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Abstract. Recently, [10] have developed a mathematical model of an
economy viewed as a transport network for energy. Based on [24], [5]
have adapted their ideas and proposed a generalization by introducing a
logistic-type equation for population with delayed carrying capacity. This
study examines the consequences of replacing time delays with distributed
time delays in their model. The local asymptotic stability of the equilib-
rium point is studied by analyzing the corresponding characteristic equa-
tion. It is found that the destructive impact of the agents on the carrying
capacity leads the system dynamic behavior to exhibit stability switches
and Hopf bifurcations to occur.
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1 Introduction

The Solow model ([19]) has been a point of reference of economic growth since the
1950s. It attempted to explain how increased capital stock generates greater per
capita production and revealed the role of savings, population growth and techno-
logical change in the long-term determination of labor productivity. In this regard,
various augmented versions of this model were built over the decades, including among
others the contribution of [17], employing a physical and an intangible capital (human
capital), and the Solow-[?] residual model, addressing issues concerning intangibles,
such as the contribution of intangible capital to output growth and how does the inclu-
sion of intangibles affects the allocation of output growth between capital formation
and multifactor productivity growth (see e.g. [7]).

[10] shed some light on the relationship between energy distribution and economic
growth, viewing the economy as a transportation network for electricity and getting
a model whose dynamics are formally the same as in the Solow model. Specifically,
energy originates from a power plant and is diffused across the economy to the sites
at which it is used via a power grid. Energy is needed to run, maintain and create
capital. Without an electricity supply, any investment in machinery at a particular
place or time will not lead to economic growth. They set a supply relationship between
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electricity consumption per capita and the size of the economy measured by capital
per capita. Techniques taken from biological sciences were used in their modeling: a
power law association between consumption per capita of electricity and capital per
capita with an exponent assigned to capital bounded between 1/2 and 3/4 with the
final exponent dependent on the efficiency of the network (see [1]). Notice that the
ability to harness energy for the betterment of society and how efficiently it can be
deployed was first mentioned in 1862 by [20]. To prevent limits to growth as a result
of energy shortages will require technological change even if the supply of energy
increases. The distribution of energy through a network is therefore crucial.

It is worth stressing that in Dalgaard and Strulik’s model population increases
at a positive constant rate ([16] growth), which is a totally unrealistic assumption
because it doesn’t consider the environmental limits that have consequences on the
population. Exponential growth may happen for a while in environments where there
are few individuals and plentiful resources. But when the number of individuals
gets large enough, resources will be depleted, slowing the growth rate. Eventually,
the growth rate will level off, making an S-shaped curve. This population size at
which it levels off represents the maximum population size a particular environment
can support and is called the carrying capacity. Therefore, to model more realistic
population growth, scientists developed the logistic growth model (see [21]). [13]
pointed out that the process of reproduction is not instantaneous, there is a lag in
some of the processes involved, and so the logistic model is inappropriate for the
description of population growth. For this reason, he proposed to introduce a time
delay in the logistic model. The resulting model is known as the delayed logistic
equation or Hutchinson’s equation or, under a suitable change of variables, Wright’s
equation ([23]).

Many authors (e.g. [11]) have stressed that, due to the influence on the carrying
capacity resulting from the existing populations, its original definition implying a con-
stant value has lost its meaning. The society activity does influence its own carrying
capacity that can be either enhanced by producing new goods, materials, knowledge,
and so on, or can be destroyed by unreasonable exploitation of resources, e.g., by
deforestation, polluting water, and spoiling climate. The idea that the carrying ca-
pacity may be not a constant but a function of population fractions has repeatedly
appeared in the literature in the form of general discussions. The article by [24] sug-
gests an interesting approach to the transformation of logistic equations with certain
time lags and variable carrying capacity of the biosphere to the shape that allows to
model punctuated staircase-like growth (or decline), which corresponds better to real
processes in natural and social macrosystems. Taking into account the fact that the
carrying capacity is not a simple constant describing the available resources, but that
these resources are subjected to the change due to the activity of the system individ-
uals, who can either increase the carrying capacity by creative work or decrease it by
destructive actions, [5] have improved the Dalgaard-Strulik model ([10]). However,
they used a discrete delay, which, sometimes, might be seen as a rough approximation
in modeling the delay distribution over a large size population since it is implicitly
assumed that each individual within the population is subject to the same maturation
delay. According to this fact, [22] introduced distributed delay into models, taking
the length of the delay from a probability distribution (see e.g. [8],[9],[15]). Since the
delay might not be exactly the same for every member, this will provide a more ap-
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propriate description. There is also some experimental evidence which indicates that
such continuously distributed delays are more accurate than those with instantaneous
time lags (see [6]).

