of conclusions and a list of references.

2 Parametric PDE-based segmentation models

As we have already mentioned, the PDE-based image segmentation techniques could
be represented as variational (energy-based) models that minimize some properly
chosen energy cost functionals. The Active Contour models, also called snakes, re-
present such energy minimizing-based image segmentation frameworks. Introduced
by Michael Kass, Andrew Witkin and Demetri Terzopoulos in 1988 [22], the snakes
represent deformable splines influenced by constraint and image forces that pull them
towards the contours of the objects and internal forces which resist deformation.

These deformable models that detect the boundaries of the image objects are
grouped in two categories: parametric and geometric active contours. The para-
metric models, which are discussed in this section, represent contours explicitly as
parameterized curves [22].

A parametric active contour is simply a set of contour points v(s) = (X(s), Y (s))
parameterized by s ∈ [0, 1]. It attempts to minimize an energy associated to the
current contour as a sum of the internal and external energy: E = Einternal+Eexternal,
where

(2.1)

Einternal =
1

2
(α(s)|vs(s)|2) +

1

2
(β(s)|vss(s)|2)

=
1

2

(
α(s)

∥∥∥∥dv̄ds (s)

∥∥∥∥2 + β(s)

∥∥∥∥d2v̄ds2
(s)

∥∥∥∥2
)

with α(s) and β(s) representing some properly selected non-negative weights, and

(2.2) Eexternal = −
∫ 1

0

f(X(s), Y (s))ds, where f(x, y) = |∇I(x, y)|2,

where I is the analyzed image.
The minimization of the contour energy E is solved numerically by applying the

calculus of variations to (2.1) and (2.2) [22]. Thus, two independent Euler equations
are obtained, which are then solved by using the finite difference method.
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This parametric active contour model has some obvious limitations, such as the
poor convergence performance for concave boundaries and for the case when the
snake is initialized far from minimum. Also, a higher accuracy of it requires tighter
convergence criteria used for energy minimization and therefore, a higher computation
time.

An example of object segmentation using this snake proposed by Kass et al. is
displayed in the next figure [22].

Figure 1: Snake evolving to the contours of objects representing pear and potato

Other active contour models variants that improve the default snake model have
been developed in the last decades. Such a active contour model that addresses the
issues of the previous model is the Gradient vector flow (GVF) snake model, which
was introduced by C. Xu and J. L. Prince in 1997 [30].

Thus, the gradient vector flow (GVF) field v minimizes the following energy func-
tional:

EGVF =

∫ ∫
µ(u2

x + u2
y + v2x + v2y) + |∇f |2|v −∇f |2dx dy,

where f(x, y) represents an edge map derived from I(x, y).
This energy minimizing can be solved by solving two Euler equations [30]. Those

equations are then solved through iteration towards a steady-state value [30].
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The GVF active contour solves the poor convergence performance problems of
the snake of Kass et al. Thus, the example described in the following figure prove
that a snake with GVF external forces moves successfully into a concave boundary
region [30].

Figure 2: GVF snake moving into a concave boundary region

The Balloon model represents another type of active contour that has been in-
troduced in order to overcome the limitations of the default snake model [15]. The
original snake is not attracted to distant edges. Also, it shrinks inwards if no sub-
stantial images forces are acting upon it.

The Balloon model makes the curve behave like a balloon that is inflated by
an additional force. The initial contour need no longer be close to the solution to
converge. It passes over the weak boundaries and stops only if the boundary is strong
enough.

So, the balloon active contour model introduces the following inflation term into
the forces that act on the snake:

Einflation = k1n⃗(s),

where k1 represents the magnitude of the force, while n(s) is normal unitary vector
of the evolving curve [15].

The balloon model has its own disadvantages. Thus, the outward force makes
the contour slightly larger than the actual minima. Also, the inflation force could
overpower forces from the weak boundaries.

The region-based active contours represent another category of deformable models.
The most popular region-based active contour is the piecewise-smooth Mumford and
Shah model introduced in 1989 [26].
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The Mumford and Shah snake model is based on the minimization of the following
energy functional:

(2.3) E(u,C) =
1

2

∫
Ω

(f − u)2dx+ λ2 1

2

∫
Ω−C

|∇u|2dx+ v∥C∥,

where f represents the function of the image to be segmented and ∥C∥ is the length
of the evolving contour C [26].

