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1 Introduction

The concept of sub-implicative ideal in BC'I—algebra was initiated by Liu and Meng
[13] and investigated some of their properties. The fundamental concept of fuzzy set
given by Zadeh in his classic paper [22], of 1965 provides a natural framework for
generalizing some of the basic notions of algebra. Extensive applications of fuzzy set
theory have been found in various fields, for example, artificial intelligence, computer
science, control engineering, expert system, management science, operation research
and many others. The concept was applied to the theory of groupoids and groups
by Rosenfeld [20], where he introduced the fuzzy subgroup of a group. Since then
the literature of various algebraic structures has been fuzzified. Jun studied fuzzy
sub-implicative ideals of BCI—algebras in [8]. Liu et al. [14] discussed FSI-ideals
and FSC-ideals of BCI—algebras. In [17], Hedayati studied connections between
generalized fuzzy ideals and sub-implicative ideals in BC'I—algebras.

In 1971, Rosenfeld formulated the elements of theory of fuzzy groups [20]. A new
type of fuzzy subgroup, which is, the (€, € V ¢)-fuzzy subgroup, was introduced
by Bhakat and Das [4] by using the combined notions of belongingness and quasi-
coincidence of fuzzy points and fuzzy sets, which was introduced by Pu and Liu [19].
Murali [18] proposed the definition of fuzzy point belonging to a fuzzy subset under a
natural equivalence on fuzzy subsets. It was found that the most viable generalization
of Rosenfelds fuzzy subgroup is (€, € V ¢)-fuzzy subgroup. Bhakat [2-3] introduced
the concept of (€ V g)-level subsets, (€, € V ¢)-fuzzy normal, quasi-normal and
maximal subgroups. Many researchers utilized these concepts to generalize some con-
cepts of algebra (see [9-12, 23-24]). In [6], Davvaz studied (€, € V ¢)-fuzzy subnear-
rings and ideals. In [9-11], Jun defined the notion of («, 8)-fuzzy subalgebras/ideals
in BCK /BCI—algebras where «, 8 are any of {€, ¢, € Vq, € Aq}with a #€ Aq . The
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concept of (a, B)-fuzzy positive implicative ideal in BC K-algebras was introduced
by Zulfigar in [24]. In [15], Ma et al. defined the notion of (€, € V q)-fuzzy filters of
BL-algebras. Zhan and Jun studied (€, € V §)-fuzzy ideals in BCT—algebras [23].

In the present paper, the purpose of this paper is to define the concept of (€, € V
q)-fuzzy sub-implicative ideal in BCI—algebra and some related properties are inves-
tigated.

2 Preliminaries

Throughout this paper X always denotes a BCT—algebra. We further remind some
basic aspects which will be used throughout the paper.

A BCTI—algebra X ([1]) is a general algebra (X, *,0) of type (2,0), satisfying the
following conditions:

(BOI-1) ((*xy)x (z*2))*x(z2xy)=0

(BCI-2) (xx(xxy))*xy=0

(BCI-3)z*xxz=0

(BCI-4)z+y=0and y*xxz =0 1imply x =y

for all z,y,2z € X.

We can define a partial order < on X by z < y if and only if z xy = 0.

Proposition 2.1. [1, 16, 17] In any BCI—algebra X, the following are true:
(iv) 20 ==z
() xx(xx(xxy))=x*xy
forallx,y,z € X.

Definition 2.1. [13] A non-empty subset I of a BCT—algebra X is called an ideal
of X if it satisfies the conditions (I1) and (12), where

(I oel,
(I12) zxy € Jand y € I imply z € I, for all z,y € X.

Definition 2.2. [13] A non-empty subset I of a BCI—algebra X is called a sub-
implicative ideal of X if it satisfies the conditions (I1) and (I3), where

(I1)oel,

(I3) (zx(zxy))*x(y*xzx))*xz€land z€l = yx(y*xx) el

for all z,y,2z € X.

