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Abstract

We give the curvature tensor of K-contact Riemannian manifolds of constant
¢-sectional curvature.
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1 Introduction

In a Sasakian manifold of pointwise constant ¢-sectional curvature, it is well-known
that the curvature tensor is given by the ¢-sectional curvature ([4] p.250). On the
other hand, in [2] T. Sato gave the curvature of almost Kédhler manifold of point wise
constant holomorphic sectional curvature.

In this paper, by using the result of Sato, we consider a K-contact Riemannian
manifold of pointwise constant ¢-sectional curvature with a submersion of geodesic
fibres. Consequently we give the curvature tensor of such a class of K-contact Rie-
mannian manifolds.

2 Almost Kahler manifolds and K-contact
Riemannian manifolds

Let (M?"*1 D) be a (2n+1)-dimensional contact manifold and fix a contact 1-form
1 such that D = ker 7. If w is the restriction of dn to D, w gives the structure of a

symplectic vector bundle on D. Almost complex structures J on D that is compatible
with w satisfy

J2=—1, dn(JXP,JYP)=dn(XP,YP), dp(JXP,YP)=0
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for any smooth sections X YP of D. By setting gp(XP,YP) = dn(JXP, YD)
and Q(XP YP) = gp(XP,JYP), one notice that J defines a Riemannian met-
ric gp on D and that € is a Kéahler form. Then one easily sees that gp satisfies
gp(JXP JYP) = gp(XP YP), ie., the transverse structure (J,gp) on M is an
almost Hermitian structure.

Here, we define the section ¢ of End TM by ¢ = J on D and ¢& = 0, where &
is the Reeb vector field associated to . Moreover we can also extend the transverse
metric gp to a metric g on all of M by

9(X,Y) = gp(XP,YP) +n(X)n(Y) = dn(¢X,Y) + n(X)n(Y),

for all vector fields X, Y on M. Then we have g(¢X,¢Y) =g(X,Y) —n(X)n(Y).

A contact manifold M (¢,&,n,g) with a fixed contact form 1 together with a vec-
tor field &, a section ¢ of End T M, and a Riemannian metric g which satisfy the
conditions

n€) =1, ¢ =-I+&n, ¢=0, n¢X)=0,

9(¢X,0Y) = g(X,Y) —n(X)n(Y), n(X)=yg(X,8), 9(X,9Y)=dn(X,Y)

is known as a contact metric structure on M ([1], see also [4] p.256).

A contact metric manifold M?" (¢, & n, g) for which £ is Killing is called a K-
contact Riemannian manifold. We also remind that on a K-contact Riemannian
manifold it is valid that

(2.1) VY ¢ =—¢X, (in paticular V¢ =0)
(2.2) RM(X,6)¢ = X —n(X)E,
(2.3) Ve =0,

where VM and RM are the Levi-civita connection and the curvature tensor with
respect to g on M respectively.
Moreover, we have, by differentiating ¢ = —I + £ @7 covariantly and using (2.1),

(2.4) (V¥ $)0X + (VY )X = —g(Y, X )& — n(X)eY.

In paticular, it follows that (V¥ ¢)¢ = =X + n(X)¢ ).

A contact metric manifold M?"+1(¢, ¢, n, g) with the normality (i.e., ]\~f¢ =Ny +
2dn ® £ = 0,where Ny(X,Y) = [¢X, Y] — [X,Y] — ¢[¢X, Y] — [ X, ¢Y]) is called a
Sasakian manifold.

The sectional curvature K (X, $X) on a contact metric manifold is independent of
choice the tangent vector 0 # X L & at a point m on M is called a pointwise constant
¢-sectional curvature at a point m.

From now on, we assume that M is a K-contact Riemannian manifold. Let us
consider the foliation (flow) F¢ ([3], p.69) generated by £. Since ¢ is a non singular
Killing vecter field, Fe define a Riemannian flow and g bundle-like ([3], p.46).
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Now we suppose that there exist a submersion with geodesic fibres m: M —
(M, Fy), map = I,

By restricting VM to D and taking the horizontal projection to D we get an
induced connection V? on D defined by

voyD — (VY P)r if X is a vector field of D
X [€,YPh =0 if X = ¢, (see the last line p.441 in [4])

where Y'P is a vector field of D and superscript h denotes the projection onto D ([3]
p.21 (3.3)). For this connection V¥ we have the following proposition.

Propositon 2.1. Let M be a K-contact Riemannian manifold with a submersion
of geodesic fibres m: M — (M, Fe). Then (M, Fe) is a 2n-dimensional almost Kihler
manifold ([4], p.128) with respect to V7.

Proof. Putting X = XP +n(X)¢ and Y = Y P +9(Y)¢, we calculate VI (¢Y) =
VY (pyP) = V¥ (JYP). Then we have

(2.5) (VXY +o(VYY) = Vb (JY?) + n(X) Ve (JYP)
= (Vo (YY) + (Vo (TY D)€+ n(X)VE (TYP)
= V3o (JY?) + n(VYs (JYP))E + n(X)VE (Y )
= (VRo N)YP + J(VRoYP) + (Vo (JY D))+ n(X)VE (TYP)

= (VR NYP + (VLY P — (VY P)E) + (VY (JYP))E+ n(X)VY (JYP).
On the other hand, we find

(26)  VAYP = VY xe(Y =n(Y)§) = VXY —n(X) VY — g(VYY, )¢

—9(Y, VX ¢ = (Y, VX €+ n(X)g(VE'Y, )¢
By (2.6) and putting XP = X — n(X)¢, the right hand side of (2.5) implies
(VRo)YP + (VXY —n(X)VEY —n(Y)VYE) +0(VX_,x)e(JY 7)€ +n(X) VT (6Y).
Thus, from (2.1), (2.3) and (2.4), we get
(2.7) (VX9)Y = (VR /)YP —n(Y)X +g(X,Y)E.
However, since M is K-contact, we notice that d?n = 0 implies
(2.8) 9(X, (VEO)Y) +g(Z, (Vi §)X) + g(Y, (VY ¢)Z) = 0.

By substituting (2.7) into (2.8) and putting X = XP +n(X)¢, YV = YP + (V)¢
and Z = ZP +n(Z2)¢, we get

9p(XP, (V2o )Y P) +gp(Z7, (Vyp )XP) + 9o (YD, (VR0 J)ZP) = 0.
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This imples that the Kéhler form Q is closed i.e., (M, F¢) is an almost Ké&hler manifold
with respect to V2.

Let N; be the Nijenhuis tensor of an almost Kéahler manifold ((M, F¢),J, gp).
Then Ny is

Ny (XP,vP)=[JxP, JyP] - [XP YP] - JJXP, YP) - JIXP,JYP]
for any vector fields X2 and Y on (M, F¢). Then N satisfies that
(2.9) N;(JXP,YP)=N;(XP,JYP) = —JN;(XP YD)

for any vector fields X? and Y2 on (M, F).

From now on we assume that ((M, F¢), J, gp) is an almost Kéahler manifold. Let
((M, Ft),J,gp) be a 2n-dimensional almost Ké&hler manifold of pointwise constant
holomorphic curvature H? = HP(p), (p € (M, F¢)). Then the curvature tensor R”
on (M, F) satisfies the following ([2]):

g(RD(XD’YD)ZDva) = HTD {g(XD7WD)g(YszD>
—g(XP,ZP)g(YP , WP) + g(JXP, WP)g(JYP, ZP)
(2.1) —g(JXP,ZP)g(JYP , WP) —29(JXP Y P)g(JZP WD)}
+% {g(NJ(XDa ZD)aNJ(YDva)) - g(NJ(XDa WD)vNJ(YD’ZD))
+2g(NJ(XD7YD)7NJ(ZDva))} + 97169 (Q(XD?YD)ZD7WD) )

where @ is as follows:

@ =9 (Q(XD, YD)ZDv WD) =-13 {g(NJ(JZD’ WD)7 (V)D(D'])YD)
+g(JYP Ny (VR T)ZP WD) + g(JY P, (Vo Ny )T ZP, WP))
—g(Ns(JZP, WP), (VP ))XP) = g(JXP Ny (VPpJ)ZP, WP)
~g(JXP, (Y2, N)(JZP, WP)) 4 g(N,(JXP,YP), (VD, J)WP)
+g(JWP N7 (V2 J)XP YD) + g(JWP (V2,Ny)(JXP, YD)
—g(N(JXP YD) (VB ,0)ZP) - g(JZP N, (VE.5J)XP, Y P))