In this paper, we propose and study an extension of the model introduced by
[5], whose principal feature is the functional dependence of the population carrying
capacities on the population species and delay maturation delay distributed by the
continuous Gamma distributions [18]. The stability and Hopf bifurcation analysis of
the equilibrium under different conditions are carried out and the influence on the
system behaviour of the destroyed or created carrying capacity is pointed out. The
organization of this paper is as follows. In Section 2, the model is presented. In
Sections 3 and 4, local stability of the positive equilibrium and existence of the local
Hopf bifurcation are discussed in case of weak or strong kernel, respectively. Some
main conclusions are drawn in Section 5.

2 The model

We begin by considering the model developed by [5], who introduced a logistic-type
equation with delayed carrying capacity in the transport network model for energy of
[10] and obtained the following system of delay differential equations

(2.1)


.

k(t) =
ε

v
[k(t)]a −

[
µ

v
+ γ − CL(t)

A+BL(t− τ)

]
k(t),

.

L(t) = γL(t)− C[L(t)]2

A+BL(t− τ)
,

where k is capital per capita, L denotes labor/population, µ and v represent the energy
required to operate and maintain the generic capital good and the energy costs to
create a new capital good, respectively, a ∈ (0, 1) is a real constant proportional to
the dimension and efficiency of the network, µ > 0 is a real constant. C defines the
balance between competition and cooperation. A > 0 is a natural carrying capacity,
provided by Nature, i.e. it is the pre-existing carrying capacity. The parameter B
is the created or destroyed capacity, depending on whether the society activity is
constructive or destructive. It is a production factor if it is positive (B > 0) and a
destruction factor in case it is negative (B < 0). Since it is well known that dynamical
systems with distributed delays are more general than those with discrete delay, we
now assume that the time delay is not the same for all members of the population,
but rather is distributed according to the gamma distribution function [18]

(2.2) g(u, T, n) =
( n
T

)n un−1e− n
T u

(n− 1)!
,

with n a positive integer that determines the shape of the weighting function and T ≥
0 a parameter associated with the mean time delay of the distribution. Accordingly,
we derive that the dynamics of our model are then governed by the following integro-
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differential equations system

(2.3)


.

k(t) =
ε

v
[k(t)]a −

[
µ

v
+ γ − CL(t)

A+BF (t, T, n)

]
k(t),

.

L(t) = γL(t)− C[L(t)]2

A+BF (t, T, n)
,

where

F (t, T, n) =

t∫
−∞

g(t− r, T, n)L(r)dr.

Notice that as T → 0 the distribution function approaches the Dirac distribution,
and thus system (2.3) is reduced to system (2.1), i.e. one recovers the discrete delay
case. In order to analyse the local behaviour of system (2.3) one should consider the
characteristic equation of the linearized system at the equilibrium point for which
it is known to be hard to derive general stability conditions. For this reason, we
follow the standard procedure that consists in drawing attention to some special cases
and examine stability of the equilibrium analytically by applying the Routh-Hurwitz
theorem, which provides conditions that are both necessary and sufficient for this
polynomial to have roots with negative real parts. Henceforth, we will concentrate
on the two particular cases: n = 1 and n = 2. The first case corresponds to a weak
delay kernel in the sense that the maximum weighted response of the growth rate
is to current population density while past densities have exponentially decreasing
influence; the second case instead represents a strong delay kernel in the sense that
the maximum influence on growth rate response at any time t is due to population
density at the previous time t− T.

3 Stability analysis and Hopf bifurcation (case weak
kernel)

Let g(·) in (2.2) be a weak kernel, i.e.

g(t− r, T, 1) =
1

T
e−

1
T (t−r).

For convenience, a new variable is introduced and defined as follows

x(t) =

t∫
−∞

(
1

T

)
e−

1
T (t−r)L(r)dr.
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Applying the linear chain trick technique (see [15]), system (2.3) is then transformed
into the following system of three dimensional ODEs

(3.1)



.

k(t) =
ε

v
[k(t)]a −

[
µ

v
+ γ − CL(t)

A+Bx(t)

]
k(t),

.

L(t) = γL(t)− C[L(t)]2

A+Bx(t)
,

.
x(t) =

1

T
[L(t)− x(t)] ,

The equilibrium points of (2.3) are the same as those for (2.1). Hence, it follows from
[5] the existence of a unique non-trivial equilibrium (k∗,L∗, x∗), where

(3.2) εka−1∗ = µ, x∗ = L∗ =
γA

C − γB
,

when

(3.3) C − γB 6= 0 and sign (γ) = sign (C − γB) .