We now recollect several fuzzy logic concepts. Recall that the real unit interval

[0,1] with the totally ordered relation < is a complete lattice, with A = min and
V = max, 0 and 1 being the least element and the greatest element, respectively.
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A fuzzy set A of a universe X is a function from X into the unit closed interval
[0, 1], that is A : X — [0,1]. For a fuzzy set A of a BCT—algebra X and ¢ € (0, 1],
the crisp set
A = {z € X|\(z) >t}

is called the level subset of A [5].

Definition 2.3. [16]. A fuzzy set A of a BCI—algebra X is called a fuzzy ideal of X
if it satisfies the conditions (F1) and (F2), where:

(F1) A(0) = Al),
(F2) Az) = A(zxy) AA(y),
for all z,y € X.

Definition 2.4. [8]. A fuzzy set A\ of a BCI—algebra X is called a fuzzy sub-
implicative ideal of X if it satisfies the conditions (F1) and (F3), where

(F1) A(0) = Alx),

(F3) Ay * (y*z)) = A(((z * (2 xy)) * (y * ) * 2) AA(2),

for all z,y,z € X.

Theorem 2.2. [8] Every fuzzy sub-implicative ideal of a BCI—algebra X is a fuzzy
ideal of X.

Theorem 2.3. [8] A fuzzy set A of a BCI—algebra X is a fuzzy sub-implicative ideal
of X if and only if, for every t € (0,1], A\ is either empty or a sub-implicative ideal
of X.

A fuzzy set \ of a BCI—algebra X having the form

te (0,1, ify==x
Ay) = .
0, ify#x

is said to be a fuzzy point with support = and value ¢t and is denoted by ¢ [9].

For a fuzzy point z; and a fuzzy set A in a set X, Pu and Liu [19] gave meaning to
the symbol z,at, where o € {€,q, € Vg, € Ag}. A fuzzy point z; is said to belong to
(resp., quasi-coincident with) a fuzzy set A, written as x; € A (resp. x¢g\) if AM(z) > ¢
(resp. A(x) > t+1). By x4 € VgA\(x¢ € AgA), we mean that x; € Aor z.g) (2 € A
and x:g\). For allty, ts € [0,1], min {¢1,t2} and max {¢1,t2} will be denoted by ¢ Aty
and t; V tq, respectively.

In what follows let o and 3 denote any one of €,¢,€ Vg, € Aq and o #€ Ag,
unless otherwise specified. To say that z;a\, means that x;aX does not hold.

3 (a, B)-fuzzy ideals

Throughout this paper X will denote a BCI—algebra and @, 3 are any one of €, ¢,
€ V @, € N q unless otherwise specified.
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Definition 3.1. A fuzzy set A of a BCI—algebra X is called an (@, j3)-fuzzy subal-
gebra of X, where & # € A g, if it satisfies the condition

(T *Y)y p, O = x4, BA or Yy, BA,

for all t1,t2 € (0,1]and z,y € X. Let A be a fuzzy set of a BCI—algebra X such
thatA(xz) > 0.5 for all x € X. Let x € X and ¢ € (0, 1] be such that

Tr€ A Q.
Then A(z) <t and A(z) +1t < 1, and it follows that
2X(x) = M) + Mz) < AMz)+t <1,
whence A\(z) < 0.5. This means that
{zi|xt€ A GA} = ¢,

and therefore, the case @ = € A ¢ in the above definition is omitted.

Definition 3.2. A fuzzy set A of a BCI—algebra X is called an (@, §)-fuzzy ideal
of X, where & # € A ¢, if it satisfies the conditions (A) and (B), where

(A) Ot@)\ = l'tB )\,
(B) 4 a0\ = (% y)nB)‘ or ¥z, BN,
for all ¢,t1,t2 € (0,1]and z,y € X.

Theorem 3.1. A fuzzy set A of a BCI—algebra X is a fuzzy ideal of X if and only
if X is an (€, €)-fuzzy ideal of X.

Proof. Suppose A is a fuzzy ideal of X. Let 0.€X for ¢ € (0,1]. Then A(0) < ¢t. By
Definition 2.4, we have
t > A0) = A(x),

this implies that ¢ > A(z), that is,x:€X. Let z,y € X and ¢, € (0,1] be such that
13,5/\7»@)\.