_g(JZDv (V%DNJD)(JXDa YD))}

+3{g(Ns(ZP, (Vi u J)WP), Y P) + g((VE o Ny (ZP, JWP), YD)
7g(NJ(ZD7 (V?YDJ)WD)a XD) - g((vaDNJ)(ZDa JWD)v XD)
+g(N7(XP, (V2,0 )Y P), WP) + g(V2,, N7 (XP, JY D), WP)
—g(N,(XP (VD )YP), ZP) — g(V5, n N )(XP,JY D), ZP)}

— 2 {g(N,(JY P WP) (VL) ZP) + g(JZP, N, (VR )Y P, WE))
+g(JZD, (VQDNJ>(JYD’ WD)) - g(NJ(JYDv WD)? (VIZ)J)XD)
—g(JXP Ny (VDo N)YP, WP) = g(JXP, (V2o N)(JY P, WP))
+g(NJ(JXDa ZD)a (V}QD J)WD) + g(JWDv NJ((V}QD J)XD7 ZD))
+g(JWP (V2L N;)(JXP, ZP)) — g(N;(JXP, ZP), (VE » J)Y P)
—g(JYP N;(VE o) XP,ZP) — g(JYP (VE LN, )(JXP, ZP))
—g(N;(JY P, ZP), (VR YWP) — g(JWP N, (VR )Y P, ZP))
_g(JWD’ (V)Q'DNJ)(']YDv ZD)) + g(NJ(JYD7 ZD)7 (vﬁ/D J)XD)
+9(JXP N, (Vo )Y P, ZP)) + g(JXP, (Vi o N)(JY P, ZP))
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—g(N;(JXP WP) (VE,0)ZP) — g(JZP N, (VP, ) XP, WD)

—9(JZP (VYo N (JXP, WP)) + g(N;(JXP,WP), (V2D, ])YP)

+9(JY P, N;(VE, N XP W) +9(JY P, (VDN (JXP, WP))}
+3 {g(N, (Y7, (VDXDJ)WD) ZP) + g((VB o N (YL, JWP), ZP)

—g(Ns(YP (VD0 WD), XP) — g((VD,o Ng)(Y P, JWP), XP)
+9(NJ(XD,(V% o) ZP), WP) + g((V7y o N )(XP, TZP), WD)
—g(Ns(XP, (V0 )ZP),YP) = (VDo Np)(XP, TZP), YD)
_g(NJ(YD7(ijDJ)ZD) D)_g(( ﬁ DNJ)(YDaJZD)aWD)
+9(NJ(YD»(VZ o )ZP), XP) + g(Viy o NP )(YP,JZP), XP)
—g(N5(XP, (V2,0 ))WP), ZP) = g(V7y o Ns)(XP, JWP), ZP)
+g(Ns (XD, (V5,0 YWP), YD) +g((V5,0 Np)(XP, JWP), D)D

+2{g(N; (VR D) ZP, JWP), Y P) 4+ g(N;(JZP, (VR J)WP), Y P)
+9((VRLo N (JZP, JWP), Y P) + g(N;(ZP, WP), (VD , )Y D)
+9(VEo Ny)(ZP, WP), JYP) + g(XP, (VYo Ns)(ZP, WP))
+g(N;(JZP, JWP), (VD 0 ))XP) + g(N. ((v’fyDJ)ZD JWP), JXP)
+g(N,(JZP (VD , HYWP), TXP) +g((V
+9(N; (VR )YP, JWP), ZD)+9( 7(JYP, (VQDJ)WD) ZP)
+9(VEoN)(JY P, JWP), Z )+9(NJ(YD wP), (V7 DJ) D)
TV 2o N (YD, WP), T ZP) 4 (XD, (VE,N,) (YD, WD)
+g(Ny(JYP, JWP), (VDZDJ)XD) (NJ((VDZDJ)YD JWD) JXP)
+g(N;(JYP, (v}}ZDJ)WD) XY+ g(VD, o N)(JY P, JWP), JXP)
—g(N; (VR )Y P, JZP) WP) — g(N,(JYP,(VR,T)ZP), WD)
—g((VRLN)(JYP,JZP), WP) — g(N,(YP,ZP), (VD , Jy)WD)
—g((VJXDNJ)(YD ZP), JWP) = g(XP, (V3o Ns)(Y P, ZP))
—g(N;(JY P, JZP), (V2 » NXP) — g(N; (VR YL, TZP), JXP)
—g(N;(JYP, (VDWDJ)Z%) JXPY — g(V2, o Np)(JY P, JZP), JXP).

Since F¢ is a Riemannian flow and g bundle-like, we can use the Gray and O’Neill
tensors A and T (p.49 and p.50 in [4] about the properties of A and T'). Applying
tensors A and T' to a K-contact Riemannian manifold M and an almost K&hler
manifold (M, F¢), we have the following (see[4]).

Lo N)(JZP, JWP), JXP)}
wP)

+
+

(2.11) AeXP =0, Ace =0, Axne=n(V¥5e),
AxpYP =7 (VAL YP), AxnYP = -AynX

(2.12) Txpé=0, TxpYP =0, Te= n(VYE) =0, TeXP =nt(VYXP),

and Ao is alternating, in paticuler g(AxpY P, ¢) = —g(YD Axp&), where 7, and

7 are the canonical projections 7, : TM — D and 7 : TM — {£} respectively.

And we have (see [4] 5.32 Lemma)
(2.13) (Vo Awo = =4y _p,wo, (V¥oT)yp = T4 ,yo,
and

(VT)yp = ~Tr,yo.
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Moerover (V¥ T)y and (VA A)y are also alternating. Then we have the following
identities (see [4], p.51), that is,

(2.14) g(RM(XP, Y &) = —g(VYpT)e&, Y7)
+9(TeX P, TeYP) = g(VE A) xoY P, €) = g(AxpE, Ayné).
(2.15) g(RM(XP,YP)ZP . €) = —g((Vio A)xpY P ,€)
—g(AxpYP T ZP) + g(Ayp ZP  Te XP) + g(Azp X P, TeYP).
(2.16) g(RM(XP yP)ZP WP = g(RP(XP,YP)ZP, WP)
+29(AxpYP, A pWP)

—g<AyDZD,AXDWD) + g(AXD ZD7 AyDWD).

For any vector field X, || X| =1, X L &, we find that X = XP. Then the relation
between the ¢-sectional curvature HM on M and the holomorphic sectional curvature
HP on (M, Fy) is given by

(2.17) HM (X, ¢X) =HP(XP,JXP) - 3|Axn(JXP)].

Then we have the following Proposition.

Proposition 2.2. Let M be a K-contact Riemannian manifold with a submersion
of geodesic fibres w: M — (M, F¢). Then for the ¢-sectional curvature HM on M
and the holomorphic sectional curvature HP on (M, Fe), we have HM = gP — 3.
Proof. From (2.17) we have

HM(X,¢X)=HP(XP,JXP) = 3|Axo(JXP)|.
for any vector field X, || X| =1, X L & Here, by (2.3), (2.4) and (2.11) we see that

Axp(JXP) = (Vb (X)) = g(VY_,x0e(8X), )€

=9(V¥ )X, 8¢ = —g((VX¥ )¢, X)¢ = ¢
Thus, we get HM = HP — 3.

Lemma 2.1. For the Nijenhuis tensors 1\74, on M and Ny on (M, F¢) respectvely,
we have _ B

(1) No(fX,Y)= fNy(X,Y), where f is a C* function on M.

(2) Ny(XP,YP) = Ny(X,Y) = Ny(X, ) + 2d5 & €
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(3) Ny(¢X,Y) = Ny(X,90Y) = —dN4(X,Y), In particular pN4(€,Y) =0 and

(V¥ Ng) (60X, Z) + No(VH0)X, Z) = (VY Ny ) (X, 0Z) + Ny (X, (V¥ 9) 2)

= ~(VWN4(X, Z) = o(VY Ny) (X, 2).
Proof. (1): we see that, by the definition of Z\~/¢,

Ny(fX,Z) = Ny +dn(fX, Z)¢
= ¢*[f X, Z] + [f¢X, 0Z] — 0[foX, Z] — ¢[f X, ¢Z]
+fX((2)) = Z(n(fX)) = n([fX, Z])
= 0*(f[X, 2] = (ZF)X) + floX,0Z] - ((62)f) X
—o(f10X, Z] = (Z])9X) — o(f[X, ¢Z] = ((62) ) X) + fdn(X, Z)¢.