It is well known that the local stability of (k∗,L∗, x∗) is governed by the roots of the
associated characteristic equation for (3.1). By linearising (3.1) at the equilibrium
point , we derive that the characteristic equation of system (3.1) is given by

det



−(1− α)
µ

v
− λ γk∗

L∗
− BCk∗L∗

(A+BL∗)2

0 −γ − λ γ2B

C

0
1

T
− 1

T
− λ


= 0.

By simple calculation, one obtains

(3.4)
[
−(1− α)

µ

v
− λ
] [
λ2 + a1(T )λ+ a2(T )

]
= 0.

where the coefficients are

a1(T ) = γ +
1

T
, a2(T ) =

γ

T

(
1− γB

C

)
.

The Routh-Hurwitz criterion implies that the equilibrium is locally asymptotically
stable, i.e. all roots of the polynomial (3.4) are negative or have negative real parts,
if and only if the following conditions hold

(3.5) a1(T ) > 0, a2(T ) > 0.

By (3.3), conditions (3.5) leads to

(3.6) γ +
1

T
> 0, C > 0.
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We have two cases: γ > 0, in which case (3.6) reduces to C > 0 with C > γB, and so
we get C > max {0, γB} ; γ < 0, then (3.6) gives T < −1/γ, 0 < C < γB with B < 0.
In this latter case, the curve T = −1/γ divides the parameter space into stable and
unstable parts. In order to check the possibility of the emergency of a limit cycle
at T = −1/γ, we use the Hopf bifurcation theorem and check if the characteristic
equation (3.4) possesses a pair of purely imaginary roots and the real parts of these
roots change signs with a bifurcation parameter. Supposing that λ = iω (ω > 0) is a
root of (3.4), then, at the critical value T = −1/γ, one in particular find

(3.7) −ω2 + a1(−1/γ)iω + a2(−1/γ) = 0.

Separating the real and imaginary parts of (3.7) yields the contradiction 0 = γ +
1/(−1/γ) > 0. Thus, there is no imaginary root for (3.4). Summarizing the analysis
above we arrive at the following stability results.

Proposition 3.1.

1) The equilibrium point (k∗,L∗, x∗) of (3.1) is locally asymptotically stable for all
T > 0 if γ > 0 and C > max {0, γB} .

2) The equilibrium point (k∗,L∗, x∗) of (3.1) is locally asymptotically stable for
T < −1/γ and unstable for T > −1/γ if γ < 0 and 0 < C < γB, B < 0. There
can be no Hopf bifurcation at the equilibrium.

4 Stability analysis and Hopf bifurcation (case strong
kernel)

Let g(·) in (2.2) be a strong kernel, i.e.

g(t− r, T, 2) =

(
2

T

)2

(t− r)e− 2
T (t−r).

Introducing the new variables

z(t) =

t∫
−∞

(
2

T

)2

e−
2
T (t−r)u(r)dr, u(t) =

t∫
−∞

(
2

T

)
e−

2
T (t−r)L(r)dr,

again an application of the linear chain trick technique leads system (2.3) to be rewrit-
ten as a four dimensional system of ODEs

(4.1)



.

k(t) =
ε

v
[k(t)]a −

[
µ

v
+ γ − CL(t)

A+Bz(t)

]
k(t),

.

L(t) = γL(t)− C[L(t)]2

A+Bz(t)
,

.
z(t) =

2

T
[u(t)− z(t)] ,

.
u(t) =

2

T
[L(t)− u(t)] .
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The characteristic equation of the linearized system of (4.1) at the equilibrium (k∗,L∗, z∗, u∗),
where z∗ = u∗ = L∗, and k∗,L∗ are defined as in (3.2), is provided by

(4.2) det



−(1− α)
µ

v
− λ γk∗

L∗
− BCk∗L∗

(A+BL∗)2
0

0 −γ − λ γ2B

C
0

0 0 − 2

T
− λ 2

T

0
2

T
0 − 2

T
− λ


= 0.

By expanding (4.2), the characteristic equation becomes

(4.3)
[
−(1− α)

µ

v
− λ
] [
λ3 + b1(T )λ2 + b2(T )λ+ b3(T )

]
= 0,

where

b1(T ) = γ +
4

T
, b2(T ) =

4

T

(
γ +

1

T

)
, b3(T ) =

4γ

T 2

(
1− γB

C

)
.

Due to the Routh-Hurwitz criterion, we have local asymptotic stability for the equi-
librium of system (4.1) if and only if the following conditions

(4.4) b1(T ) > 0, b3(T ) > 0, b1(T )b2(T )− b3(T ) > 0

hold true. The first two conditions are equivalent to

(4.5) γ +
4

T
> 0, C > 0.