Then
Az) <tAT.

Since A is a fuzzy ideal of X. So
tAr>ANz)Z A(zxy) AA(y).
This implies that
t>Axxy) orr>A(y),

that is,
(x*y),EX or yrEN.

This shows that A is an (&€, €)-fuzzy ideal of X.
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Conversely, assume that X is an (€, €)-fuzzy ideal of X. To show A is a fuzzy ideal
of X, suppose there exists x € X such that

A(0) < A(z).

Select t € (0,1] such that A(0) < ¢ < A(x). Then 0,€X but z; € A, which is a
contradiction. Hence
A0) > A(z), forall z € X.

Now suppose there exist 2,y € X such that A(xz) < A (xz*y) A X(y). Select ¢ € (0,1]
such that
AMz) <t< A(z*xy) AA(y).

Then z,€X but (z*y), € A and gy, € A, which is a contradiction. Hence
@) Z Az *y) ANA(y)-
This shows that A is a fuzzy ideal of X. ]

4 (@, B)-fuzzy sub-implicative ideals

In this section, we introduce the concept of (@, ()-fuzzy sub-implicative ideal in a
BCT—algebra and investigate some of their properties.

Definition 4.1. A fuzzy set A of a BCI—algebra X is called an (@, ()-fuzzy sub-
implicative ideal of X, where & # € A ¢, if it satisfies the conditions (A) and (C),
where

(A) Ot@)\ = l'tB )\,
(C) (v (y*2)tine @) = (2 (xxy) * (y * @) * 2)1, A or 24, BA,
for all ¢,t1,t2 € (0,1]and z,y,z € X.

Theorem 4.1. Every (&, B)-fuzzy sub-implicative ideal of a BCI—algebra X is an

(@, B)-fuzzy ideal of X.

Proof. Let A be an (&, ()-fuzzy sub-implicative ideal of X. Then for all ¢1,ts € (0,1]
and x,y,z € X, we have

(U * (y*2))tnt, &A= (@5 (@ 5 y) * (y # 2)) * 2)1, BA or 20, 8.

Put y = = in above, we get
(2% (2% 7))t 7,0\ = (((T * (2% 2) % (2% 7)) * 2), BX oF 24, BA.
This implies
(2% 0)s, At @\ = (((2 % 0) % 0) * 2)¢, BA or 2., 6A  (BCI - 3)

Ty nt, OGN = (2% 0) % 2), B or 2, BA (by Proposition 2.1 (iv))

T nt@N = (T % 2)¢, BA or 2,8\ (by Proposition 2.1 (iv))
This means that A satisfies the condition (B). Combining with (A) implies that A

is an (&, B)-fuzzy ideal of X. O



On the properties of certain fuzzy sub-implicative ideals in BC'I—algebras 147

Theorem 4.2. A fuzzy set A of a BCI—algebra X is a fuzzy sub-implicative ideal of
X if and only if X is an (€, €)-fuzzy sub-implicative ideal of X .

Proof. Suppose A is a fuzzy sub-implicative ideal of X. Let 0,€\ for ¢ € (0,1]. Then
A(0) < t. By Definition 2.4,

t > A0) = A=),
this implies that ¢ > A(z), that is, ;€. Let z,y € X and ¢,r € (0,1] be such that
(y % (y * 2))yp, €N

Then
Ay (y*x)) <tAT

Since A is a fuzzy sub-implicative ideal of X. So
tAT>Ay*x(y*xz) 2 A (((zx(xxy))*(y*x))*2) AX(2).
This implies that
t>A(((xx(xxy))*(yxx))*x2) or > A(2),

that is,
((x*(zxy))*(y*x))*2),EX Or Z.EA

This shows that A is an (€, €)-fuzzy sub-implicative ideal of X.

Conversely, assume that A is an (€, €)-fuzzy sub-implicative ideal of X. To show
A is a fuzzy sub-implicative ideal of X, suppose there exists x € X such that

A(0) < Az).