= No(X, Z) + fdn(X, 2)¢ = fNy(X, 2).
(2): First we prove the following:

(2.18) Nj(XP,YP)=[9X,0Y]Y — [X —n(X)&,Y —n(¥V )M

—¢[¢X,Y — n(Y)EM + ¢[oY, X — n(X)gM.
From the definition of V2 we have

[(XP yPI1P =R, yP L, xP = (VM Y P)h — (WM, X D)

= V¥ Y P — (VLY P)e - VML XP 4 (VL XP)e.
Here, differentiating g(¢, ZP) = 0 covariantly, we get
n(Vys XP)E = g(¢ X, Y)E.
Thus we find

(2.19) [XP, Yy PP = [XP YPIM —2¢(pX,Y)E

= [X —n(X)§,Y —n(¥)E" — 29(¢ X, Y)s.
Using (2.18), we have the following:

(2.20) [JXP JY PP = [¢pX, oYM — 29(6X,Y)E



On the curvature of K-contact Riemannian manifolds 79
(2.21) JIXP Yy PP = ¢[JXP YP|P = ¢[(¢pX)P, Y PIM

= ¢[oX,Y —n(Y)gM.

(2.22) JIXP,JYPIP = g[X —n(X)E, oYM,
Combining (2.19), (2.20), (2.21) and (2.22), we get (2.18). Thus we see that

Ny(XP,YP) = [oX, oYM — [ X, VM +n(X)[¢, Y]V

Y ((X))€ +n(Y)[X, M + X (n(Y))€ — {n(X)Em(Y))E — n(Y)E(n(X))E}
—¢ E[qﬁX, VM —n(Y)[oX, M — ¢X(77(Y))§%

¢ [X, oYM = n(X)[€, oYM + 9Y (1(X))E

= ¢ [X, Y]V + [0 X, Y]V — ¢[¢ X, Y]M — o[ X, V]

—g(VRY, )¢+ g(VY X, €)¢ + n(X)Vé‘jY —n(X)Vy'¢

+n(V)VEE = n(V)VHEX —n(X)(g(VY,6)E +1(2)(g(VETY,€))E

~o {=n(V)VIE +n(M)B(VIX) | = 6 {-n(X)s(VIY) +n(X) Vi ¢}
=Y (n(X))§ + X(n(Y))¢

= No(X,Y) = n(VHY)E +n(Vy/ X)E +n(X)VHIY —n(X)VE
NY)VEE=n(Y)VHEX —n(X)n(VEY)E+n(Y)n(VIX)E
n(Y)o(VE5E) —n(Y)$* VX +n(X)p*(VETY) = n(X)o(VEE)
Y(n(X)E+ X(n(¥ )¢

= Ny(X,Y) +2dn ® & = Ny(X,Y),

+
+

where we have used (2.1), and —[X,Y|M = ¢?[X, Y™ — g([X, Y]M )¢
(3): from (2) we have, for X = XP + n(X)¢ and Y = YP + n(Y)¢,

Ny(JXP,YP) = Ny(¢X,Y)
Nj(XP JYP) = Ny(X,¢Y)

—JN;(XP,YP) = —¢pN;(XP,YP) = —pN,(X,Y).
Here, by (2.9), we get (3).

Lemma 2.2 On a K-contact Riemannian manifold M and an almost Kdhler
manifold (M, F¢), the following identities are satisfied
(1) (Vi)Y = (VY)Y +n(Y)X - g(X, V)¢

(2) (Vo No)(Z7, WP) = (VX No)(Z, W) = 0(X)(V¢' No)(Z, W)

—0(Z)Ny(9X, W) +n(W)Ny(¢X, Z) — g(Ny(Z, W), $X)E.
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Proof.  First we show (1). From (2.7) it is evident. Next we prove (2). Putting
X =XP4n(X), Z=2P +n(2)¢ and W = WP + n(W)¢, we have

Ny (ZP,WP) = Ny(zZ, W),
from which
VY (N (2P, WP)) = VY (Ny(2,W)),
that is,

(2.23) Vo (N (22, WP) + n(X)VE (N (2P, WP))

= (VX N)(Z. W) + No(VX Z.W) + No(Z, VX W).
Here, for the left hand members we find, from the definition of V” and Lemma 2.1,

(2:24) VYo (N (2P, WP)) = (VAo (NS (ZP, WP + n(VXo (N (27, WP)))¢
= Vo (Ns (2P, WP)) +n(Vs (Ns (2P, WP)))E.
= (VRoN)(ZP, WP) + Ny (VR 2P, WP)
+NS (2P, VR0 W) + (Vs (N (2P, WP)))E
n(X)VE(NS(ZP,WP)) = n(X)VE (Ns(Z,W)) = n(X) (V' Ng) (2, W)

+0(X)No(VE' Z,W)) + n(X)Ny(Z, VEW)).
Moreover, by means of g(N;(ZP , WP), &) =0, we see that
9(VXo (NS (2P, WP)),6) + g(N1 (2P, WP), Vir€) = 0.

Substituting X? = X — n(X)¢ in XP of V¥D§ and using (2.1) and Lemma 2.1, we
get

(225)  n(VNo(NA(ZP,WP))) = g(Vio(NS(ZP,WP)),8) = g(Ny(2,W), 6X).
And, by Lemma 2.1, it follows that

(2.26) n(X)VH (N, (2P, WP)) = n(X)VH(Ny(Z,W))

= n(X) (VI N)(Z, W) + n(X)Ns(V 2, W) + n(X)Ng (2, VW),
From (2.24), (2.25) and (2.26), (2.23) becomes as follows:

(2.27) (VRoN)(ZP, WP) + N (Vi 2P, WP)
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FN (2P, VRLWP) + g(Ny(Z, W), X )€

+0(X) (VI NG)(Z, W) +n(X)N (V' Z, W) + n(X)Ny(Z, VW)

= (VAN )(Z, W) + Noy(VX Z, W) + Ny (Z, VY W).
On the other hand, we have
VoY = Vi x)e(Y = n(Y)e),
from which, by (2.1) and the definition of V?

VY P + (VALY P)e = VY —n(X)VYY — g(VY Y, €)¢

—g(Y, VX + g(Y, )X +n(X)g(VETY, ).
Here, taking the inner product of this equation and &, we get
n(VYpYP)E = —g(Y, V).
From this, it follows that
VXY —n(X)VHY + (V)X = V¥V + g(VYY,6)¢ — n(X)g(VE'Y, €)¢.
Thus we get

(2.28) Ny (VR Y2 WP) = Ny(VAY = n(X)VHY + (V) X, W)

= Ny(VHY, W) = (X)Ny(VEY, W) + (Y )Ny (6 X, W).

Substituting (2.28) into (2.27), we obtain (2).

3 Results

Theorem 3.1. Let M be a K-contact Riemannian manifold of pointwise constant
¢-sectional curvature HM with a submersion of geodesic fibres m: M — (M, F).
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Then we have the following:
g(RY (X, Y)Z, W) :%{g(y@g(xw 9(X, Z)g(Y. W)}

) =
+5= (Y, ¢Z)g(X, oW) — g(X, 9Z)g(Y, W) — 29(X, ¢Y)g(Z, W)}
I (n(X)n(2)g (Y, W) + (Y )n § )9(X, Z )

Y
“n(YIn(Z)g(X. W)~ n(X)In(W)g(Y. 2)}
(X)g(TY6)Z, W)+ n(V)g(VE )W, 2)
+1(2)g(Vyw )X, Y) +n(W)g((V5 9)Y, X)
5 {9(No(X, 2), Ny(Y, W) = g(No(X, W), Ny(Y, 2))

+29(No (X, Y), No(Z,W)) }

15 (n(W)g(6X, No(Z,Y)) = n(2)g(6X, No(W,Y)))
+183 (n(2)9(0Y. No(W, X)) = n(W)g(6Y, Ny (2. X))
+8m(X) (9(6W, No(Y. 2)) = 9(6Z, No(Y. W)))
+15m(Y) (9(6Z, No(X, W) — g(6W, Ny (X, 2)))
5 (1V)9(02. No(X.Y)) = n(Z)g(6W. No(X. 1))
(6% Vo7, W)~ L0(X)g(0Y . No(Z, W)
35 (9o (W 2), (V3. 6)X) = (N6 (W, 2), (Vi 0)Y))
+31 (9 ¢<WX> (VE0)Z) = g(No(W. X). (V350)Y)