The variational Mumford–Shah segmentation model given by (2.3) is ill posed and
difficult to solve. A large number of solutions that minimize this energy functional
have been proposed in the last decades [12].

An active contour model that is based on a modified Mumford–Shah energy func-
tional is the diffusion snake model [16]. This diffusion-based deformable model intro-
duced by Cremers et. al in 2001 addresses several issues of the active contour models,
such as their sensitivity to noise, clutter and occlusions.

The energy that is defined for the contour C has the following form:

Ei(u,C) = Ei(u,C) + α · Ec(C),

where Ec favors contours which are familiar from a learning process and the other
energy term of this sum is the next modified Mumford–Shah energy functional:

Ei(u,C) =
1

2

∫
Ω

(f − u)2dx+
1

2
λ2

∫
Ω−C

|∇u|2dx+ vL(C),

where L(C) =
∫ 1

0
C2

sds.
So, this represents a hybrid active contour combining the external energy of the

Mumford–Shah energy functional with the internal energy of the Kass snake. The
total energy E is then iteratively minimized with respect to both the segmenting
contour C and the segmented image u [16, 17]. This energy minimization process leads
to the Euler–Lagrange equation. Next, solving this equation by applying the gradient
descent method results in a evolution equation that is approximated numerically.

Other versions of this active contour model have been also developed. One of
them is the simplified diffusion snake [17]. An example of diffusion snake-based image
segmentation is displayed in Fig. 3 describing the results of the segmentation with
and without prior knowledge about object shape [16].

Figure 3: Image segmentation using diffusion-based snake
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3 Geometric PDE-based segmentation models

The second type of variational PDE-based image segmentation models is that of geo-
metric segmentation models. These deformable models represent contours implicitly
as level sets of 2-D scalar functions.

Geometric (Geodesic) Active Contours (GAC), which were introduced by V. Casel-
les et al. in 1993, represent active contours evolving in time according to the intrinsic
geometric measures of the analyzed image [13]. These GAC models are obtained by
combining the parametric active contours to level-sets and represent a proper solution
to address the limitations of the parametric snakes described in the previous section.

The level set of a real-valued function f is a set where the function takes on a
given constant value c:

Lc(f) = {(x1, ..., xn) | f(x1, ..., xn) = c}.

This level-set becomes a level curve for n = 2, a level surface for n = 3 and a
level hypersurface for n > 3. Also, if f is differentiable, the level set is a hypersurface
and a manifold outside the critical points of this function. The level sets have been
successfully applied to both contour-based and region-based image segmentation.

A geodesic active contour perform the following energy minimization:

(3.1) Min

∫ 1

0

g(|∇I(C(q)|)|C′(q)|dq,

where C is a parametrized planar curve [13].
Then, one applies the Euler-Lagrange equation corresponding to (3.1) and obtains

the next gradient descent curve evolution equation of GAC:

∂C(t)

∂t
= g(I)κN⃗ − (∇g · N⃗ )N⃗ ,

where κ represents the Euclidean curvature and N⃗ represents the unit inward normal
[13].

This geodesic flow leads to the following evolution equation:

(3.2)
∂u

∂t
= |∇u)div

(
g(I)

∇u

|∇u|

)
+ νg(I)|∇u|

if C is the level-set of the function u.
The geometric active contour models have been applied successfully in the medical

image computing domain. A medical image segmentation example, representing a
tumor detection using a GAC model is provided in Fig. 4 [13].

These geometric active contours can be also applied to detect and track the moving
objects in the video sequences [13]. A term related to the object displacement between
frames can be added to the PDE given by (3.2) for this purpose:

∂u

∂t
= |∇u|div

(
g(t, x)

∇u

|∇u|

)
+ νg(t, x)|∇u|+ (1− g(t, x)))v · ∇u.

Another type of geometric PDE-based segmentation models, also using level sets,
is that of the active contour models without edges. Such a level-set based image
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Figure 4: Tumor detection using a GAC model

segmentation approach is the well-known segmentation model introduced by Chan
and Vese in 1999 [14].