Select t € (0,1] such that A(0) < ¢ < A(z). Then 0;€X but z; € A, which is a
contradiction. Hence
A(0) = A(z), forall z € X.

Now suppose there exist z,y, 2z € X such that
Ay (yxx)) <A(((zx(zxy))«(y=x))x2) AA(2).
Select ¢ € (0, 1] such that
Ay*(yxx)) <t < A(((x*x(zxy))*x(y*xxz))*x2) AX(2).

Then(y = (y * x)),€X but (((x* (x*y))*(y*z))*z), € X and z € A, which is a
contradiction. Hence

Ay (yxx)) 2 A(((zx (zxy)) « (y*x))*2) AA(2).

This shows that A is a fuzzy sub-implicative ideal of X. O
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5 (€, € V q)-fuzzy ideals

In this section, we introduce the concept of (€, € V §)-fuzzy ideal in a BCT—algebra
and investigate some of their properties.

Definition 5.1. [23] Let A be a fuzzy set of a BCI—algebra X. Then A is called an
(€, € V q)-fuzzy ideal of X if it satisfies the conditions (D) and (E), where

(D) 0,E\ = 2,E V g,

(E) 2¢ar€X = (% y),E V @A Or Y€V GA,,

for all z,y € X and ¢,r € (0,1].

Example 5.2. Let X = {0,1,2,3} be a BCI—algebra with the following Cayley
table [17]:

WIN| = O] *
W~ OO
WlHolol -
W OO N
OIN| =[O W

0.50, A (1) = A(2) = 0.45 and (3) = 0.32.

Let A be a fuzzy set in X defined by A(0
(€, € V q)-fuzzy ideal of X.

) =
Simple calculations show that A is an (&,

Theorem 5.1. [17] The conditions (D) and (E) in Definition 5.1, are equivalent to
the following conditions, respectively:

(F) X(0) V0.5 > A=),

(G) Mx)V 0.5 = A(zxy)AX(y),

forallx,y € X.

Corollary 5.2. A fuzzy set X of a BCI—algebra X is an (€, € V q)-fuzzy ideal of
X if it satisfies the conditions (F) and (G).

6 (€, € vV q)-fuzzy sub-implicative ideals

In this section, we introduce the concept of (€, € V §)-fuzzy sub-implicative ideal in
a BCI—algebra and investigate some of their properties.

Definition 6.1. Let A be a fuzzy set of a BC'I—algebra X. Then A is called an
(€, € V q)-fuzzy sub-implicative ideal of X if it satisfies the conditions (D) and (H),
where

(D) 0:EX = x:€V QA,
(H) (y*(y*2);p0€EX= (((xx (x*xy)) * (y*x))*2),€V I\ or z.€ VA,
for all z,y,2z € X and ¢,7 € (0,1].
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Example 6.2. Let X = {0,1,2,3} be a BCI—algebra with Cayley table as follows
[17):

WIN| = O *
W~ OO
W= ool
W OO N
O = OlWw

=0.67,A(3) = 0.28 and A (1) = A (2) = 0.37.

Let A be a fuzzy set in X defined by A(0)
(€, € V q)-fuzzy sub-implicative ideal of X.

Simple calculations show that A is an

Theorem 6.1. Let A be a fuzzy set of a BCI—algebra X. Then the condition (H) is
equivalent to (I), where

(DXyx(yxx)) V0S5 = A(((x*(z*xy))*(y*xx))*x2) AA(2).,
forallz,y,z € X.

Proof. (H) = (I). Suppose there exist z,y, z € X such that
AMyx(y*z)) V05 <t=A(((xx(xxy))*(yxx))*2) AN (2).

Then
t€(0.5,1], (y* (yxz)),€EXand (((z* (xxy))* (y*xx))*2), €EX, 2 €\
It follows that

((x* (zxy))*(y*x))*2), €GN or zqA.