9(No(Z,X), (Vo)W

6
+ 9(N5(2,X), (Vi )Y) - ))
555 (9(Na (W, Y), (V356)X) — g(No(W, ), (V3 )7

) = 9(N(Z,Y), (Vi) X))

)
35 (9(No(Y, X), (Vi 0)2) = g(No (Y, X), (V35 6)W))

+9(No(Z, )7 (Viko)W

)
8 (9(VEN(Z,W).Y) = (VYN (2, W), X))
+93(<<VMN¢><X Y). W)~ g(VHN)(X.Y). 2))
1% X)

+ 9(VH N, 2), X) = g(TEN)(Y, 2), W)
55 (9(TY N (X, 2), W) = g((VH N (X, 2).Y)

+ g(TYNG)(X, W), Y) = g(VHNG)(X, W), 2))
%4( (V3 No) (2. X),6Y) — g(VI N,) (2. X), W)
+ 9((V3No) (W, X), 62) = g((V 3, No) (W, X), 6Y) )
%( (V3N (W, Y),0X) — (VI N (W, ), 62)

+ 9((VING)(2,Y),0W) = (Vi No)(2,7), 6X) )
35 (9((VELNo) (W, 2),0X) = g(VE No)(W, Z), 6Y)
35 (((VH N (Y, X),62) = g((VILNG) (Y, X), 6W)
55 (Mg (VENG) (2, W), X) = n(X)g(VENG)(Z,W), V)

155 (9(VYN) (Y W), Z) = g(VY N (Y, W),
(
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155 (M2)g(VY NG (V. W), X) = n(X)g (T N) (Y, W), Z)
+ 0(X)g(VENG)(Y, 2), W) = n(W)g((VY N,)(Y, Z), X))
+% (1 2)g(VE N W, X), Y) = (Y )g(VY N (W, X), 2)
FnW)g(VEN) (X, 2),Y) = n(V)g((TEN)(X, 2), W)
5 (20(0X, Y )Ny (2, W) + g(6X, ZIn(Ny(Y, W) = 96X, W)n(Ny (Y, Z))
Z,W)n(No(X, V) + g(6Y, WIn(No (X, Z)) = g(6Y, Z)n(Np(X, W)
5 (MW In((TENG)(Y, 2)) = n(XIn((TH N (Y, 2))
+ n(X)((VY No) (Y, W) = n(Z)n((VA NG) (v, W) )
135 (MY )N((VY No) (W, X)) = n(Z)n((V3! Ny) (W, X))
A MTERNE, 2) OV (TY (X 2)))
+52 (n(Zm( (TN Y)) - n(Wn((VYN,)(X.Y)))
+561(X)n((Vy No) (Z, W)= g5n(Y)n((V No)(Z, W)
(

Proof. Putting X = XP +n(X)¢,, Y = YP 4+ n(Y)¢, Z = ZP + n(Z)¢ and W =
WP +n(W)E, we calculate g(RM(X,Y)Z, W) :

(
)

g(RM(X,Y)Z, W)
= g(RM(XP 4 g(X)E, YD + n(Y)E) (2P + 0(2)€), WP + n(W)e)
= g(RM(XP,YP)ZP WP) 4+ n(X)g(RM (¢, YP)ZP, WD)
(3.1) +n( )g(RM(XP ) 2P, WP) +n(Z)g(RM(XP,YP)e, WP)
+n(W)g(RM(XP,YP)ZP &) + n(X)n(Z)g(RM (£, YP)e, WP)
+n(Y)n(Z)g(RM(XP, )6, WP) + ( In(W)g(RM (¢, YP)ZP )
+n(Y)n(W)g(RM(XP,£)ZP,¢).

First we calculate g(RM(XP,YP)ZP wP).
Since we have

AxpYP =7t (VYo YP) = (Vb YP, )6 = n(V YD),
by means of (2.1) and (2.24), we find
AxpYP = g(VXpY P, )6 = —g(Y, VY )¢ = g(V, 0 X)E.
From this result and (2.16), we see that

(32) g(RM(XP,YP)ZP, WP) =g(RP(XP,YP)ZP WP) 4 29(Y, X )g(W, $Z)

Here we rewrite the first term of the right hand members of (3.2), that is, each term
of the right hand members in (2.10): The first term of (2.10):

g(XPWP)g(YP, ZP) = g(X = n(X)&, W — n(W)E)g(Y —n(Y)E, Z —n(Z)€)
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=g(X,W)g(Y, Z) = n(Y)n(Z)g(X, W) — n(X)n(W)g(Y, Z) + n(X)n(Y )n(Z)n(W).
The third trem of (2.10) is:

g(IXP WP)g(JYP, ZP) = g((X —n(X)€), W — n(W)E)g(¢(Y —n(Y)E), Z — n(Z)¢)

= 9(¢X, W)g(9Y, Z).
The sixth term of (2.10):
g(N(XP,ZP), N(YP, WP)) = g(No(X. Z), No(Y.W)).
From now on we represent the n th term of @ as @n
Qu=9(Ns(JZP WP) (VR )YP) = g(Ny(62, W), (VX $)Y +n(Y)X - g(X,Y)E).
From Lemma 2.1 (3) and (2.4), we see that

Q1 = g(N(Z, W), (VX §)Y) +1(Y)g(Ny(6Z, W), X)

= ~g(No(Z, W), (VX 9)0Y) = g(6X, Y )g(Ny(Z,),€).
By Lemma 2.2 (1), and Lemma 2.1, we have

Q2 = g(JY P, N;(VRo1)ZP ,WP)) = g(6Y, No(VX ) Z, W)

+1(Z)g(9Y, Ny (X, W).
From Lemma 2.2 (2) we find

Qs = g(JYP (VLN (TZP , WP) = g(6Y, (VA N) (62, W)

—0(X)g(8Y, (VI N (bZ, W) +n(W)g(oY, Ny(6 X, $2)).

Using Lemma 2.1 (3), we have

Qs = —g(oY, No(VN 6)Z,W)) — g(8Y, (VX ¢) Ny (Z, W)
—g(Y, (VYN (Z, W) + (Y )n(VE Ng) (2, W)
+(X)g(Y, (VYN (Z, W) — n(X)n(Y (VY Ny) (2, W)

—n(W)g($Y, Ng(X, Z)).
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@47 @5 and @6 are obtained by exchanging X with Y in @17 @2 and @3 respectively
and taking the minus of it. As well, Q7, Qg and Qg are got by exchanging X with
Z and Y with W in Q1, Q2 and @3 respectively. Moreover we get Q10, Q11 and Q12
by exchanging Z with W in Qr, Qg and Qg respectively and taking the minus of it.
Adding from @7 to Q12 in @), we have

(3.3)  —n(2)g(dY, No(W, X)) +n(W)g(8Y, Ny(Z, X)) + 1(2)g(6X, No(W,Y))
—n(W)g(6X, Ny(2,Y)) = n(X)g(6W, No(Y, 2)) + n(Y)g(#W, Ny(X, Z))
+0(X)g(62, No (Y, W) = 1(Y)g(62Z, Ny(X,W)) = g(Y, (VX No)(Z, W)
+9(X, (VY Np)(2,W)) = g(W, (VY Np) (X, Y) + 9(Z, (Vi N) (X, Y))

+0(X)g(Y, (VI Ng) (2, W) = n(Y)g(X, (VI N,)(Z, W) + n(Z)g(W, (V¥ Ny)(X,Y))

—n(W)g(Z,(VE Ny)(X,Y)) = 29(6X, Y )n(Ng (2, W)) = 29(62Z, W)n(Ny(X,Y))
+n(YV)n((VY No) (2, W) = n(X)n((Vy No) (2, W) + n(W)n((VY Ng) (X, Y))

—1(Z)n((Vi No) (X, V).
From Lemma 2.2 (1) and Lemma 2.1 (1) (3), we have

Q13 = g(N;(ZP, (VP n YWP) YD)
= g(No(Z. (VX O)W),Y) +1(W)g(Ng(Z, $X),Y)
—n(YV)g(No(Z, (VI O)W), €) — n(Y)n(W)g(Ny(Z, 6 X),€)

= g(Ns(Z,(VELO)W),Y) + n(W)g(Ne(Z, X),6Y) — n(Y)n(Ng(Z, (VEx )W)
By Lemma 2.2 (2) it follows that

Qu = g(Vixo N)(ZP, JWP).YP) = g(Vixo N )(ZP, TWP),Y = n(Y)¢)

= g(VEXN)(Z,6W),Y) +0(Z)g(N(X, oW),Y) — (Y )g (VI Np)(Z, oW), €).