The Chan–Vese segmentation model does not rely on edges at all. It represents
the segmentation boundary implicitly with a level set function [14]. It is inspired
by a simplified Mumford–Shah segmentation model. If f represents the image to be
segmented, this variational scheme is based on the next functional minimization:

argmin
u,C

µ Length(C) +

∫
Ω

(f(x)− u(x))2dx,

where u(x) =

{
c1, where x is inside C,
c2, where x is outside C.

Chan–Vese technique identifies among all u of this form the one that best appro-
ximates the function f :

argmin
c1,c2,C

µ Length(C) + ν Area(inside(C))

+λ1

∫
inside(C)

|f(x)− c1|2dx+ λ2

∫
outside(C)

|f(x)− c2|2dx.

Here C is represented as the zero-crossing of a level set function:

(3.3) C = {x ∈ Ω : φ(x) = 0}.

So, the Chan–Vese minimization can be rewritten as follows:

argmin
c1,c2,C

µ

∫
Ω

δ(φ(x))|∇φ(x)|dx+ ν

∫
Ω

H(φ(x))dx

+λ1

∫
Ω

|f(x)− c1|2H(φ(x))dx+ λ2

∫
Ω

|f(x)− c2|2(1−H(φ(x)))dx,

where H denotes the Heaviside function and

C1 =

∫
Ω
f(x)H(φ(x))dx∫
Ω
H(φ(x))dx

, c2 =

∫
Ω
f(x)(1−H(φ(x)))dx∫
Ω
(1−H(φ(x)))dx

.
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This variational Chan–Vese model is then solved by applying a semi-implicit gra-
dient descent method [14]. Other finite-difference based numerical implementation
algorithms have been also proposed for this segmentation model.

A Chan–Vese image segmentation example proving the model does not depend on
edges is described in Fig. 5. A cluster detection task is performed successfully after
6000 iterations of the Chan–Vese algorithm.

Figure 5: Cluster detection using Chan-Vese segmentation

A level-set based variational image segmentation framework has been also pro-
posed by us in [5]. It is based on the following energy functional minimization:

φ∗ = arg min{F (vf); φ ∈ X(Ω)},

where

F (φ) = µ

∫
Ω

|∇H(φ)|dx dy + ν

∫
Ω

H(φ)dx dy + λ1

∫
Ω

(u0 − C1(φ))
2H(φ)dx dy

+λ2

∫
Ω

(u0 − C2(φ))
2(1−H(φ))dx dy + λ3

∫
Ω

|φ|2dx dy.

This PDE variational scheme has been solved by applying a finite difference-based
numerical approximation algorithm that is described in [5].

While this level-set based approach does not rely on image boundaries, another
nonlinear PDE-based automatic image segmentation technique developed by us is
based on edges [2]. It detects successfully the boundaries of the objects by applying
a multi-scale image analysis.

The multi-scale image analysis used by the proposed framework is based on a non-
linear anisotropic diffusion-based scale-space that is constructed by applying the finite
difference method-based numerical approximation scheme of a well-posed second-
order partial differential equation-based model. The boundaries are detected at
each scale of the obtained PDE-based scale-space by searching for zero-crossings
and applying some gradient magnitude thresholding procedures and morphological
operations. The edges determined at multiple scales are then combined using a fine-
to-coarse edge tracking into the final edge detection output [2].

These PDE-based segmentation approaches can be applied successfully in some
image analysis domains that have been widely approached by us in the past, such as
object detection and tracking [6], face detection [1], and biometric recognition [3, 7].
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4 Conclusions

An overview of the PDE-based image segmentation techniques has been provided
in this research article. The methods described here represent variational schemes
minimizing some properly chosen energy functionals.

Both parametric and geometric PDE-based image segmentation models have been
described here. The parametric segmentation approaches, which have been presented
first, represent various active contour models based on parametrized curves. The
geometric deformable segmentation models, described next, have been introduced
in order to address the limitations of the parametric snakes. They improve those
parametric active contours by combining them to some level-set functions. Also,
these geometric, or geodesic, active contours could segment successfully the movie
sequences, detecting and tracking properly their video objects.

Our own contributions in this PDE-based image segmentation domain have been
also discussed here. One of the segmentation techniques proposed by us has a variatio-
nal character and is based on level sets, while another method detects the boundaries
using a multi-scale analysis based on a nonvariational anisotropic diffusion model.
They could be applied successfully in various image analysis and computer vision
fields.
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