Then
AM(zx(zxy))* (y*z))*x2) +t <1

or A(2z)+t< 1. Since t < A(((z* (z*xy)) *x(y*x))*2) and t < A (z), it follows that
t < 0.5.
This is a contradiction. So
AMyx(y*2) V052 A(((zx(zxy))*(yxx))*x2) AN (2).
(I) = (H). Let 2,y € X and ¢,7 € (0,1] be such that

(y * (Y * ) p €N

Then
Ay (yxx)) <tAr

(a) If A (y * (y *xx)) > 0.5, then by condition (I)
Ay * (yxa) 2 A(((@* (zxy) * (yx ) x2) AA(2).-

Thus
Az (z*y)) * (y*x)) *2) ANA(2) <t AT,
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and consequently
A((zx(xxy))x(yxx))x2) <t or A(z) <r.

It follows that
((x*(zxy))*(y*x))*2),EX Oor 2 EN,

and hence
(((z* (xxy)) * (yxx)) x 2),€V A or z.€V A

(b) If A (y  (y * )) < 0.5, then by condition (I)
0.5 = A(((x* (x*y)) * (y+2)) % 2) AX(2).
Suppose (((z * (z #y)) * (y *z)) * 2), € A and z. € . Then
A((z % (x*y)) * (y*a))*2) >t and A(2) >r.
Thus 0.5 >t A r. Hence
AM((xx(xxy))*(yxx))x2) AX(2) +tAr <05+05=1,

that is,
((x*(xxy)) *(y*xx))*2),g\ or z.gA.

This implies that
((z* (xxy)) x (y*x)) *2),€V A or 2,.EV A
|

Corollary 6.2. A fuzzy set A of a BCI—algebra X is an (€, € V q)-fuzzy sub-
implicative ideal of X if and only if it satisfies the conditions (F) and (I).

Theorem 6.3. Every (€, € V §)-fuzzy sub-implicative ideal of a BCI—algebra X is
an (€, € V q)-fuzzy ideal of X.

Proof. The proof follows from Theorem 4.1. O

Theorem 6.4. A fuzzy set A of a BCI—algebra X is an (€, € V q)-fuzzy sub-
implicative ideal of X if and only if for any t € (0.5,1], Ay = {z € X|\(z) > t}is a
sub-implicative ideal of X .

Proof. Let A be an (€, € V §)-fuzzy sub-implicative ideal of X and 0.5 < ¢ < 1. If
At # ¢, then x € ;. This implies that A(z) > ¢. By condition (F)

A(0) V0.5 = A(z) > t.

Thus A(0) > ¢ . Hence 0 € A;.
Let ((z* (z*xy))x(y*xx))*2z€ X and z € \;. Then

AM(zx(zxy))*x(yxx))*xz) =t and A(z) >t
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By condition (I), it follows
My (y*z)VOS5Z2A(((z*(zxy))x(yxx))*x2) AXN(2) ZEAL=1L.

Thus A (y * (y *x)) > t, that is y* (y * ) € A\;. Therefore \; is a sub-implicative ideal
of X.

Conversely, assume that A is a fuzzy set of X such that \; (# ¢) is a sub-implicative
ideal of X for all 0.5 < ¢ < 1. Let x € X be such that

A(0) V0.5 < A(x).
Select 0.5 < t < 1 such that
A0) V0.5 <t < Ax).
Then = € A\¢ butO ¢ A\, a contradiction. Hence
A(0) V0.5 = A(x).
Now assume that x,y, z € X such that
AMy*x(y*z)) VOS5 < A(((x*x(x*xy))*(y*xx))*2) AN (2).
Select 0.5 < t < 1 such that
Myx(yxx)) VOS5 <t < A(((zx(zxy))*x(yxx))x2) AN (2).

Then ((z* (z*y)) * (y*x)) * z and z are in A\ but y * (y x ) ¢ A, a contradiction.
Hence

Ay (y*z)) VOS2 A(((w*(zxy)) *x(y*xx))*x2) AX(2).
This shows that A is an (€, € V §)-fuzzy sub-implicative ideal of X. O

Remark 6.3. Let A be a fuzzy set of a BC'I—algebra X and
I = {t|t € (0,1] suchthat \; isasub - implicativeideal of X }

In particular,

(1) If I, = (0, 1], then X is a fuzzy sub-implicative ideal of X (Theorem 2.3).