From Lemma 2.1 (3)

Qs = g(Ns (VI OIW. 2),Y) + g(VEL 9) NG (W, 2),Y ) + g(¢(VE Ny) (W, 2),Y)
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+0(2)9(No(X, W), 8Y) = 0¥ In(No(VEX AW, 2)) = (Y )g(No(W, Z), (V3 6)€)
= g(No((V3k )W, 2),Y) = g(No(W, Z), (VEX 8)Y) = g((VEX No) (W, Z), 6Y )
+0(Z)9(No(X, W), 8Y) = n(Y )n(No(VEX )W, Z) = n(Y)g(No(W, 2), $X).
@15 and @16 are obtained by exchanging X with Y in @13 and @14 and taking the
minus of it. As well, Q17,Q13, @19 and Q2 are got by exchaging X with Z and Y
with W in Q13, @14, @15 and Q16 respectively. Adding from Q13 to Qo0 in Q, we get
(84)  n(W)g(Np(Z, X),8Y) +1(Z)g(No(X, W), 6Y) = n(Y)g(No(W, Z), 6X )
—n(W)g(Np(Z,Y), X) = 1(Z)g(No(Y, W), 6X) +1(X)g(Ns(W, Z), ¢Y)
+0(Y)g(Ns(X, Z), oW) = n(X)g(N(Y. Z), $W) = n(W)g(Ny (Y. X), $2)
—n(Y)g(No(X, W), 9Z) = n(X)g(Ns(W.Y), $2) = n(Z)g(No(X.Y), oW)
—g(No(W, 2), (VIR $)Y) + g(No(W, 2), (V1 6) X) — g(No (Y, X), (VEL0)W)
+9(No (Y, X), (Vi 8)2) = 9(V I No) (W, 2),6Y) + g(V iy No) (W, Z), 6 X )
~g(VEENG) (Y, X),6W) + g(Viy No) (Y, X), 62).
Moreover, by exchanging Z and Y in the terms which are from @1~to @12,~we get the
terms which are from Q21 to Q32. And the terms which are from Q33 to Q44 are got
by exchanging W with Z in the terms which are from Q21 to Q32 respectively and
taking the minus of it. Summing up from Q21 to Q44, we find
(35)  1(Y)g(Z, No(X, W)) = 20(W)g(¢Z, Ns(X,Y)) = 20(Y)g(6X, Ny(Z, W)
+0(W)g(6X, No(Z,Y)) +1(X)g(6W, No(Y, 2)) + 20(Z)g(6W, Ng(X, Y))
+21(X)g(@Y, Ny(Z, W) + n(2)g(6Y, No(W, X)) = (Y )g(6W, Ny(X, Z))

~0(2)9(6X, Ns(W,Y)) = 1(X)g(Z, Ny(Y, W) — (W) g(8Y, Ny(Z, X))

+9(Z, (VNG (W, Y) + g(X, (VY Ng) (Y, W) + g(W, (V¥ Ny)(Z, X))
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+g(Y, (VNG (X, Z)) — g(W, (VX NG)(Z,Y)) — g(X, (VN N)(Y, Z))
—g(Z, (V¥ Ng) (W, X)) — g(Y, (VY No) (X, W))
+0(2)g(X, (VYN (W, Y)) + n(Y)g(W, (VY Ny) (X, Z)) + n(W)g(Y, (V¥ Ny)(Z, X))
—n(X)g(W, (V¥ Ny)(Y, 2)) = n(W)g(X, (VN (Z.Y)) = n(Y)g(Z, (VI Ny ) (X, W))
~(Z)g(Y, (VHN)(W, X)) +1(X)g(Z, (V¥ Ny) (Y, W))
~29(6X, Z)n(Ny(Y, W) — 2g(6Y, W)n(Ny(X, Z)) + 29(6 X, W)n(Ny(Y, Z))
+2g(8Y, Z)n(Ng(X, W)

—n(Z)n((VXNG) (W, Y) = n(X)n((VY No) (Y, W) — n(W)n((V¥ No)(Z, X))
—n(Y)n((VIEN) (X, Z)) + n(W)n(VXN)(Z, V) + n(X)n((ViENe) (Y, Z))
+n(Z)n(VENg) (W, X)) + (Y )n((VH Ng) (X, W)).

From exchanging Y and Z in the terms which are from @13 to @20, we have ones
which are from Qg5 to Qs2 respectively. And Q53 ~ Qg0 are the terms which are
got by exchanging W with Z in Q45 ~ Q52 respectively and taking the minus of it.

Summing up from Q45 to Qgo, we see that

(3.6)  2n(W)g(No(Y, X),0Z) +2n(Y)g(Ne(X, W), 6Z) — 20(Z)g(Ns(W,Y ), 6X)
—29(W)g(Ny(Y, Z), 6X) — 20(Y)g(Ns(Z, W), pX) — 20(X)g(Ny (Y, W), $Z)
+21(Z)g(Np(X,Y), oW) + 20(X)g(Ny(Y, Z), oW) — 20(W)g(Ny(Z, X), 6Y)
~2)(Z)g(No(X,W),8Y) — 20(X)g(No(W, Z),8Y) — 20(Y )g(Ng(X, Z), 6W)

—g(Ns(W,Y), (V3 $)Z) + g(Np(W,Y), (VIL0)X) — g(Ny(Z, X), (V)W)

+9(m(z7 X)? (V%/V(b)y) + g(]%(Z, Y)7 (V¥X¢)W) - g(],\\f(;(z, Y)7 (V(IXIW(#)X)
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+9(No (W, X), (V3,6)Z) — g(No(W, X), (V5 )Y)
—9(VIXNG)(W,Y),62) + g(V 35 No) (W, Y ), 6X) = g((V 3 No)(Z, X ), 6W)
+9((V3iw No)(Z, X), 6Y) + g(Vix No)(Z,Y ), 6W) = g(V iy Np) (2,Y ), 6X)

+9((V3 No) (W, X), 62) — g((V 35 No) (W, X), 6Y ).
Next we calculate Qg ~ Qro. From Lemma 2.2 (1) and Lemma 2.1 (3) we find that

Qo1 = g(N; (VR ) ZP  JWP) v P)
= g(Ns(VX ) Z +0(Z)X,oW),Y —n(Y)€)

= g(Ns (V) Z,6W),Y) +1(Z)g(Ng(X, W), Y)

@62 is got by exchaging Z with W of each term in @61 and taking the minus of it.
By Lemma 2.2 (2), we have

Qo3 = g(VEo N (JZP, JwP) vP)
= g(V¥N)(6Z,6W),Y) = 0(X)g(VE Ng)(¢Z, oW),Y) = n(Y )g(Np(6Z, oW ), 6.X)
~n(Y)g(VEN)(0Z, oW ), €) + n(X)n(Y)g(VI Ny ) (62, sW), )

+n(Y)g(Ny(6Z, oW), 6X).

Here, from Lemma2.1 (3), we find
(VY NG)(62.6W) = —No(VX )2, 6W) = (VX S)No(Z,0W) — (VY No) (2, 6W)

Putting X = ¢ in this equation, Y = ¢ in the equation of Lemma2.1 (3) and using
(2.3) we have

(VI NG) (02, oW) = —d(VY Np)(Z,oW) = 6* (VY Np)(Z, W)

= —(VHN)(Z, W)+ (V¥ Ny) (2, W))E.
Thus

Qes = —9(Ns (VX ) Z,6W),Y)
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—g(V¥ $)No(Z,6W),Y) = g(6(VA Ng)(Z, W), V)
+n(X)g(VENG) (2, W), Y) +n(Y )n(Ne (VX 6) Z, e W)
+1(Y)g(VN )Ny (Z, oW), €)

—n(X)n(Y)g(VY Ne)(Z, W), €).

Moreover we find, by Lemma 2.1 (3),

~g(d(VYN)(Z,6W),Y) = —g(VX Ng) (6W, Z), ¢Y')

= g(Ns(VX W, 2),6Y) + g(VX )N (W, Z2), Y ) + g(6(VN Ny) (W, Z), 6Y)
and

n(Y)n(Ny((VY¥ ) Z, oW)) = 0.