A direct calculation changes the latter condition in (4.4) to

(4.6) (γT + 2)2 +
γ2BT

C
> 0.

Proposition 4.1.

1) The equilibrium point (k∗,L∗, z∗, u∗) of (4.1) is locally asymptotically stable for
all T > 0 if B > 0, γ > 0, C > γB, or if B < 0, γ > 0, C + γB ≥ 0.

2) The equilibrium point (k∗,L∗, z∗, u∗) of (4.1) is locally asymptotically stable for
T < T∗ and unstable for T > T∗ if B < 0, γ > 0, C + γB < 0, or if B < 0,
γ < 0, C + γB > 0, where

T∗ = − 2C

γ (C + γB)
.
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Proof. Let B > 0. Then (4.6) is always verified so that the conditions for stability
reduce to (4.5). In addition, we must have γ > 0 since C > γB. Next, let B < 0.
From (4.6) we have

|γT + 2| > −γ
2BT

C
,

and so
γ2BT

C
< γT + 2, γT + 2 > −γ

2BT

C
.

The first inequality gives γ (C − γB)T +2C > 0, which is obviously true. The second
one instead yields γ (C + γB)T + 2C > 0. The conclusions now hold considering the
cases γ > 0 and γ < 0. Notice that when γ < 0 it is C + γB > 0 and T∗ < −4/γ. �

We now return to the characteristic equation (4.3) and show the possibility of
the birth of a limit cycle at T = T∗ by applying the Hopf bifurcation theorem. We
start noticing that at the critical value T∗, one has b1(T∗)b2(T∗) = b3(T∗), so that the
characteristic equation (4.3) factors as[

−(1− α)
µ

v
− λ
]

[λ+ b1(T∗)]
[
λ2 + b2(T∗)

]
= 0.

This shows that two roots are real and negative

λ1 = −(1− α)
µ

v
< 0, λ2 = −b1(T∗) < 0,

and two are purely imaginary

λ3,4 = ±iω∗, with ω∗ =
√
b2(T∗).

Next, we need to check whether the real part of the conjugate complex root changes
its sign as the bifurcation parameter T passes through its critical value T∗. Assuming
λ = λ(T ), differentiating the characteristic equation (4.3) with respect to T , and
arranging terms, we get

dλ

dT
=
−b′1(T )λ2 − b′2(T )λ

3λ2 + 2b1(T )λ+ b2(T )
,

where

b′1(T ) = − 4

T 2
, b′2(T ) = − 4

T 2

(
γ +

2

T

)
, b′3(T ) = − 8γ

T 3

(
1− γB

C

)
.

From being ω2
∗ = b2(T∗) and b1(T∗)b2(T∗) = b3(T∗), after some calculations, we have

(4.7) Re

(
dλ

dT

)
T=T∗

= −b
′
1(T∗)b2(T∗) + b1(T∗)b

′
2(T∗)

2 [b2(T∗) + b21(T∗)]
.

Conditions (4.4) in particular yield b2(T∗) > 0, i.e. γ + 1/T∗ > 0. Thus,

−b′1(T∗)b2(T∗) + b1(T∗)b
′
2(T∗) =

4

T 2
∗

[
4

T∗

(
γ +

1

T∗

)
+

(
γ +

4

T∗

)(
γ +

2

T∗

)]
> 0,

Since the sign of (4.7) is positive, only crossing the imaginary axis from left to right
is possible as T increases.

In conclusion we have the following theorem.

Theorem 4.2. The equilibrium point (k∗,L∗, z∗, u∗) of (4.1) loses stability at T = T∗
and bifurcates to chaos as T increases.



Bifurcation analysis of a transportation network for energy 107

5 Conclusions

An extension of the model proposed by [5] is examined in which distributed time
delays are assumed into a transportation network for energy model. Since the delay
might not be exactly the same for every member of the population, but rather might
vary according to some distribution, it is more appropriate to use a distributed de-
lay or integrodifferential equation in their model. Conditions are given to the local
asymptotical stability of the equilibrium and the appearance of Hopf bifurcations is
investigated. It is shown that the creative processes impacting the carrying capacity
do not affect stability, while the destructive processes may have a stabilizing effect as
well as a destabilizing effect. In the latter case, chaotic behaviour emerges at the sta-
bility switch. In future research we will apply this methodology taking into account
the possibility of including the conservation of global resources through the use of the
thermostatted kinetic theory for active particles proposed in [2] and generalized in
[3], [4].
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