(2) If I; = (0.5,1], then A is an (€, € V §)-fuzzy sub-implicative ideal of X
(Theorem 6.4).

Corollary 6.5. Every fuzzy sub-implicative ideal of a BCI—algebra X is an (€, € V
q)-fuzzy sub-implicative ideal of X .

Theorem 6.6. Let H be a non-empty subset of a BCI—algebra X. Then H is a
sub-implicative ideal of X if and only if the fuzzy set A of X defined by:

(<05 ifreX-H
A(x)_{ 1 ifr e H,

is an (€, € V q)-fuzzy sub-implicative ideal of X.
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Proof. Let I be a sub-implicative ideal of X. Then 0 € I. This implies that A(0) = 1.
Thus
A0)V0.5=12= Ax).

It means that X satisfies the condition (F).

Now let z,y,z € X. If (z x (x *y)) * (y *x))*z and z are in I, then yx(y x z) € I.
This implies that

AMyx(yxx2)) V0S5 =1=A(((zx(x*xy))*(yxx))*2) AA(2).
If one of ((x * (x*y)) * (y*x)) * z and z is not in I, then
AM(zx(zxy))*(yxx))*x2) VA(2) 05 A(y* (y*a)) V0.5

Thus A satisfies the condition (G). Hence is an (&, € V q)-fuzzy sub-implicative
ideal of X.

Conversely, assume that A is an (€, € V §)-fuzzy sub-implicative ideal of X.
Let # € I Then by condition (F)

A0) V0.5 > A(z) = 1.

This implies that 0 € I. Let z,y,2 € X be such that ((z * (x xy)) * (yxx)) xz and 2
are in I. Then by condition (G)

Ayx(y*x)) VOS2 A(((xx(xxy))* (yxx))*x2) AX(2) = 1.

This implies that A (y * (y xx)) = 1, that is y x (y x ) € I.
Hence I is a sub-implicative ideal of X. O

Theorem 6.7. Let H be a non-empty subset of a BCI—algebra X. Then H is a
sub-implicative ideal of X if and only if the fuzzy set A of X defined by:

[ <05 ifreX-H
A(x)_{ 1 ifred,

is an (4, € V q)-fuzzy sub-implicative ideal of X.
Proof. Let I be a sub-implicative ideal of X. Let ¢t € (0, 1] be such that 0;gA. Then
MO)+t <1,
so 0 ¢ I. This implies that I = ¢. Thus, if ¢ > 0.5, then
Az) <05 <t

so x: €N . If t < 0.5, then
AMz)+t<054+05=1.

This implies that x;g\. Hence
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Now let x,y € Xand ¢,r € (0,1] be such that

(y* (y * x))mrcj)\.

Then
AMy=*(y*xz))+tAr<1,

so y* (y*x) ¢ I . This implies that either
(xx(zxy))*(y*xz))*xz¢ I or z¢ 1.
Suppose ((z* (zxy)) * (y*x)) *x 2z ¢ I. Thus, if t Ar > 0.5, then
AM(z*(zxy))x(yxx))*2) <05 <tAT

and so A (((z* (z xy)) * (y *x)) * z) < ¢t. This implies that

(2 % (2 %)) * (5 2 2))  2),EN
Ift Av < 0.5 and (((z* (z*y))* (y*2x)) *2), €A, then

As
052 A (((zx(x*xy))*(y*z))*2),
so 0.5 > ¢. Thus

AM((z*(zxy))«(y*xx))*2)+t<0.54+05=1,

that is
(@ (zxy)) = (y* ) * 2),G\.
Hence
(((z* (x*xy))*(y*x))*2),€VqA
Similarly, if z ¢ I, then
zZr€V qA.

S

Conversely, assume that A i
<

This shows that A is a (g, € V §)-fuzzy sub-implicative ideal of X.
t
Let z € I. If 0 ¢ I, then A(0) <0

;\ .5 . Now for any ¢ € (0,0.5]
A0) +t<05+05=1,
this implies that 0;gA. Thus x;€ VvV g\. But
AMz)=1>t and Az)+t>1

implies that z; € AgA, which is a contradiction. Hence 0 € I.