Therefore we have

Qos = —9(Np (VX $)Z,0W),Y)
+9(No(Z, W), §(VX 0)Y) + g (N (VX $)W, 2), 6Y)
+9(No(2,W), (VX $)8Y) + g(&(VX Ny) (W, 2), 6Y)
+1(X)g(VENp)(Z,W),Y) = g(Ns(Z, 6W), (VX 6)€)

~n(X)n(Y)g(V¥N)(Z, W), €).

On the other hand, using (2.4), we get

Qos = —9(6X,Y)(Ng(Z,W)) + g(Ns (VX S)W, Z),8Y ) + g((VI Np) (W, Z),Y)

—n(Y)n((VANG) (W, 2)) +n(X)g(VYN)(Z, W), Y) = n(X)n(Y)n(VE Ne)(Z, W)).
From Lemma 2.2 (1), we have

Qos = g(N; (2P, WP), (VDyn YD) = g(Ny(Z, W), (Vi 0)Y)

+n(Y)g(No(Z, W), 6X) — g(6X,Y)n(Ng(Z,W)).
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By Lemma 2.2 (2) we find

(VDxo N (2P, WP) = (VLN (Z, W) + n(Z)Ng(X, W) — n(X)n(Z)Ng(€, W)

—n(W)Ny(X, Z) + (X )n(W)Ng (€, Z) + g(Np(Z, W), X)€ — (X )g(Ng(Z, W), E)E,
from which, from Lemma 2.1 (3), we get

Qos = 9(Vxo N (ZP, WP), JYP) = g(VEX Ny )(Z, W), 6Y).

+1(Z)g(No(X, W), 6Y) = n(W)g(Ny (X, 2), 6Y).
From Lemma 2.2 (2) and Lemma 2.1 (3) we have

Qos = g(XP, (V2o N,) (2P, WP))
= (X, (VY Ny)(2,W)) = n(Y)g(V¥ Ny)(Z, W), X)
—0(Z)g(Ns(Y, W), 6X) + n(W)g(Ny(Y, 2), 6X) = 1(X)g(Ng(Z, W), ¢Y)
—n(X (VY No)(Z, W)+ n(X (Y )n((V N) (2, W)

+1(X)g(Ng(Z, W), 6Y).
By Lemma 2.2 (1) and Lemma 2.1 (3), we see that
Qor = g(N,(JZP, JWP), (VD5 J)XP)
= g(No(6Z,6W), (VI 6)X) +1(X)g(Ng(6Z, 6W), 8Y)
= —g(No(Z, W), (VI ) X) + 0n(Np(Z,W))n(V3 8) X)) — 1(X)g(Ne(Z, W), 6Y)

= —g(Ns(Z, W), (VI 6)X) + n(Ng(Z, W))g(6Y. X) — 1(X)g(Ny(Z, W), $Y ),
where we have used (V%/gb)é = —¢Y ( from (2.4) ).

From Lemma 2.2 (1) and Lemma 2.1 (3) we have

Qs = g(N; (V20 0)ZP, JWP), TXP)

= g(N (VI ) Z, oW), 6X) +1(Z2)g(Np(8Y, oW ), 6 X)
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= —g(Ns((Viy0) Z, W), X) + n(Ne((V 3y ) Z, W))n(X) = 1(Z2)g(Ng(Y, W), $X).
By exchanging W and Z in QNJGS and taking the minus of it, we get é(}g. @70 is got by
substituting JXD = ¢X, JYDNZ quY,NJZD = ¢Z and JWP = oW for XP YP 7P
and WP of Qgg respectively. Q71 ~ Qso are the terms which are got by exchanging
Y with Z in _ _ _ _
Q61 ~ Q7o respectively. Qg1 ~ Qg are by exchaging W and Z in Q71 ~ Qg
respectively and taking the minus of it. Adding from
Q61 and Q7g, we have
(3.7)  20(Z)g(No(X, W), 6Y) = 20(W)g(Np(X, 2), ) +0(Y)g(Ns(Z. W), 6 X)
~20(Z2)g(Ns (Y, W), 6X) + 20(W)g(No(Y. Z), 6X) = n(X)g(Ny(Z. W), $Y)
+9(No(Z, W), (V35 0)Y) = g(No(Z, W), (V}1-6) X)
+9((VY No)(W. 2).Y) + g((Vik No) (Z. W), 6Y ) + (V4! No) (2, W), X)
+9((V3No)(Z, W), 6X)

+n(X)g(VYNg)(Z,W),Y) = n(Y)g(V¥ Ng)(Z,W), X)

~29(6X, Y )n(No(Z, W) = (Y )n((V No) (W, 2)) + n(X)n((V No) (Z.W)).
Summing up from @71 to @90, we get

(3.8) 20(Y)g(N(X, W), ¢Z) — 29(W)g(Ny(X,Y), $Z) + 3n(2)g(Ny(Y, W), ¢ X)
+An(Y)g(N(W, Z), $X) = 3n(W)g(Ny (Y, Z), $X) = n(X)g(Ny(Y, W), $2)
+0(X)g(Ny(Y, 2),6W) + 20(2)g(Ny(X,Y), oW) = 20(Y)g(Ny(X, Z), V)

—g(No (Y, W), (VE50)X) = g(No (Y, 2), (Vi $)W)
+9(Np(Y, 2), (V iy $)X) + g(No (Y, W), (V35 $)2)
+9(VENG)(W,Y), Z) = g((VY No) (W, Y), X)

+g(VELNG)(W,Y),6X) — g((VAXNg)(W,Y), ¢Z)
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+9((VN)(2,Y), X) — (VY Ny)(2,Y), W)
+9(VEXNG)(Z,Y),6W) — g((V iy No)(Z,Y), ¢ X)
+0(X)g(VENG) (Y, W), Z) = 1(2)g(VE Np) (Y, W), X)

—n(X)g(VE Ny)(Y, 2), W) + n(W)g((VE Ny)(Y, Z), X)

—2g(6X, Z)n(Ng (Y, W) + 2g(6 X, W)n(Ny(Y, 2))

—n(Z)n(VY Ng) (W, Y)) = n(X)n((VY No) (Y, W)

+n(WIn((VY Np)(Z,Y)) + n(X)n((VigNo)(Y. 2)).

Next we calculate the second, third, fourth and fifth terms in the right members in
(3.1). First we calculate g(RM(XP,YP)ZP ¢) generally.
From (2.15), we have

(3.9) g(RM(XP,YP)ZP, ) = —g(Vyo A) xpY P, &) — g(AxpY P, T Z7)

+9(Ayp ZP TeXP) + g(Azp XP  TeYP).
Since (V)5 A)xp is, by (2.13), alternating, we find
~9(VipA)xpY?,&) = g(YP, (Vb A) xpE).
Moreover, we have
(3.10) (Voo A)xr€ = Vin(Axr€) — Ay, xp& — Axp(V3bE).

Then, by (2.11), g(£,€) = 1 and (2.1), the first term of the right hand members in
(3.10) implies

VYo (Axp€) = Voo (m (V) = VI e (Vb€ — g(VYbE, €)€)

= Vi w2 VX nx)e€ = V7 VX E = n(Z)VE'VXE,
Since V¥ ¢ = —¢ X, it follows that
VZVXE= VY (—0X) = ~(VH )X — (VY X).
Moreover

~(Z)VE'VYE = n(2)VE (—¢X) = n(2)¢(Ve'X).
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Thus we have
(3.11) Vo (Axr€) = =(VH )X = 6(VY X) +n(2)6(VE' X).
Using (2.11) and (2.1), the second term of the right hand members in (3.10) implies

—Agu xp& = —Awa x0ygy(vin, x0)e
- —A(vngxD)hé—

= —T, (V%ZID)(D)IL&-) = _W*(vAvngDXDfn(VgIDXD)Ef)

= *W*(VAV{W XD&)-
ZD
On the other hand, from (2.1), we have

Vi XP = Vi e (X —n(X)8) = VI X = n(2)Vg' X — g(VI X, €)¢

+0(2)g(VE X, €)€ = g(X, VY E)E —n(X)VYE.
Thus we get, by means of (2.1),

(312)  —Agw, x0€ = (Vi & = n(Z) Vi & —n(X) V¥ ©).

The third term —Ax o (VY5 €) of the right hand members in (3.10) is as follows:

(3.13) —Axp (V&) = —Axo (V)" — Axo(n(Vyb€)E)
—m (Vxo (V™).

(V¥5A) xp being alternating and using (3.10), (3.11), (3.12) and (3.13), the first term
of the right hand members in (3.9) is the following relations:

—g(Vip A)xpY P &) = g(YP, (Vb A)xn&)
=g(Y —n(YV)&, VY VY = n(Z)g(Y —n(YV)E, VIV
—g(V VMXf g(vaxf §EY —n(Y)E)

+n(Z)g(V vaﬁ g(Vvaé §E,Y —n(Y)E)

+1(X)g(Vey € — 9(Viy £, 98 Y —n(Y)E).
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Here, differentiating g(¢,€) = 1 and g(V¥ £, €) = 1 covariantly, we find g(VéWV%f, &) =
0 and g(VYVYE &) = —g(V¥ ¢, VM E). Therefore we get, by means of (2.1),

(3.14) —g(VHo A)xpY P, &) = —g((VY$)X,Y)
+n(Y)g(X, Z) + n(2)g(s(V' X),Y)
—n(Z)g(¢(VHX),Y) —n(X)g(Z,Y)

= —g((VZ9)X,Y) +n(Y)g(X.,Z) = n(X)9(Z,Y).

Next we calculate after the second term of the right hand members in (3.9). From
(2.11) and (2.12) we have

_g(AXDYDvTEZD) = _g(ﬂi(v)ﬂgDyD)aﬂ-j—(véwZD))

= —g((V¥oYP)E (VT ZP)E).
However, n(Vé‘/[ZD) = 0 because of g(ZP, &) = 0. Thus
(3.15) —g(AxpYP T, ZP) = 0.
Similary we find
(3.16) g(Ayp ZP T: ZP) = g(Ap XP  TeYP) = 0.
From (3.14), (3.15) and (3.16) , (3.9) implies
g(RM(XPYP)ZP,€) = —g(VZ )X, Y) +0(Y)g(X. Z) —n(X)g(Z,Y),

from which, together with the second, the third, the forth, the fifth terms of the right
hand members in (3.1), by

n(X)g(RM(&,YP) 2P, WP) = n(X)g(R™ (2P, WP)e,YP)
= —n(X)g(RM (2P, WP)YP ¢)
= —n(X)(—g(V¥ ) Z,W) +n(W)g(Z,Y) — n(Z)g(Y,W))
= 0(X)g(VV ) Z W) = n(X)n(W)g(Z,Y) +n(X)n(Z)g(Y, W),
n(Y)g(RM(XP,6) 2P, WP) = —n(Y)g(R™ (&, XP) 2P, WP)

= —n(Y)g(VX ) Z, W) + (Y )n(W)g(Z, X) — n(Y)n(Z)g(X, W),
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n(Z)g(RM(XP,YP)e, WP) = n(2)g((Vig9)X,Y)
=n(Z)n(Y)g(X, W) +n(Z)n(X)g(W,Y),
n(W)g(RM(XP,YP)ZP, &) = —n(W)g(RM(XP,YP)¢, Z7)

—n(W)g(VY )X, Y) +n(W)n(Y)g(X, Z) = n(W)n(X)g(Z,Y),
we get

(3.17) n(X)g(RM(&,YP)ZP , WP) +u(Y)g(RM(XP,6) 27, WP)
+0(Z2)g(RM(XP,YP)e, WP) + n(W)g(RM (XP,YP) 2P, ¢) =
= n(X)g((V¥' 9)Z, W) +n(Y)g(VX &)W, Z) +n(W)g((VH ¢)Y, X)
+0(2)g(Vigd) X, Y) + 20(X)n(2)g(Y, W) — 2n(X)n(W)g(Z,Y)

+2n(Y)n(W)g(Z, X) — 2n(Y )n(Z)g(X, W).

Next we calculate the sixth, seventh, eight and ninth terms of the right hand memm-
bers in (3.1). First we calculate g(RM (¢, Y P)¢, WP) by means of (2.14):

(3.18) g(RM(&,YP)e,WP) = g(RM (Y2, WP, ¢)
= —g((V¥oT)e&, WP) + g(TeY P, TeWP)

79((VQ4A)YDWD7§) - g(AYD€>AWD€)‘

Moreover we have

(3.19) (VIoT)eE = VYo (Te€) — Tow, & — Te(V¥ot).
Here, Teé = m (V€) = 0 because of (2.12) and (2.1).

(3.20) Ty, ¢€ = Tiou eninvit, e = N(Vyn€) Tl =0

by means of (2.12) and (2.1). The third term of the right hand members in (3.19) is,
from (2.12) and (2.1),

(3.21) Te(Ving) = Te(Vi )" + n(Vib€)E)

= - (VY (Vih)").
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Thus, substituting (3.20) and (3.21) in (3.19), the first term of the right hand members

in (3.18) implies that

(3.22) (VI T)e€. W) = 0.

Here we calculate the second term of the right hand members in (3.18). Since we have
TeYP = m (VIYP) = (VY P, 6)¢ =0

by means of differentiating g(Y'”, &) = 0 covariantly and (2.1), we get

(3.23) g(TeYP, TWP) = 0.

Next we calculate the third term of the right hand members in (3.18). Since (Vi A)yp
is alternating, we have

(3.24) —g(VETA)y o WP &) = g((VE A)yn &, WP).
Here we have

(3.25) (Vi A)yp€ = Vi (Ayn€) — Aguyn€ — Ayn(V¢'E)

=V (Ayné) - Avgﬁfo,

by means of (2.1). The first term of the right hand members in (3.25) implies, by
(2.11),

Vi (Ayrg) = Vi (m(Vyh€) = Ve (Vib€) — VE (n(Vib€)6).
However, n(V{KID &) = 0 because of differenting g(¢,£) = 1 covariantly, it follows that
(3.26)  V¢'(Ayn€) = V' (V&) = VI (VYL v)ef) = Ve Ve = —o(VE'Y).

Next the second term of the right hand members in (3.25) implies that, from (2.11)
and (2.1),

(3.27) Avéwypg = A(vleD)}L_j’_n(véV[YD)Eg = W*(VM(VéVIyD)hf)

= T (Vouyo_ywiynyed) = T (VY gy vy = m(VV oy ),

by making use of differentiating g(Y'”,£¢) = 0 covariantly and (2.1). Substituting
(3.26) and (3.27) in (3.25), (3.24) becomes to

—9((V¢' A)y o WP, 6) = g(VEVYEWP) = g(me(Vgay ), WP)

= g(VETYEW = ()6) — (Vs € — n(T ¥y )6, W = n(W)E).
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However, from g(&,£) = 1, we have g(V]‘v/IMyf,é“) = 0 and g(Vé”V{‘//ff,é“) = 0. Thus
¢
we get

(3.28) —g(VE' Ay o WP, €) = g(VEVIEW) — Q(Vﬂv@yf, W)

= —g(d(V'Y), W) + g(o(VY¥Y), W) = 0.

Next we calculate, by means of (2.11), differentiating g(§, &) = 1 covariantly and (2.1),
the forth term of right hand members in (3.18).

(3.29) —g(Ayp&, Awn€) = —g(V¥p&)", (VELEM)
= —g(V¥o & — (Vb €)E, VL& — (VL 0)E) = —g(VILE, Vs E)

= —9(oY, oW) = —g(Y, W) +n(Y)n(W).
Thus, substituting (3.22), (3.23), (3.28) and (3.29) into (3.18), we get
(3.30) n(X)n(Z)g(RM (€, YP)e, WP) = n(X)n(Z)(—g(Y, W)

+n(Y)n(W)) = —n(X)n(2)g(Y, W) + n(X)n(Y)n(Z)n(W)

Similary, we have

(3.31) n(Y)n(Z2)g(RM(XP, )&, WP) = —n(Y)n(Z)g(RY (€, X 7)€, WP)
=n(Y)n(Z)g(X, W) = n(X)n(Y)n(Z)n(W)

(3.32) n(X)n(W)g(RY(&,YP)ZP,€) = —n(X)n(W)g(R™ (£, Y P)¢, Z7)
= n(X)n(W)g(Y, Z) = n(X)n(Y)n(Z)n(W)

(3.33) n(Y)n(W)g(RY (XP,6) 2P, €) = n(Y)n(W)g(RY (¢, XP)¢, Z7)

= —n(Y)n(W)g(X, Z) +n(X)n(Y)n(Z)n(W).
Thus, adding (3.30),(3.31),(3.32) and (3.33), we get

(3.34) N(X)n(Z)g(RM (€, Y P)s, WP) +n(Y)n(Z)g(RM (X", )5, W)
+n(X)n(W)g(RM (€, YP)ZP &) +n(Y)n(W)g(RM (X7, €) 2P, €)