(g, € V q)-fuzzy sub-implicative ideal of X.

153

Now suppose z,y,z € X such that ((x*(xxy))* (y*x)) *2z and z € I. We
have to show that y * (y*x) € I. On contrary assume that y x (y *xx) ¢ I. Then

Ay *(y*2x)) <0.5. Now for ¢ € (0,0.5], we have

Ay*(yxz))+t<05+05=1,
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this is (y * (y * x)),g\ . Thus
((z*(xxy)) * (y*xx))*2),€V I\ or zE VA
But ((x* (z*y))*(y*z))x2 €1 and z € I implies
M((@* (@) * (g 52)) £2) = A(2) = 1.
This implies that
(((z* (xxy)) * (y ) * 2); € AgA and 2, € AgA,
which is a contradiction. Hence y  (y x x) € I. ]

Theorem 6.8. Let H be a non-empty subset of a BCI—algebra X. Then H is a
sub-implicative ideal of X if and only if the fuzzy set A of X defined by:

<05, if zeX\H
Az
=1, if xeH,
is an (E V @, € V q)-fuzzy sub-implicative ideal of X.
Proof. The proof follows from the proof of Theorem 6.6 and Theorem 6.7. (]

Theorem 6.9. The intersection of any family of (€, € V q)-fuzzy sub-implicative
ideals of a BCI—algebra X is an (€, € V q)-fuzzy sub-implicative ideal of X .

Proof. Let {\;}, € I be a family of (€, € V ¢)-fuzzy sub-implicative ideals of a
BCT—algebra X and x € X. So

Ai(0) V0.5 = N\ (x)

for all 7 € I. Thus

(ié\l >\i> (0)v0.5= ié\l Ai(0) V0.5 > i/e\I (i (2))

|
D
n>
kg
N——
—~
8
~—

Thus

(/\ /\i) (0)v0.5> (/\ Ai) (x).

el el

Let z,y,z € X. Since each); is an (€, € V §)-fuzzy sub-implicative ideal of X. So
Ny (yxz)) V052N ((z*(z*xy))x(y*xxz))*2) AN (2),

for all i € I. Thus

(/\ )\Z-) (yx(y*xz))vV05= A X (y*(y*xz)) V0.5
i€l il

(
> AN (@ () = () +2) AN (2)

_ (A Ai) (@ (@ y)) * (y *2)) * 2) A (/\ Ai) (2)

i€l i€l
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Thus
(/\ /\i) (yx(y*xx)) V0.5 = (/\ /\i) (x*x(zxy))*(y*xx))*2) A (/\ )\i> (2).
i€l iel iel
Hence, ‘/\I A;isan (€, € V @)-fuzzy sub-implicative ideal of X. a
1€

Theorem 6.10. The union of any family of (€, € V q)-fuzzy sub-implicative ideals
of a BCI—algebra X is an (€, € V q)-fuzzy sub-implicative ideal of X .

Proof. Straightforward. a

7 Conclusion

In the study of fuzzy algebraic system, we see that the fuzzy sub-implicative ideals
with special properties always play a vital role.

The purpose of this paper is to define the concept of -fuzzy sub-implicative ideal
in BCI—algebra and some related properties are investigated.

We believe that the research along this direction can be continued, and in fact,
some results in this paper have already constituted a foundation for further investiga-
tion concerning the further development of fuzzy BC'I—algebras and their applications
in other branches of algebra. In the future study of fuzzy BCT—algebras, perhaps
the following topics are worth to be considered:

(1) To characterize other classes of BC'I—algebras by using this notion;

(2) To apply this notion to some other algebraic structures;

(3) To consider these results to some possible applications in computer sciences
and information systems in the future.

References

[1] B. Ahmad, Fuzzy BCI—algebras, J. Fuzzy Math., 1 (2)(1993), 445-452.

[2] S. K. Bhakat, (€ V q)-level subsets, Fuzzy Sets and Systems, 103 (1999), 529-
533.

[3] S. K. Bhakat, (€, € V q)-fuzzy normal, quasinormal and mazimal subgroups,
Fuzzy Sets and Systems, 112 (2000), 299-312.

[4] S. K. Bhakat and P. Das, (€, € V q)-fuzzy subgroups, Fuzzy Sets and Systems,
80 (1996), 359-368.

[5] P. S. Das, Fuzzy groups and level subgroups, J. Math. Anal. Appl., 84 (1981),
264-269.

[6] B. Davvaz, (€, € V q)-fuzzy subnearrings and ideals, Soft Comput., 10 (2006),
206-211.

[7] H. Hedayati, Connections between generalized fuzzy ideals and sub-implicative
ideals of BCI—algebras, IAENG Int. J. Appl. Math., 41(1) (2011), 17-22.

[8] Y. B. Jun, Fuzzy sub-implicative ideals of BCI—algebras, Bull. Korean Math.
Soc., 39 (2)(2002), 185-198.



156 Muhammad Zulfiqar and Muhammad Shabir

9] Y. B. Jun, On («, B)-fuzzy ideals of BCK /BCI—algebras, Sci. Math. Japon.,
60 (2004), 613-617.

[10] Y. B. Jun, On («, B)-fuzzy subalgebras of BCK /BCI—algebras, Bull. Korean
Math. Soc., 42 (2005), 703-711.

[11] Y. B. Jun, Fuzzy subalgebras of type (o, B) in BCK /BCI—algebras, Kyungpook
Math. J., 47 (2007), 403-410.

[12] Y. B. Jun, Generalizations of (€, € V q)-fuzzy  subalgebras in
BCK /BCI—algebras, Comput. Math. Appl., 58 (2009), 1383-1390.

[13] Y. L. Liu and J. Meng, Sub-implicative ideals and sub-commutative ideals of
BC1I-algebras, Soochow J. Math., 26 (2000), 441-453.

[14] Y. L. Liu, S. Y. Liu and J. Meng, F'SI-ideals and FSC-ideals of BC'I—algebras,
Bull. Korean Math. Soc., 41 (2004), 167-179.

[15] X. Ma, J. Zhan and W. A. Dudek, Some kinds of (€, € V q)-fuzzy filters of BL-
algebras, Comput. Math. Appl., 58 (2009), 248-256.

[16] J. Meng and X. Guo, On fuzzy ideals in BCK / BCI—algebras, Fuzzy Sets and
Systems, 149 (2005), 509-525.

[17] J. Meng and Y. B. Jun, BCK-algebras, Kyung Moon Sa Co., Seoul, Korean,
1994.

[18] V. Murali, Fuzzy points of equivalent fuzzy subsets, Inform. Sci., 158 (2004), 277-
288.

[19] P. M. Puand Y. M. Liu, Fuzzy topology I: neighourhood structure of a fuzzy point

and Moore-Smith convergence, J. Math. Anal. Appl., 76 (1980), 571-599.

| A. Rosenfeld, Fuzzy groups, J. Math. Anal. Appl., 35 (1971), 512-517.

] O. G. Xi, Fuzzy BCK -algebra, Math. Japon., 36 (1991), 935-942.

2] L. A. Zadeh, Fuzzy sets, Inform. and Control, 8 (1965), 338-353.

| J. Zhan and Y. B. Jun, On (€,€ V q)-fuzzy ideals of BCI—algebras, Neural

Comput & Applic., 20 (2011), 319-328.

[24] M. Zulfiqar, Some properties of -fuzzy positive implicative ideals in BCK-
algebras, Acta Scientiarum. Technology, 35(2) (2013), 371-377.

Authors’ addresses:

Muhammad Zulfigar

Department of Mathematics,

GC University, Lahore, Pakistan.
E-mail: mzulfigarshafi@hotmail.com

Muhammad Shabir

Department of Mathematics,

Quaid-i-Azam University, Islamabad, Pakistan.
E-mail: mshabirbhatti@yahoo.co.uk