= —n(X)n(Z)g(Y, W) +n(Y)n(2)g(X, W) + n(X)n(W)g(Y, Z) —n(Y)n(W)g(X, Z).
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Proposition 2.2, (2.10), (3.1), (3.2), (3.3), (3.4), (3.5), (3.6), (3.7), (3.8), (3.17) and
(3.34) lead us to

HRIXTIZW) = B2 {g(Y, 2)g(X, W) — g(X, Z)g(V, W)
9(¥,02)9(X, 0W) — g(X, 02)g(Y, 6W) — 29(X, 6V )g(Z, 6WV)

WX Z)g(Y, W) + (Y P I0K. 2) a0 20X ) A Eom(e(, 2))
iﬁ{g (X, 2). MoV, W) — g(No( X W), No(¥. Z 2)) +29(No(X.Y), No(2.W)) }
[ {n<Z>( (6X, Ny(W, ) = g(9Y, Ny (W, X))

w) (g(aY, N¢ZX — 9(6X, Ny(2,Y)
(X) (9(62, No(Y, W) = g(6W, Ny(Y, Z)
( (6W, Ny (X, 2)) = 962, No(X, W)
<( (VYN (Z,W)) = (Y. (VX No) (2, W)

+9(Z, (VING) (X, V) = g(W, (VY No) (X, V)
n(X)g (Y, (VNG (Z.W)) — n(V)a(X. (VI N (Z.W))
F0(Z)g(W, (T NG) (X, Y) = n(W)g(Z, (T NG)(X, V)
~29(6X, Y )1(No(Z, W) = 29(62, W )n(No(X, V)
(Y (VY No)(Z, W) = n(X)m((Vi No)(Z, W)
W)V N)(X,Y)) = n(Z)n((VENG) (X, V) }

3 {u0m) (ol N¢ZX ¢Y> 9(Ny(2,Y),6X) = g(No(Y, X), 62))

+1(2) (9(N; — g(No(Y, W), 9X) = g(No(X,Y), W)
+1(Y) (9(No — g(No(W, 2),6X) = g(No(X, W), 62)
+1(X) (9(No(W, 2) ¢Y g(Nu(Y, Z),6W) — g(N4(W,Y), 62))

—g(No(W, 2), (V ¢X¢> )+ 9(Na(W, 2), (V340)X) — g(No(Y, X), (V3L,0)W)
+9(No(Y. X), (VHy8)2) = g(V35NG) (W, 2), 6Y) + g((V 3, Ng)(W. 2), 6X)
((vg”ZNgb)(Y X),6W) + g((V 3y N)(Y, X), ¢Z>}

— % {n(X) (9(6W. No(¥. 2)) = g(6.2, Ny(v. W)

+0(Y) (9(6Z, No(X. W) = g(6W, Ny (X, 2))

+1(Z) (96, No(W, X)) = g(6X, No(W,Y)))
+n(W)( (86X, No(Z,Y)) — g(8Y, Ny(Z, X)) )

+2 (n(X)g(8Y, No(Z,W)) = (Y )g(6X, Ny (2, W)

+1(Z)g(6W, No(X,Y)) = n(W)g(6Z, Ny(X,Y)))

X, (VY NG)(Y, W) = g(X, (VHNG) (Y, 2))

YL (VIENG)(X, 2)) — (Y, (VH No) (X, W)

Z, (VYN (W, Y)) = g(Z, (T No) (W, X))

W, (V3 NG) (2, X)) = g(W, (VY NG) (2, )
#1(X) (902, (VHNG)(Y, W) = g(W, (VI NG)(Y, 2)))
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+n(Y) (n(VY No) (X, W) = n((VHENG) (X, 2))
+1(2) (T NG) (W, X)) = n((VHNG) (W, Y)
+1(W) (n((V%[ No)(2.Y)) = n((VNo)(2.)) ) |
{29 X> (9ot 2 )—g(N( 1 2),6Y) — g(No(Y, W), 62))
+2n gN¢ W), 0Z) = g(No(Z,W), 6X) = g(No(X, Z), 6W)
+20(2) (9(No Y) — g(N (X, W), 6Y) = g(Np(W,Y), 6X)
+21 W) 9(No(Y, — 9N (Y, 2),6X) — g(Ny(Z, X), 6Y))
+g(No(W,Y), (V%Z@X) <N¢<WY> (V30)2) + 9(No(Z, X), (Vi 0)Y)
~g(No(Z, X), (VI 0)W) + g(Ns(2,Y), (VIR )W) — g(No(Z,Y), (T3, 6)X)
+9(No (W, X), (V3.6)2) — g(No(W, X), (V2L 0)Y)
+9((VILN) (W, V), 6X) — g(VI4 Np)(W,Y), 62)
+9((Vy No)(Z, X), 6Y) — g((VI, Ng)(Z, X), oW
+9(VING)(Z,Y), 6W) = g((V3,No)(2,Y), 6X)
+9((VI No) (W, X), 62) — (V35 N3) (W, X), ) }

+2{=n(X)g(No(Z, W), 6Y) + (Y )g(No(Z, W),
+20(2) (9N (X, W), 6Y) = g(No (Y, W), 6
+20(W) (9(No(Y. 2).0X) ~ g(Ny(X. Z),

+9(No(Z, W), (V25 0)Y) — g(No(Z, W), (V2. 6)X)
+9(VYN,) (W, 2), ) J(VYN)(Z,W), X
+0(X)g(VYNG)(Z, W), > n(Y)g((V No)(Z, W
~29(6X, Y )(No(Z, W) + (X )n((V¥ Np)(Z, W
Y)n(VA NG (W, 2))

—n(
+1(X) (9(No (Y, 2), 6W) = g(Ny(Y, W), 62)
+2 (n(YV)g(N(X, W), 6Z) — n(W)g(Ny(X,Y), $2)
2 (1(2)g(Ns(X,Y), W) — n(

_|_
+
+

)

J9(No(X.Y),0W) = n(Y)g(No(X, Z), W)

(W(Z)g(m(iﬁ W), 6X) = n(W)g(Ny(Y, 2),6X) )
(

o H(Y)g(NG(W, Z), ¢X)
+9(No (Y, W), (V34 6)Z) — g(No (Y, W), (V34,6) X)
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+9(N(Y, Z), (V3iy $)X) — g(No (Y, wg&wm
+g(VYNG)(W,Y), Z) = g(VY Ng)(W, Y ), X)
+g((V%NN¢,)(Z,Y) ) g((V%NGﬁ)( ) )7 )
(VN (Z.Y), 0W) - 9(VY No)(2,Y), 6X)
+9(VELN) (W, Y), 6X) = (V3 NG) (W.Y), 62)
F0(X) (9((VEN) (V. W), 2) = (VA Ny (Y, 2), W)
+(W)g(VENo)(Y, 2), X) = n(Z2)g((VE No) (Y. W), X)
+2 (90X, Wn(N,(Y, 2)) = 96X, Z)n(N,(Y, W)
+1(X) (n(VHN)(Y, 2)) = (VY No) (¥, 7))
+n(Wn((VENG)(Z,Y)) = n(Z)n((VE Ng) (W, Y))
+29(¢X,Y)g(¢pZ, W) — g(8Y, Z)g(p X, W) + g(¢ X, Z)g(8Y, W)
+1(X)g(VE S Z, W) +n(Y)g(VE W, Z)
+(2)g(Vike) X, Y) +n(W)g(VY 9)Y, X)
+2n(X) (n(Z)g(Y, W) —n(W)g(Y, Z))
+20(Y) (n(W)g(X, Z) —1(Z)g(X, W)
—0(X) (n(Z)g(Y, W) — n(W)g(Y, Z))
—n(Y) (n(W)g(X, Z) —n(Z)g(X,W)),
from which, we obtain our result.

Remark. If M is Sasakian with a submersion of geodesic fibres m: M — (M, Fy),
it follows that Ny = 0 and (VM ¢)Z = g(Y, Z)¢ —n(Z)Y. Consequently the identity in
Theorem 3.1 is rewritten as follows (see [4] p.280):

g(RM(X,Y)Z, W) =152 [g(Y, Z)g(X, 9(X, 2)g(Y, W)}

W) -

FHEZEL (X)n(2)g(Y, W) — (Y )n(Z)g(X, W)
+(Y)n(W)g(X, Z) —n(X)n(W)g(Y, Z)

+g(8Y, Z)g(6X, W) — g(6X, Z)g(¢Y, W) + 29(X, 6Y )g(6Z, W)} .
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